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A theoretical model of linear dipole-exchange spin waves in a conducting ferromagnetic (easy-axis fer-

romagnet) nanotube with an elliptic cross-section subjected to an axial temperature gradient is developed. 

The temperature gradient generates a thermoelectric spin-polarized current, whose action on magnetiza-

tion dynamics is described by Zhang–Li spin-transfer torque terms. Exchange interaction, dipole-dipole in-

teraction, uniaxial anisotropy and Gilbert damping are taken into account within the linearized Landau–

Lifshitz–Gilbert equation and the magnetostatic approximation. The corresponding dispersion relation is 

derived. It is shown that the thermally induced spin current produces a Doppler-type shift of the real part 

of the spin-wave frequency and modifies the effective damping through the nonadiabatic spin-transfer con-

tribution. The condition of spin-wave excitation is obtained. The ellipticity of the cross-section affects the 

spectrum through transverse quantization: the fundamental mode remains identical to that of a circular 

nanotube, whereas nonzero transverse modes are described by Mathieu functions in elliptic cylindrical co-

ordinates. Implicit expression for the transverse wavenumber has been found and (for a nanotube close to 

a circular one) simplified into an explicit asymptotic expression for the ellipticity-induced correction to the 

transverse wavenumber. The leading effect of ellipticity is shown to be splitting of the transverse doublet 

for the first mode, while higher modes acquire no first-order wavenumber shift in this approximation. The 

results demonstrate that the temperature gradient controls longitudinal propagation and damping, where-

as ellipticity provides an additional geometrical mechanism for tuning transverse spin-wave modes in na-

noscale magnonic and spin-caloritronic devices. 
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1. INTRODUCTION 
 

Spin-wave dynamics in magnetic nanostructures is 

one of the central subjects of modern nanomagnetism, 

since magnons can transport phase and angular-

momentum information without requiring a net mass 

transfer of magnetic material. In nanoscale ferromagnets, 

the properties of spin waves are governed not only by the 

intrinsic material parameters, but also by the shape and 

characteristic dimensions of the magnetic body [1-4]. 

When at least one dimension of a system becomes compa-

rable with the exchange length, the exchange interaction 

and the dipole-dipole interaction must be treated on equal 

footing, while the boundary conditions imposed by the 

nanoscale geometry become an essential part of the spec-

tral problem. This makes magnetic nanotubes and related 

curvilinear structures especially relevant objects for mag-

nonics, because their spectra are simultaneously affected 

by axial propagation, finite wall thickness, surface curva-

ture, and transverse quantization. 

Ferromagnetic nanotubes form a specific class of qua-

si-one-dimensional nanosystems. Compared with solid 

nanowires, nanotubes possess additional geometrical 

parameters, such as inner radius and wall thickness, 

which provide extra possibilities for tuning spin-wave 

spectra and can broaden the operating range of corre-

sponding nanoscale magnonic devices. Magnetic nano-

tubes and rolled-up magnetic nanomembranes have been 

considered in the context of nanomagnetism, biomedical 

applications, domain-wall motion, and curvilinear mag-

netic effects [5-8]. At the same time, their spin-wave prop-

erties remain less systematically studied than those of 

films, stripes, or planar multilayers, especially when the 

exchange contribution, dipolar fields, damping, and cur-

rent-induced torques are included simultaneously. 

Non-circularity of the cross-section and ellipticity in 

particular, introduces an additional geometrical degree 

of freedom into the set of parameters controlling the 

spin-wave spectrum of a nanotube. This makes it possi-

ble to tune the transverse mode structure without 

changing the material composition or the nanotube 

length. Since nanotubes with non-circular (in particular, 

elliptic) cross-sections are experimentally realizable [5, 

9, 10], elliptic ferromagnetic nanotubes constitute a 

physically relevant platform for theoretical studies 

aimed at extending the operating range of spin-wave-

based nanoscale devices. Moreover, for real nanotubes 
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that have cross-section close to circular, different factors 

(fabrication processes, mechanical stresses, substrate 

effects, self-rolling of magnetic nanomembranes etc.) 

lead to deviations from a perfectly circular shape, mak-

ing the elliptic cross-section model, in general case, 

more precise for them than the circular cross-section 

model. The ellipticity is expected to affect primarily the 

transverse mode structure and the allowed values of the 

orthogonal wave number. 

Spin waves in ferromagnetic nanotubes of circular 

and elliptic cross-sections have been investigated previ-

ously by the authors in several limiting cases. For a 

circular nanotube, dipole-exchange spin waves without 

thermoelectric driving were studied within the magne-

tostatic approach [11]. Later, spin waves in a ferromag-

netic nanotube of elliptic cross-section were analyzed in 

the presence of an externally introduced spin-polarized 

electric current; in that case the spin-transfer action 

was described by the Slonczewski-Berger torque, and 

the transverse spectrum was obtained in terms of 

Mathieu functions [12]. More recently, a theory of di-

pole-exchange spin waves in a circular ferromagnetic 

nanotube subjected to an axial temperature gradient 

was developed by Kulish and Yeromin [13]. In that 

paper, the temperature gradient generated a thermoe-

lectric current through the Seebeck effect; because the 

current in a conducting ferromagnet is spin-polarized, it 

produced a spin-transfer torque of Zhang-Li type. It was 

shown that such a thermoelectrically induced spin cur-

rent shifts the real part of the spin-wave frequency and 

changes the effective damping, thus creating conditions 

for spin-wave amplification or generation. 

The present work extends this thermally driven 

problem from a circular nanotube to a nanotube with an 

elliptic cross-section. The aim of this paper is to develop 

a linear dipole-exchange theory of spin waves in a uni-

axial ferromagnetic nanotube of elliptic cross-section in 

the presence of an axial temperature gradient. The 

magnetization dynamics is described by the linearized 

Landau-Lifshitz-Gilbert equation supplemented with 

Zhang-Li spin-transfer torques. Exchange interaction, 

dipole-dipole interaction, uniaxial anisotropy, and 

damping are taken into account. Using the magneto-

static approximation and elliptic cylindrical coordinates, 

the equation for the magnetic potential is derived, the 

corresponding dispersion relation is obtained and the 

transverse wave-number spectrum is analyzed. Special 

attention is paid to the comparison with the circular 

nanotube: the fundamental mode is shown to retain the 

circular-tube form, whereas the ellipticity manifests 

itself through the transverse eigenmodes and the asso-

ciated spectral shifts. 

 

2. PROBLEM STATEMENT 
 

Let us consider a long one-layer conducting ferromag-

netic nanotube with an elliptic cross-section. The nano-

tube length is assumed to be much larger than its trans-

verse dimensions; therefore, the system may be treated as 

translationally invariant along its axis. This axis is chosen 

as the 𝑂𝑧 axis of the coordinate system. The inner and 

outer surfaces of the nanotube are taken to be confocal 

elliptic cylinders, which can be described as surfaces 

u = const in elliptic cylindrical coordinates (u, v, z)  

 𝑥 = 𝑓 cosh 𝑢 cos 𝑣 , 𝑦 = 𝑓 sinh 𝑢 sin 𝑣 , 𝑧 = 𝑧,  
 

where 𝑓 is the focal parameter. The inner and outer 

boundaries correspond to 𝑢 = 𝑢1 and 𝑢 = 𝑢2, respectively. 

Thus, the ellipticity of the cross-section enters the problem 

through the geometrical parameters 𝑢1, 𝑢2, or, equivalent-

ly, through the ratios of the corresponding semiaxes (𝑏1 =
𝑓 cosh 𝑢1, 𝑎1 = 𝑓 sinh 𝑢1 for the internal boundary and 

𝑏2 = 𝑓 cosh 𝑢2, 𝑎2 = 𝑓 sinh 𝑢2 for the outer boundary). 

The nanotube is assumed to be composed of a uniax-

ial ferromagnet of the easy-axis type. The anisotropy 

axis is directed along the nanotube axis. An external 

homogeneous magnetic field 𝐇0
(𝑒)

 is also applied along 

𝑂𝑧. Under these conditions, the equilibrium magnetiza-

tion is taken to be uniform and directed along the same 

axis: 𝐌0 = 𝑀0𝐞𝑧. The ferromagnet is characterized by 

the exchange constant 𝛼, the uniaxial anisotropy pa-

rameter 𝛽, the equilibrium magnetization 𝑀0, the gy-

romagnetic ratio 𝛾, and the Gilbert damping parameter 

𝛼𝐺. A stationary temperature gradient ∇𝑇 =
∂𝑇

∂𝑧
𝐞𝑧 is 

applied along the nanotube axis, see Fig. 1. 
 

 
 

Fig. 1 – Nanotube investigated in the paper 
 

Analogously to the previous paper by the authors 

[13], this gradient produces a thermoelectric current in 

the conducting ferromagnet. Since the charge transport 

in a ferromagnet is spin dependent, the induced cur-

rent is spin-polarized and affects the magnetization 

dynamics through the bulk spin-transfer mechanism. 

Without repeating the detailed thermoelectric 

transport analysis given in [13], let us use its effective 

result: after applying two-current model in the short-

circuit approximation, the thermally induced current is 

represented by the spin-drift velocity 
 

 𝒗𝒔 = 𝑣𝑠𝐞𝑧 =
𝜇𝐵𝑃

𝑒𝑀0
𝑗𝑧𝐞𝑧,  

 

where 𝑃 is the degree of spin polarization of the ther-

moelectric current and 𝑗𝑧 is the axial charge-current 

density generated by the temperature gradient. In the 

considered approximation one may write 
 

 𝑗𝑧 = −𝜎𝑆
∂𝑇

∂𝑧
,  

 

where 𝜎 and 𝑆 are the effective electrical conductivity 

and Seebeck coefficient of the ferromagnet (the current 

is generated via Seebeck effect [14, 15]). The magnetic 

self-field of this current is assumed to be small com-

pared with the external and anisotropy fields and is 

therefore neglected. Purely magnon spin current gen-

erated by the temperature gradient (spin Seebeck ef-

fect) can also be neglected for typical thin metallic 

nanotubes with high electrical conductivity, moderate 
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thermoelectric spin polarization, and weak axial nonu-

niformity of the magnon subsystem [13]. 

Let us study small-amplitude spin waves propagat-

ing along the nanotube axis. The magnetization and 

the internal magnetic field 𝐇(𝑖), then, can be written as 
 

 𝐌 = 𝐌0 + 𝐦, 𝐇(𝑖) = 𝐇0
(𝑖)

+ 𝐡, (1) 
 

where ∣ 𝐦 ∣≪ 𝑀0, ∣ 𝐡 ∣≪∣ 𝐇0
(𝑖)

∣ and 𝐇0
(𝑖)

 is the equilibri-

um internal magnetic field inside the tube wall. Thus, 

the linearized theory of spin waves can be used. The 

perturbations are assumed to be harmonic in time and 

along the nanotube axis: 
 

 𝐦(𝐫, 𝑡) = 𝐦0(𝑢, 𝑣)exp[𝑖(𝜔𝑡 − 𝑘∥𝑧)],  
 

 𝐡(𝐫, 𝑡) = 𝐡0(𝑢, 𝑣)exp[𝑖(𝜔𝑡 − 𝑘∥𝑧)].  
 

Since the transverse dimensions of the nanotube are 

nanoscale, the exchange interaction can influence signifi-

cantly the spin wave pattern and thus, must be considered 

together with the magnetic dipole-dipole interaction.  

In a conducting ferromagnet subjected to a tempera-

ture gradient, the Seebeck current is generally spin-

dependent, so the charge flow is accompanied by a spin-

polarized component. The coupling of such a current to a 

spatially nonuniform magnetization is naturally de-

scribed by the Zhang-Li spin-transfer terms [16]. The 

adiabatic term produces a drift-like correction to the 

spin-wave dispersion, usually interpreted as a current-

induced Doppler shift [17, 18], whereas the nonadiabatic 

term enters the dissipative part of the dynamics and 

may either enhance or compensate Gilbert damping. 

The main task of the present work is to develop a 

theoretical description of the above spin waves, derive 

the equation for the magnetic potential, obtain the 

corresponding dispersion relation, and analyze the 

transverse wavenumber spectrum. In contrast to the 

circular nanotube, the transverse part of the problem is 

governed by elliptic boundary conditions, leading to a 

modified spectrum of transverse wave numbers. At the 

same time, the longitudinal propagation mechanism 

remains analogous to that in the circular nanotube 

considered by the authors in the earlier paper [13].  

 

3. SYSTEM OF EQUATIONS FOR A SPIN WAVE 
 

In order to describe the investigated spin waves in 

the elliptic ferromagnetic nanotube, let us use the Lan-

dau–Lifshitz–Gilbert equation 
 

 
∂𝐌

∂𝑡
= 𝛾[𝐌 × 𝐇eff] +

𝛼𝐺

𝑀0
[𝐌 ×

∂𝐌

∂𝑡
]  

 

with the effective magnetic field acting on the magnetization 
 

 𝐇eff = 𝐇(𝑖) + 𝛼Δ𝐌 + 𝛽𝐧(𝐌𝐧),  

here 𝛼 is the exchange constant, 𝛽 is the uniaxial ani-

sotropy parameter, and 𝐧 = 𝐞𝑧 is the unit vector di-

rected along the anisotropy axis. Influence of the tem-

perature gradient will be accounted through the Zhang-

Li spin-transfer torque 
 

 𝐓ZL = −(𝒗𝒔∇)𝐌 +
𝜉

𝑀0

[𝐌 × (𝒗𝒔∇)𝐌],  

where 𝜉 is the nonadiabaticity parameter. This form of 

the torque is appropriate for a conducting one-layer 

ferromagnet, where the spin-polarized current is gen-

erated inside the magnetic material itself and flows 

along the equilibrium magnetization direction. The 

current is induced by the axial temperature gradient, 

while the detailed thermoelectric mechanism has been 

discussed in the earlier paper by the authors [13] and 

will not be repeated here. 

Let us linearize this equation (with the magnetization 

and magnetic field represented according to (1)). After 

considering that in the linear approximation one has 

𝐦𝐞𝑧 = 0 (so the spin-wave magnetization is transverse to 

the equilibrium magnetization), and that for a sufficiently 

long nanotube (magnetized along its axis) the equilibrium 

demagnetizing field in the axial direction may be neglect-

ed (𝐇0
(𝑖)

= 𝐇0
(𝑒)

= 𝐻0
(𝑒)

𝐞𝑧), the linearized equation for the 

magnetization perturbation takes the form 
 

 
∂𝐦

∂𝑡
+ 𝑣𝑠

∂𝐦

∂𝑧
= 𝛾𝑀0 [𝐞𝑧 × (𝐡 + 𝛼Δ𝐦 − (𝛽+

𝐻0
(𝑒)

𝑀0
) 𝐦 +

𝛼𝐺

𝛾𝑀0

∂𝐦

∂𝑡
)] +

𝜉𝑣𝑠 [𝐞𝑧 ×
∂𝐦

∂𝑧
].  

 

For spin waves propagating along the nanotube axis 
 

 𝐦(𝐫, 𝑡) = 𝐦0(𝑢, 𝑣)exp[𝑖(𝜔𝑡 − 𝑘∥𝑧)],  
 

 𝐡(𝐫, 𝑡) = 𝐡0(𝑢, 𝑣) exp[𝑖(𝜔𝑡 − 𝑘∥𝑧)],  
 

the linearized equation becomes 
 

 𝑖(𝜔 − 𝑣𝑠𝑘∥)𝐦0 = 𝛾𝑀0[𝐞𝑧 × (𝐡0 + 𝛼Δ𝐦0 − 𝛽̃ 𝐦0)],  (2) 
 

Where 
 

 𝛽̃ = 𝛽 +
𝐻0

(𝑒)

𝑀0
−

𝑖

𝛾𝑀0
(𝛼𝐺𝜔−𝜉𝑣𝑠𝑘∥).  

 

This form explicitly separates the two effects of the 

thermoelectrically induced spin current. The adiabatic 

Zhang-Li term changes the frequency through the re-

placement 𝜔 → 𝜔 − 𝑣𝑠𝑘∥ (current-induced Doppler 

shift), whereas the nonadiabatic term enters the imag-

inary part of the effective magnetic parameter 𝛽̃ and 

therefore modifies the damping. 

To close the system of equations, let us use the 

magnetostatic approximation. The magnetic field of the 

spin wave is expressed through the scalar magnetic 

potential 𝐡 = −∇Φ, so Maxwell’s equation for the mag-

netostatic field gives 
 

 ΔΦ − 4𝜋div 𝐦 = 0.  
 

For harmonic perturbations this relation becomes 
 

 ΔΦ0 − 4𝜋div 𝐦0 = 0, (3) 
 

Where 
 

 Φ(𝐫, 𝑡) = Φ0(𝑢, 𝑣, 𝑧)exp(𝑖𝜔𝑡).  
 

Thus, the spin-wave problem is reduced to the cou-

pled system (2), (3). These equations form the starting 

point for deriving the equation for the magnetic poten-

tial. The elliptic cross-section enters through the trans-

verse part of the Laplace operator and through the 

boundary conditions at 𝑢 = 𝑢1 and 𝑢 = 𝑢2, while the 

temperature gradient enters through the drift velocity 

𝑢 and modifies the longitudinal propagation and effec-

tive damping of the spin wave. 
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4. EQUATION FOR THE MAGNETIC POTEN-

TIAL AND ITS SOLUTION 
 

Let us derive the equation for the magnetic potential 

of the investigated dipole-exchange spin wave in the ellip-

tic nanotube. After substituting (3) into (2) and taking into 

account 𝐡𝟎 = −∇Φ0,  𝑗𝑧 = −𝜎𝑆
∂𝑇

𝜕𝑧
, one can repeat a set of 

transformations analogous to the ones used in the earlier 

papers by the authors (e.g., [13]), obtaining  
 

 [
(𝜔−𝑣𝑠𝑘∥)

2

𝛾2𝑀0
2 −(𝛽̃−𝛼Δ)(4𝜋 + 𝛽̃ − 𝛼Δ)] ΔΦ0 + 4𝜋(𝛽̃−𝛼Δ)

∂2Φ0

∂𝑧2
= 0 (4) 

 

This equation is the required equation for the mag-

netic potential of the spin wave. It has the same gen-

eral operator structure as in the circular nanotube 

considered previously, but the transverse part of the 

Laplace operator must now be written in above-

introduced elliptic cylindrical coordinates (u, v, z) with 

the focal parameter f. 

In these coordinates, Δ = Δ⊥ +
∂2

∂𝑧2
, where 

 

 Δ⊥ =
1

𝑓2(sinh2 𝑢+sin2 𝑣)
(

∂2

∂𝑢2 +
∂2

∂𝑣2
).  

 

The magnetic potential can be sought in the form 
 

 Φ0(𝑢, 𝑣, 𝑧) = 𝐹(𝑢, 𝑣)exp(−𝑖𝑘∥𝑧),  
 

where 𝑘∥ is the longitudinal wave number. The trans-

verse function 𝐹(𝑢, 𝑣) is an eigenfunction of the two-

dimensional Helmholtz equation in elliptic cylindrical 

coordinates,Δ⊥𝐹 = −𝑘⊥
2𝐹. 

Therefore, ΔΦ0 = −𝑘2Φ0, where the total wave-

number 𝑘2 = 𝑘∥
2 + 𝑘⊥

2 . 

The corresponding transverse solutions 𝐹(𝑢, 𝑣) can be 

expressed through a combination of Mathieu functions, so 
 

 Φ0(𝑢, 𝑣, 𝑧) = (𝐶1 Ce𝑚(𝑢, 𝑞) ce𝑚(𝑣, 𝑞) +

𝐶2 Se𝑚(𝑢, 𝑞) se𝑚(𝑣, 𝑞)) exp(−𝑖𝑘∥𝑧),  (5) 
 

where C1, C2 are constants, Cem, cem, Sem, and sem are 

the Mathieu functions of the order m, m is the trans-

verse mode number and 𝑞 =
𝑓2𝑘⊥

2

4
. 

The allowed values of 𝑘⊥are determined by the 

boundary conditions at the inner and outer nanotube 

surfaces 𝑢 = 𝑢1and 𝑢 = 𝑢2. 

These equations show explicitly how the geometry 

of the elliptic cross-section enters the theory. The longi-

tudinal propagation and the thermally induced spin-

transfer effects are contained in 𝜔 − 𝑣𝑠𝑘∥ and 𝛽̃, where-

as the ellipticity affects the problem through the trans-

verse operator Δ⊥(and, consequently, transverse solu-

tions 𝐹(𝑢, 𝑣) expressed through the Mathieu functions) 

and the boundary conditions at 𝑢 = 𝑢1and 𝑢 = 𝑢2. Thus, 

the transition from a circular to an elliptic nanotube 

changes the transverse eigenvalue problem, while pre-

serving the general form of the dipole-exchange mag-

netic-potential equation. 

 

5. DISPERSION RELATION AND CONDITION 

OF SPIN-WAVE EXCITATION 
 

Substitution of the solution (5) into the equation 

for the magnetic potential (4) gives the dispersion 

equation in the form 

 [
(𝜔−𝑣𝑠𝑘∥)

2

𝛾2𝑀0
2 −(𝛽̃+𝛼𝑘2)(4𝜋+𝛽̃+𝛼𝑘2)] 𝑘2 + 4𝜋(𝛽̃+𝛼𝑘2)𝑘∥

2 = 0 (6) 

 

where the sign convention is chosen so that a positive 

imaginary part of 𝜔 corresponds to damping for the 

time dependence exp(𝑖𝜔𝑡). Eq. (6) is the sought disper-

sion equation for dipole-exchange spin waves in an 

elliptic nanotube in the presence of a thermoelectrically 

induced spin-polarized current. 

Let us introduce  
 

 𝛽0 = 𝛽 +
𝐻0

(𝑒)

𝑀0
.  

 

In the absence of damping and nonadiabatic spin-

transfer contribution, Eq. (6) gives the real-

frequency branch 
 

 𝜔0 = 𝑣𝑠𝑘∥ + 𝛾𝑀0√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2
).  (7) 

 

The first term in Eq. (3) is the Doppler-type shift 

caused by the adiabatic Zhang–Li torque. The second 

term is the ordinary dipole-exchange frequency, modi-

fied by the finite transverse wave number. It corre-

sponds to the previous papers by the authors that in-

vestigate spin waves in a nanotube without considera-

tion of dissipation and spin current (see, e.g., [11]) 

Thus, the ellipticity affects the dispersion relation indi-

rectly, through the values of 𝑘⊥ determined by the ellip-

tic boundary-value problem.  

For typical nanosystems in which periodic spin 

waves can be excited, both damping and nonadiabatici-

ty can be considered weak: 𝛼𝐺 ≪ 1, 𝜉 ≪ 1. Retaining 

only terms linear in 𝛼𝐺 and 𝜉, we can obtain from (6) for 

the real and imaginary parts of the spin wave frequen-

cy (writing 𝜔 = 𝜔𝑟 + 𝑖𝜔𝑖, with 𝜔𝑟 = 𝑅𝑒𝜔 and 𝜔𝑖 = 𝐼𝑚𝜔): 
 

 𝜔𝑟 = 𝑣𝑠𝑘∥ + 𝛾𝑀0√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2
), (8) 

 

for the positive-frequency branch (the same expression 

as in the absence of damping and nonadiabatic spin-

transfer contribution (7)), and 
 

 𝜔𝑖 =
𝛽0+𝛼𝑘2+2𝜋

𝑘⊥
2

𝑘2

√(𝛽0+𝛼𝑘2)(𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2 )

∗  

 ∗ [𝛼𝐺𝛾𝑀0√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2
) − (𝜉 − 𝛼𝐺)𝑣𝑠𝑘∥], (9) 

 

with 
 

 𝑣𝑠 = −
𝜇𝐵𝑃𝜎𝑆

𝑒𝑀0

∂𝑇

∂𝑧
.  (10) 

 

Eq. (8) shows that the adiabatic spin-transfer torque 

shifts the real part of the spin-wave frequency. Eq. (9) 

shows that the nonadiabatic torque changes the effective 

damping. Depending on the sign and magnitude of 𝑣𝑠𝑘∥, 

the temperature-gradient-induced current may either 

increase or decrease the attenuation of the spin wave. 

Analogously to [13], the condition of compensation 

of intrinsic damping is obtained from 𝜔𝑖 = 0. Since the 

prefactor in Eq. (9) is positive, this condition reduces to 
 

(𝜉 − 𝛼𝐺)𝑣𝑠𝑘∥ = 𝛼𝐺𝛾𝑀0√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2
)  
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If 
 

 (𝜉 − 𝛼𝐺)𝑣𝑠𝑘∥ > 𝛼𝐺𝛾𝑀0√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋
𝑘⊥

2

𝑘2
) (11) 

 

then 𝜔𝑖 < 0, and the spin-wave amplitude increases with 

time. This corresponds to spin-wave excitation by the 

thermoelectrically induced spin-polarized current. If the 

opposite inequality is fulfilled, the wave attenuates. 

Substituting (10), one obtains the threshold tem-

perature gradient 
 

 (
∂𝑇

∂𝑧
)

cr
= −

𝑒𝑀0𝛼𝐺𝛾𝑀0

𝜇𝐵𝑃𝜎𝑆(𝜉−𝛼𝐺)𝑘∥
∗ √(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋

𝑘⊥
2

𝑘2
) (12) 

 

The sign of this gradient must be chosen so that the 

induced spin drift compensates the Gilbert damping. 

Eq. (12) also shows that spin-wave excitation is impos-

sible for 𝑘∥ = 0, because the bulk Zhang-Li torque acts 

through spatial variation of the magnetization along 

the current direction. 

For the fundamental transverse mode 𝑘⊥ = 0, 𝑘 =
𝑘∥, Eqs. (8) and (9) reduce to 

 

 𝜔𝑟 = 𝑣𝑠𝑘∥ + 𝛾𝑀0(𝛽0+𝛼𝑘∥
2),  

 

 𝜔𝑖 = 𝛼𝐺𝛾𝑀0(𝛽0+𝛼𝑘∥
2) − (𝜉 − 𝛼𝐺)𝑣𝑠𝑘∥.  

 

These expressions coincide with the corresponding 

result for a circular nanotube. Therefore, the ellipticity 

of the cross-section does not modify the fundamental 

spin-wave branch in the adopted approximation. Its 

influence appears through nonzero transverse modes, 

for which 𝑘⊥ ≠ 0 and the allowed values of 𝑘⊥ are de-

termined by the elliptic geometry of the nanotube. 

 

6. TRANSVERSE WAVENUMBER SPECTRUM 
 

Let us now determine the spectrum of the transverse, 

or orthogonal, wave number 𝑘⊥. The dispersion relation 

obtained above contains both the longitudinal component 

𝑘∥ and the transverse component 𝑘⊥. Since the nanotube 

is assumed to be long compared with its transverse di-

mensions, 𝑘∥ may be treated as a quasi-continuous vari-

able. In contrast, the transverse motion is confined by 

the inner and outer boundaries of the nanotube, so the 

allowed values of 𝑘⊥ form a discrete spectrum. 

In the present problem, the temperature-gradient-

induced spin current enters the equation of motion 

through the bulk Zhang-Li terms. These terms produce 

the Doppler-type shift of the real part of the frequency and 

modify the effective damping, but they do not change the 

form of the magnetostatic boundary conditions at the 

nanotube surfaces. Therefore, the transverse quantization 

is determined by the same type of boundary-value prob-

lem as in a nanotube without thermoelectric driving, 

while the temperature gradient enters the final spin-wave 

spectrum through the dispersion relation. 

In the general case, the transverse wavenumber 

spectrum is determined by matching the magnetic 

potential inside the ferromagnetic tube with the poten-

tial in the inner and outer nonmagnetic regions. At 

each ferromagnet-nonmagnet interface one has to im-

pose the standard magnetostatic boundary conditions 

for the magnetic field, from which the following condi-

tions for the magnetic potential imply: 

 Φ(𝑖) = Φ(𝑒),  
 

 (∇Φ)𝜏
(𝑖)

= (∇Φ)𝜏
(𝑒)

,  
 

 (𝜕Φ 𝜕𝑛⁄ )(𝑖) − (𝜕Φ 𝜕𝑛⁄ )(𝑒) = 4𝜋m𝑛 (13) 
 

where the superscripts (𝑖) and (𝑒) denote the internal 

and external regions, respectively, while 𝑛 and 𝜏 denote 

the normal and tangential components at the interface.  

Let us apply pinned boundary conditions. For such 

conditions, m0=0 on both nanotube surfaces and, then, 

the third relation in (13) can be rewritten as 

(𝜕Φ0 𝜕𝑛⁄ )(𝑖) = (𝜕Φ0 𝜕𝑛⁄ )(𝑒) on both nanotube surfaces. 

(Note that this transverse-spectrum calculation with 

pinned boundary conditions applies only to nonzero 

transverse modes, while the fundamental mode 𝑘⊥ = 0 

is treated separately within the thin-wall/uniform-

mode approximation.) 

Thus, the exact transverse spectrum is obtained 

from the matching of the internal and external solu-

tions on the inner and outer elliptic surfaces (u=u1, 

u=u2). This procedure gives an implicit spectral equa-

tion for 𝑘⊥. For a circular nanotube the corresponding 

equation is written in terms of Bessel and Neumann 

functions. For an elliptic nanotube, the analogous prob-

lem is described by Mathieu functions. 

Analysis shows that in a general case, more complex 

boundary conditions should be used to determine the 

transverse spin wave spectrum (as the angular and 

radial parts are coupled through the same Mathieu 

parameter 𝑞). However, the above-given set of condi-

tions is applicable if the condition 𝑐ℎ2𝑢1 >> 1 + 𝑘⊥
2 /𝑘||

2 

fulfils, which takes place either for longitudinally short 

waves (k||>>k⊥) or for a cross-section close to circular 

(b1-a1/a1<<1, b2-a2/a2<<1), for which 𝑢1is large. Then, 

the sought spectrum is defined by the real roots of the 

following implicit relation: 
 

𝐶𝑒𝑚′(𝑢1, 𝑞)𝐹𝑚
+(𝑢1, 𝑘||) − 𝐶𝑒𝑚(𝑢1, 𝑞)𝐹𝑚

+′(𝑢1, 𝑘||)

𝑆𝑒𝑚′(𝑢1, 𝑞)𝐹𝑚
+(𝑢1, 𝑘||) − 𝑆𝑒𝑚(𝑢1, 𝑞)𝐹𝑚

+′(𝑢1, 𝑘||)
=

=
𝐶𝑒𝑚′(𝑢2, 𝑞)𝐹𝑚

−(𝑢2, 𝑘||) − 𝐶𝑒𝑚(𝑢2, 𝑞)𝐹𝑚
−′(𝑢2, 𝑘||)

𝑆𝑒𝑚′(𝑢2, 𝑞)𝐹𝑚
−(𝑢2, 𝑘||) − 𝑆𝑒𝑚(𝑢2, 𝑞)𝐹𝑚

−′(𝑢2, 𝑘||)
, 

 

with the functions 
 

 𝐹𝑚
±(𝑢, 𝑘||) = 𝐶𝑒𝑚 (𝑢,

−𝑘||
2𝑓2

4
) ± 𝑖𝑆𝑒𝑚 (𝑢,

−𝑘||
2𝑓2

4
).  

 

The following calculation is performed for a separa-

ble confocal-elliptic model, in which the inner and outer 

nanotube surfaces are described by u = u1and u = u2.  

Let us analyze the obtained implicit relation for the 

transverse wavenumber spectrum. For nanotubes with 

an elliptic cross-section close to a circular one (b1-

a1/a1<<1, b2-a2/a2<<1) that are also thin-walled (a2-

a1/a1<<1, b2-b1/b1<<1) the transverse spin wave spec-

trum becomes close to a quasi-one-dimensional (analo-

gously to the case of a circular nanotube [13]) 
 

 𝑘⊥ =
𝜋𝑛

𝑑
, 𝑛 = 1,2,3, …, (14) 

 

with the mean nanotube thickness 
 

 𝑑 =
𝑓

2
(𝑒𝑥𝑝(𝑢2) − 𝑒𝑥𝑝(𝑢1)).  
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As it has already been mentioned earlier, funda-

mental mode also exists for the investigated nanotube 

configuration (corresponding to n=0 in the above rela-

tion). For this mode the spin wave has no transverse 

nodes and the transverse part of the magnetic potential 

is not sensitive to the detailed shape of the boundary. 

Therefore, in the adopted approximation, the funda-

mental branch of the spectrum coincides with the cor-

responding branch for a circular nanotube. The influ-

ence of ellipticity appears only for nonzero transverse 

modes, for which the functions 𝐹(𝑢, 𝑣, 𝑘⊥) have a non-

trivial dependence on the elliptic coordinates.  

The circular nanotube is recovered as a limiting case 

when the two semiaxes become equal. In that limit, the 

Mathieu-function description passes into the Bessel-

function description. Correspondingly, the even and odd 

elliptic modes become the two equivalent angular 

branches of the circular nanotube. For a genuinely ellip-

tic cross-section this equivalence is removed: the reduc-

tion of rotational symmetry splits the transverse modes 

into different even and odd branches. Thus, ellipticity 

provides an additional geometrical mechanism for con-

trolling the separation between transverse spin-wave 

modes. Let us consider this effect by keeping addends of 

the next order of magnitude by the cross-section eccen-

tricity (which is equal to 1/cosh(u)). After applying as-

ymptotics of the Mathieu functions and keeping the 

above-mentioned addends, one can – after a set of trans-

formations – obtain a correction to the one-dimensional 

spectrum (14) that considers the cross-section ellipticity. 

The corresponding – more precise – expression for the 

transverse wavenumber looks as follows: 
 

 𝑘⊥ =
𝜋𝑛

𝑑
±

𝑒−(𝑢1+𝑢2)

2
[

𝜋𝑛

𝑑
+

𝑘∥
2𝑑

𝜋𝑛
], (15) 

 

for m=1, while the modes with higher values of m re-

ceive no first-order wavenumber shift in this approxi-

mation – the corresponding corrections are of higher 

order of smallness. The upper and lower signs corre-

spond to the two ellipticity-split branches of the circu-

lar m=1 doublet. 

As one can see from the above relation, the leading 

ellipticity correction is proportional to 𝑒−(𝑢1+𝑢2). Since 

the usual geometrical eccentricity of the ellipse is 
 

 𝑒𝑗
geom

=
1

ch 𝑢𝑗
≃ 2𝑒−𝑢𝑗 ,  

 

the correction is of the order 
 

 𝑒−(𝑢1+𝑢2) ∼
𝑒1

geom
𝑒2

geom

4
.  

 

Thus, in the near-circular limit, ellipticity does not 

produce a first-order shift of all transverse eigenvalues. 

The fundamental mode 𝑚 = 0, 𝑛 = 0, for which 𝑘⊥ = 0, 

remains unchanged. The leading ellipticity effect on the 

spectrum is the splitting of the first angular doublet 𝑚 =
1, whereas higher angular modes acquire first-order 

changes mainly in their transverse magnetic-potential 

distribution. The ellipticity correction is proportional to 

𝑒−2𝑢𝑗, i.e. to the first order of the boundary deformation 

and to the second order of the usual ellipse eccentricity. 

 

 

 

7. RESULTS AND DISCUSSION 
 

Let us analyze the physical consequences of the ob-

tained expressions.  

The spin-wave spectrum in the investigated nano-

tube is formed by two mechanisms of different origin. 

The first one is related to the thermoelectrically in-

duced spin-polarized current, which affects the longitu-

dinal propagation of the wave through the Zhang-Li 

spin-transfer torque. The second one is related to the 

elliptic geometry of the cross-section, which modifies 

the transverse quantization of the spin-wave modes. In 

the adopted approximation these two mechanisms en-

ter the theory in a separated way: the temperature 

gradient changes the frequency and damping for a 

given pair of wave numbers 𝑘∥, 𝑘⊥, whereas ellipticity 

determines the allowed values of 𝑘⊥. 

For the positive-frequency branch, the real part of the 

frequency may be written in the form (8). Analogously to 

the previous paper [13] one can notice that the first term 

in this expression is the Doppler-type frequency shift 

produced by the adiabatic Zhang-Li torque (𝜔 → 𝜔eff =
𝜔 − 𝑣𝑠𝑘∥). Its sign is determined by the sign of 𝑣𝑠𝑘∥. There-

fore, spin waves propagating along and against the ther-

moelectrically induced spin drift have different frequen-

cies. This nonreciprocity is the same physical effect as in 

conducting ferromagnets with electric-current-induced 

spin-wave Doppler shift, but in the present system the 

current is generated by the temperature gradient rather 

than by an external voltage source. 

The second term in 𝜔𝑟 is the ordinary dipole-

exchange contribution. It contains the transverse wave 

number 𝑘⊥, and this is where the ellipticity of the nano-

tube cross-section enters the frequency. Thus, elliptici-

ty does not produce a separate additive term in the 

longitudinal dispersion law. Instead, it changes the 

allowed values of 𝑘⊥, and through them changes the 

dipole-exchange part of the frequency. This is the prin-

cipal difference between the present elliptic nanotube 

and the circular nanotube considered previously. 

The imaginary part of the frequency has the form 

(9). Analogously to the previous paper by the authors 

[13], the first term in square brackets describes ordi-

nary Gilbert damping. The second term is caused by 

the nonadiabatic Zhang-Li torque. Depending on the 

sign of (𝜉 − 𝛼𝐺)𝑣𝑠𝑘∥, this term may either compensate 

the intrinsic damping or increase it. Hence, the tem-

perature gradient controls not only the phase of the 

spin wave but also its attenuation. Note that in the 

considered case of the elliptic nanotube, the threshold 

condition depends on the ellipticity through 𝑘⊥. 

The condition of spin-wave excitation (11) shows 

that spin-wave excitation is impossible at 𝑘∥ = 0 within 

the considered bulk Zhang-Li mechanism. The reason 

is that the current-induced torque is proportional to the 

spatial derivative of the magnetization along the cur-

rent direction. For a longitudinally uniform excitation, 

this derivative vanishes. The expression (12) shows 

that higher transverse modes generally require differ-

ent excitation thresholds than the fundamental mode, 

because of the dependence of (∂𝑇/ ∂𝑧)cr on 𝑘⊥. The spe-

cial case 𝜉 = 𝛼𝐺 separates two regimes of thermoelectric 

control. At this point the current-dependent contribu-

tion to the imaginary part of the frequency vanishes. 
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The thermoelectrically induced spin current then pro-

duces only the Doppler shift of the real frequency and 

does not change the effective damping. For 𝜉 > 𝛼𝐺, a 

proper direction of the temperature gradient can reduce 

the damping and eventually lead to generation. For 𝜉 <
𝛼𝐺, the same direction of spin drift increases the atten-

uation; damping compensation would require reversing 

the sign of 𝑣𝑠𝑘∥. 

Note that analogously to [13], the thermoelectric cur-

rent within the adopted approximation modifies the fre-

quency and damping of the spin wave but does not change 

the transverse wavenumber spectrum. Thus, the trans-

verse mode structure of the nanotube is still determined 

primarily by its geometrical parameters, whereas the 

temperature gradient controls the propagation and atten-

uation of these modes along the nanotube axis.  

Let us now consider the role of ellipticity. First, let 

us note that the ellipticity of the cross-section influ-

ences the spin-wave spectrum primarily through the 

transverse eigenvalues, while the longitudinal thermo-

electric spin-transfer effects remain described by the 

dispersion relation obtained in the previous section. 

Even a weak ellipticity does not simply shift the whole 

transverse spectrum; it lowers the rotational symmetry 

and selectively splits/mixes the circular-tube modes. 

The fundamental transverse mode, 𝑘⊥ = 0, is not af-

fected by the ellipticity of the cross-section in the 

adopted approximation. Physically, this mode is nearly 

uniform over the nanotube wall, so it does not resolve 

the detailed transverse shape of the boundary. There-

fore, the fundamental branch coincides with the corre-

sponding branch of the circular nanotube. This result is 

important for comparison with the previous paper: the 

lowest spin-wave branch remains governed by the same 

thermoelectric Doppler shift and damping-control 

mechanisms as in the circular case. 

The situation is different for nonzero transverse 

modes. In a circular nanotube the angular modes with 

the same ∣ 𝑚 ∣ are degenerate with respect to the choice 

of the angular basis, for example cos𝑚𝜃 and sin𝑚𝜃. In 

an elliptic nanotube this degeneracy is lifted because 

the cross-section no longer has continuous rotational 

symmetry. The transverse eigenfunctions are described 

by Mathieu functions rather than by Bessel-function 

angular harmonics, and the allowed values of 𝑘⊥are 

determined by an elliptic boundary-value problem. In 

the near-circular limit this effect appears as a small 

splitting of the circular-tube transverse modes. 

For a thin elliptic nanotube close to a circular one, 

the leading quasi-one-dimensional spectrum is given by 

(14). This expression describes standing waves across 

the wall thickness and coincides with the circular-tube 

result. The next-order correction due to ellipticity is most 

important for the 𝑚 = 1 doublet. In the near-circular 

confocal model, the split branches can be written as (15). 

Therefore, the leading spectral correction is first order in 

the boundary deformation parameter and second order 

in the usual geometrical eccentricity. (Modes with 𝑚 ≠ 1 

acquire first-order corrections mainly in their spatial 

profile through admixture of neighboring angular har-

monics, whereas their wavenumber shifts are of higher 

order in the ellipticity parameter.) This explains why the 

fundamental branch is robust, while higher transverse 

branches can be measurably shifted or split even for a 

weakly non-circular cross-section. 

The frequency splitting corresponding to the two 

branches is approximately 
 

 Δ𝜔𝑟 ≃ 𝛾𝑀0𝑒−(𝑢1+𝑢2) ∗  
 

 ∗ [
𝜋𝑛

𝑑
+

𝑘∥
2𝑑

𝜋𝑛
]

∂

∂𝑘⊥
[√(𝛽0 + 𝛼𝑘2) (𝛽0+𝛼𝑘2+4𝜋

𝑘⊥
2

𝑘2
)],  

 

 Δ𝜔𝑖 ≃ 2𝑒−(𝑢1+𝑢2) [
𝜋𝑛

𝑑
+

𝑘∥
2𝑑

𝜋𝑛
]

∂𝜔𝑖

∂𝑘⊥
.  

 

This expression shows that the ellipticity-induced 

splitting is enhanced when the dipole-exchange fre-

quency is sensitive to 𝑘⊥. Consequently, the effect is 

weak for the fundamental mode and becomes more 

important for nonzero transverse modes, especially 

when the exchange term 𝛼𝑘2 is comparable with or 

larger than the anisotropy contribution. 

The obtained results are consistent with the general 

symmetry argument known for non-circular magnetic 

waveguides: lowering the rotational symmetry does not 

simply shift the entire spectrum uniformly, but sepa-

rates modes that are equivalent in the circular geome-

try. In the present nanotube, this means that ellipticity 

provides an additional nanoscale control parameter. By 

changing the ratio of the semiaxes, one can tune the 

separation between transverse branches without 

changing the material, the wall thickness, or the ap-

plied temperature gradient. 

Now, let us build and analyze graphical dependen-

cies for the obtained results.  

The first group of graphs (Fig. 2) show the real and 

imaginary parts of the frequency as well as their rela-

tion as functions of 𝑘∥ and the temperature gradient for 

a fundamental mode (which coincides with a corre-

sponding mode for the circular-tube case). These 

graphs are built for the Ni80Fe20 ferromagnet as the 

nanotube material (with its parameters taken from the 

papers [19-21]) in the absence of the external magnetic 

field (𝐻0
(𝑒)

= 0, 𝛽0 = 𝛽). 

As one can see from the Fig. 2, both real and imagi-

nary parts of the frequency for the fundamental mode 

have pronounced dependencies on 
∂𝑇

𝜕𝑧
 (everywhere except 

for the region where 𝑘∥ is close to 0). Thus, the thermoe-

lectrically induced spin-polarized current can noticeably 

modify both the real and imaginary parts of the spin-wave 

frequency in the considered parameter range. Analogously 

to the circular nanotube case [13], the minimal value of 

the real part of the frequency 𝜔𝑟 = 𝛽𝛾𝑀0 = 0.17 GHz (for 

the used set of the ferromagnet parameters) is achieved 

when 𝑘∥ = 0. Dependence 𝜔𝑟(𝑘∥) has a minimum at 𝑘∥ =

−𝑣𝑠/2𝛼𝛾𝑀0, dependence 𝜔𝑖(𝑘∥) – at  
 

 𝑘∥ = 𝑘||
(𝑚𝑖𝑛)

=
𝜅(𝛼𝐺−𝜉)

2𝛼𝐺𝛾𝑀0𝛼

∂𝑇

𝜕𝑧
  

 

(becoming maximum when 𝛼𝑘⊥
2 − 2𝜋 < 0). The depend-

ence 
𝜔𝑖

𝜔𝑟
(𝑘∥,

∂𝑇

𝜕𝑧
) for the fundamental mode has one local 

maximum and one local minimum at the points 𝑘|| =

±√𝛽/𝛼 (except for the case 
∂𝑇

𝜕𝑧
= 0 for which 

𝜔𝑖

𝜔𝑟
= −𝛼𝐺 =

𝑐𝑜𝑛𝑠𝑡), asymptotically approaching the value −𝛼𝐺 for 

large (in absolute value) 𝑘|| (both positive and negative). 
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Fig. 2 – Dependencies 𝜔𝑟(𝑘∥,
∂𝑇

𝜕𝑧
) (a), 𝜔𝑖(𝑘∥,

∂𝑇

𝜕𝑧
) (b) and 

𝜔𝑖

𝜔𝑟
(𝑘∥,

∂𝑇

𝜕𝑧
) 

(c) for the fundamental mode (n=0). Nanotube material is 

considered to be Ni80Fe20 
 

Dependencies 𝜔𝑟(𝑘∥,
∂𝑇

𝜕𝑧
), 𝜔𝑖(𝑘∥,

∂𝑇

𝜕𝑧
) and 

𝜔𝑖

𝜔𝑟
(𝑘∥,

∂𝑇

𝜕𝑧
)  for 

higher modes (n>0) with the quasi-one-dimensional 

transverse wavenumber spectrum (14) are analogous to 

the ones obtained previously for a circular nanotube [13] 

– thus, they are not given in this paper. They show the 

same regularities: dependencies for different general-

ized-radial modes (but on essentially different scales) 

have similar looks for both 𝜔𝑟(𝑘∥,
∂𝑇

𝜕𝑧
) and 𝜔𝑖(𝑘∥,

∂𝑇

𝜕𝑧
); de-

pendencies on ∂𝑇/𝜕𝑧 are pronounced for all modes; de-

pendence 
𝜔𝑖

𝜔𝑟
(𝑘∥,

∂𝑇

𝜕𝑧
) has similar form for all higher modes 

(n>0) – monotonous dependencies on ∂𝑇/𝜕𝑧 (although 

the graphs have visual impression of saddle surfaces), 

dependencies on 𝑘∥ contain single global minimum each 

– but they differ qualitatively from the dependence for 

the fundamental mode (n=0). The same regularities take 

place if the next-order corrections due to ellipticity are 

considered, but the index m  1.  

The next set of graphs illustrates corrections to the 

spectral characteristics of the investigated spin waves 

caused by the splitting of the m = 1 nonzero transverse 

modes that is caused by the cross-section ellipticity. 
 

 
 

Fig. 3 – Dependencies 𝑘⊥(𝑘||) for the first and second angular-

radial mode (the solution with m=1), with accounting for the 

first-order correction caused by the cross-section ellipticity. 

The nanotube geometric parameters are: u1=1.5, u2=1.6, d=25 

nm. The red lines correspond to “+” sign in (15), the blue lines 

– to the “–” sign 
 

Fig. 3 illustrates the dependence of the transverse 

wavenumber 𝑘⊥ on the longitudinal one 𝑘|| given by the 

relation (15) that takes into account the nanotube ellip-

ticity in the first order of magnitude, for the first (n = 1) 

and the second (n = 2) angular-radial modes. The graph 

is built for a set of typical nanotube geometric parame-

ters u1 = 1.5, u2 = 1.6, d = 25 nm (which correspond to 

a1≈226 nm, b1≈250 nm, a2≈252 nm and b2≈273 nm) in 

the interval of the longitudinal wavenumbers for which 

𝑘|| >> 𝜋𝑛/𝑑√ch2𝑢1 − 1 (so the relation ch2𝑢1 >> 1 +

𝑘⊥
2 /𝑘||

2 fulfils and, thus, the dependence 𝑘⊥(𝑘||) in the 

form (15) can be used). 

As follows from the graph, the correction to the 

transverse wavenumber caused by the nanotube ellipti-

city can be essential even when the eccentricity is not 

large. The correction becomes more pronounced for 

large values of the longitudinal wave number, with the 

quadratic form of the corresponding dependence. 
 

  
 

a b 
 

Fig. 4 – Dependencies 𝜔𝑟(𝑘∥,
∂𝑇

𝜕𝑧
) (a) and 𝜔𝑖(𝑘∥,

∂𝑇

𝜕𝑧
) (b) for the 

first angular-radial mode (the solution with m=1), with ac-

counting for the first-order correction caused by the cross-

section ellipticity. Nanotube material is considered to be 

Ni80Fe20, and its geometric parameters are: u1=1.5, u2=1.6, 

d=25 nm. The orange surfaces correspond to “+” sign in (15), 

the blue surfaces – to the “–” sign 
 

Fig. 4 illustrates the splitting of the m = 1 nonzero 

transverse modes (caused by the cross-section ellipticity) 

for both the real and imaginary parts of the spin wave 
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frequency. Geometrical parameters of nanotube are the 

same as for the Fig. 3 (u1 = 1.5, u2 = 1.6, d = 25 nm), and 

the nanotube material is Ni80Fe20 with the same param-

eters as for the Fig. 2. Interval of values of the longitudi-

nal wavenumber is chosen so that 𝑘|| >> 𝜋𝑛/

𝑑√ch2𝑢1 − 1 on all the interval and, thus, using the 

dependence 𝑘⊥(𝑘||) in the form (15) becomes correct.  

As it can be seen from the figure, the modes’ splitting 

can be pronounced for typical elliptic nanotubes not only 

in the transverse wavenumber spectrum, but also for both 

real and imaginary parts of the spin wave frequency. Each 

split branch has dependence on 𝑘∥and ∇𝑇 similar to that 

of the corresponding unsplit transverse mode. Also, effects 

associated with the cross-section ellipticity are essentially 

more pronounced than the effects associated with the 

temperature gradient (for the chosen set of geometrical 

and material parameters). This, however, should be re-

garded as a parameter-dependent result rather than a 

universal hierarchy of the two effects. 

Let us note that in the previous paper [13], the 

transverse wave number spectrum was obtained in the 

assumption 𝑘∥ ≪ 𝑘||
(𝑚𝑖𝑛)

~𝑑−1. In the current paper, on 

the other hand, the longitudinal wavenumber interval 

for the Fig. 4 covers much large values of 𝑘∥ – because 

the transverse wavenumber spectrum has been ob-

tained upon assumption that the relation 𝑘|| >>

𝜋𝑛/𝑑√ch2𝑢1 − 1 fulfills. As the graphs on the Figure 4 

are built for the values of the longitudinal wave num-

ber that are much higher than in the previous paper, 

weak local minimum for the dependence 𝜔𝑖(𝑘∥) can be 

seen on the Fig. 4(b). Such minimum has been predict-

ed (in the previous paper) to take place for the value 
 

 𝑘||
(𝑚𝑖𝑛)

≈
𝜅(𝛼𝐺−𝜉)

2𝛼𝐺𝛾𝑀0(𝛼−
2𝜋

𝑘⊥
2 )

𝛽+𝛼𝑘⊥
2 +2𝜋

√(𝛽+𝛼𝑘⊥
2

)(𝛽+𝛼𝑘⊥
2

+4𝜋)

∂𝑇

𝜕𝑧
,  

 

but was not graphically illustrated because of the limita-

tion 𝑘∥ ≪ 𝑘⊥. Note that for the considered case of the ellip-

tic nanotube, 𝑘||
(𝑚𝑖𝑛)

 is split because of the splitting of the 

transverse wavenumber for the considered solution (m=1). 

Numerical analysis shows that the dependence of the 

relation of the imaginary part of the frequency to the real 

one 𝜔𝑖/𝜔𝑟 for the first radial-angular mode n=1 is very 

weak (with this relation being approximately equal to 

0.0064) – thus, it won't be displayed on the graphs. How-

ever, this relation also shows pronounced (compared to the 

dependence 
𝜔𝑖

𝜔𝑟
(𝑘∥,

∂𝑇

𝜕𝑧
)  itself) splitting of the mode with 

m = 1. Moreover, this relation can have large value for the 

branch with the “+” or “–” sign in (15) depending on the 

sign of the temperature gradient ∂𝑇/𝜕𝑧. At positive values 

of ∂𝑇/𝜕𝑧, the relation for the “+” sign in 15 is more than 

the corresponding relation for the minus sign for the nega-

tive temperature gradient, vice versa. 

Dependencies 𝜔𝑟(𝑢1, ∂𝑇/𝜕𝑧) and 𝜔𝑖(𝑢1, ∂𝑇/𝜕𝑧) are il-

lustrated on the Fig. 5 (for 𝑘∥ = 108 m–1 and the same 

ferromagnet). The nanotube thickness is d = 25 nm (with 

𝑢2 − 𝑢1 = 0.2), and the internal surface coordinate 𝑢1var-

ies from 0.6 (minimal value for which the relation 𝑘|| >>

𝜋𝑛/𝑑√ch2𝑢1 − 1 fulfils and, additionally, the ellipticity 

parameter ch – 1(u1)ch – 1(u2)  1) to 2. The minimal 

value corresponds to the nanotube cross-section with the 

semiaxes a1 ≈ 79 nm, b1 ≈ 147 nm, a2 ≈ 110 nm and 

b2 ≈ 166 nm. For the maximum value u1 = 2, the semiax-

es are a1 ≈ 111 nm, b1 ≈ 115 nm, a2 ≈ 136 nm and 

b2 ≈ 140 nm. As in can be seen from the graphs, the fre-

quency splitting becomes less pronounced for larger 

values of 𝑘∥. 

It should be noted that the negligible dependence of 

both the real and imaginary parts of the frequency on 

the temperature gradient ∂𝑇/ ∂𝑧, observed in Figs. 4 

and 5, is specific to the high-𝑘∥ range used for the 𝑚 = 1 

solution. This range is chosen to satisfy the applicabil-

ity condition of Eq. (15), 𝑘|| >> 𝜋𝑛/𝑑√𝑐ℎ2𝑢1 − 1. For 

smaller longitudinal wavenumbers, which can still be 

considered when the transverse spectrum is taken in 

the quasi-one-dimensional form (14), the dependences 

𝜔𝑟(∂𝑇/ ∂𝑧)and 𝜔𝑖(∂𝑇/ ∂𝑧) remain pronounced, as they 

were in the case of the circular nanotube [13]. Thus, the 

apparent weakness of the thermoelectric effect in Figs. 

4 and 5 should not be interpreted as a general property 

of the system, but rather as a consequence of the par-

ticular wavenumber interval required for applying the 

asymptotic ellipticity correction. The relative influence 

of the thermoelectric current on the dispersion law is 

expected to be most visible in the intermediate region 

of wave numbers, where the exchange and magneto-

static contributions are comparable. 

Thus, the obtained results demonstrate the main 

new physical effect considered in this paper: the ther-

moelectrically induced spin-transfer torque controls the 

longitudinal propagation and effective damping, 

whereas the ellipticity of the cross-section acts as a 

transverse-mode splitting mechanism. 
 

 
a 

 

 
b 

 

Fig. 5 – Dependencies 𝜔𝑟(𝑢1,
∂𝑇

𝜕𝑧
) (a) and 𝜔𝑖(𝑢1,

∂𝑇

𝜕𝑧
) (b) for the 

first angular-radial mode (the solution with m=1), with ac-

counting for the first-order correction caused by the cross-

section ellipticity. Nanotube material is considered to be 

Ni80Fe20, its thickness d=25 nm (with 𝑢2 − 𝑢1 = 0.2), the longi-

tudinal wavenumber 𝑘∥ = 108 m–1. The orange surfaces corre-

spond to “+” sign in (15), the blue surfaces – to the “–” sign 
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8. CONCLUSIONS 
 

Thus, a theory of linear dipole-exchange spin waves 

in a conducting ferromagnetic nanotube of elliptic cross-

section subjected to an axial temperature gradient has 

been developed in the paper. The magnetization dynam-

ics was described by the linearized Landau-Lifshitz-

Gilbert equation with the Zhang-Li spin-transfer torque. 

The magnetic dipole-dipole interaction, the exchange 

interaction, the uniaxial anisotropy and the damping 

were taken into account in the magnetostatic approxi-

mation. The temperature gradient was considered as the 

source of a Seebeck-induced spin-polarized electric cur-

rent flowing along the nanotube axis. 

The equation for the magnetic potential of the spin 

wave was obtained in elliptic cylindrical coordinates. It 

was shown that the general structure of this equation is 

analogous to that for a circular nanotube, whereas the 

elliptic cross-section changes the transverse part of the 

problem. The transverse eigenfunctions are expressed 

through Mathieu functions, and the allowed transverse 

wavenumbers are determined by the boundary conditions 

at the inner and outer elliptic surfaces of the nanotube. 

The dispersion relation for dipole-exchange spin waves 

was derived. The thermoelectrically induced spin current 

produces two effects. The adiabatic Zhang–Li term shifts 

the real part of the spin-wave frequency by a Doppler-type 

contribution proportional to 𝑣𝑠𝑘∥, where 𝑣𝑠 is the spin-drift 

velocity and 𝑘∥ is the longitudinal wavenumber. The 

nonadiabatic term modifies the imaginary part of the 

frequency and, consequently, changes the effective damp-

ing. Depending on the direction and magnitude of the 

temperature gradient, this contribution may either en-

hance attenuation or compensate intrinsic Gilbert damp-

ing, or lead to a spin wave generation. 

The condition for spin-wave excitation was obtained. 

It was shown that amplification is possible when the 

nonadiabatic spin-transfer contribution exceeds the 

intrinsic damping term. The corresponding threshold 

temperature gradient depends on the transverse mode 

through the transverse wavenumber 𝑘⊥. Therefore, dif-

ferent transverse branches of the elliptic nanotube gen-

erally have different excitation thresholds. 

The role of ellipticity was analyzed separately. The 

fundamental transverse mode, for which 𝑘⊥ = 0, is not 

affected by the ellipticity in the adopted approximation 

and coincides with the corresponding mode of a circular 

nanotube. Thus, the lowest spin-wave branch retains the 

same form as in the previously studied circular case. The 

influence of ellipticity appears for nonzero transverse 

modes, where it changes the transverse eigenfunctions 

and the transverse wavenumber spectrum. 

After applying boundary condition, implicit rela-

tions for the transverse wavenumber spectrum has 

been obtained. It has been shown that the transverse 

quantization is determined by the same type of bound-

ary-value problem as in a nanotube without thermoe-

lectric driving, while the temperature gradient enters 

the final spin-wave spectrum through the dispersion 

relation. For a nanotube with a weakly elliptic cross-

section, these relations were transformed into an ex-

plicit asymptotic expression for the leading ellipticity-

induced correction to the transverse wavenumber. It 

was shown that ellipticity splits the 𝑚 = 1 transverse 

doublet into two branches (here m is the Mathieu func-

tions index of the solution). The correction is first order 

in the boundary deformation parameter and second 

order in the usual geometrical eccentricity of the ellip-

tic boundary. Higher angular modes do not acquire a 

first-order wavenumber shift in this approximation; 

their leading ellipticity effect appears mainly through 

changes of the transverse mode profile. 

The results demonstrate that thermoelectric and 

geometrical effects act in different parts of the spin-

wave problem. The temperature gradient controls lon-

gitudinal propagation and effective damping, while the 

elliptic cross-section acts as a transverse-mode splitting 

mechanism. Therefore, ellipticity provides an addition-

al nanoscale degree of freedom for tuning spin-wave 

spectra in ferromagnetic nanotubes without changing 

the material parameters, wall thickness, or applied 

temperature gradient. This may be useful for the de-

sign of nanoscale magnonic waveguides, frequency-

selective spin-wave filters, thermally controlled spin-

wave amplifiers, and mode-selective elements in which 

different transverse branches are used as separate 

information channels. In particular, the possibility of 

controlling damping by a temperature gradient and 

controlling transverse-mode separation by ellipticity 

suggests a route toward compact spin-caloritronic de-

vices where heat flow and cross-sectional geometry are 

combined to regulate spin-wave propagation, amplifica-

tion, and spectral selectivity. 
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Теорія спінових хвиль дипольного обміну у феромагнітній нанотрубці за наявності  

термоелектрично індукованого моменту переносу спіну. Випадок еліптичної нанотрубки 
 

В.В. Куліш , С.І. Єрьомін 
 

Національний технічний університет України "Київський політехнічний інститут імені Ігоря Сікорського", 

03056 Київ, Україна 

 
Розроблено теоретичну модель лінійних дипольно-обмінних спінових хвиль у провідній феромаг-

нітній (феромагнетику легкої осі) нанотрубці еліптичного перерізу, підданій аксіальному градієнту 

температури. Температурний градієнт генерує термоелектричний спін-поляризований струм, дія яко-

го на динаміку намагніченості описується членами крутного моменту Чжана-Лі. Обмінна взаємодія, 

диполь-дипольна взаємодія, одновісна анізотропія та затухання Гілберта враховуються в рамках лі-

неаризованого рівняння Ландау–Ліфшица–Гільберта та магнітостатичної апроксимації. Виведено 

відповідне дисперсійне співвідношення. Показано, що термічно індукований спіновий струм викликає 

доплерівський зсув дійсної частини частоти спінової хвилі та змінює ефективне затухання через неа-

діабатичний внесок спінового переносу. Отримано умову спін-хвильового збудження. Еліптичність 

поперечного перерізу впливає на спектр через поперечне квантування: основна мода залишається 

ідентичною моді круглої нанотрубки, тоді як ненульові поперечні моди описуються функціями Матьє 

в еліптичних циліндричних координатах. Неявний вираз для поперечного хвильового числа було 

знайдено та (для нанотрубки, близької до круглої) спрощено до явного асимптотичного виразу для 

еліптичної поправки до поперечного хвильового числа. Показано, що основним ефектом еліптичності 

є розщеплення поперечного дублета для першої моди, тоді як вищі моди не отримують зсуву хвильо-

вого числа першого порядку в цьому наближенні. Результати демонструють, що температурний граді-

єнт контролює поздовжнє поширення та демпфування, тоді як еліптичність забезпечує додатковий ге-

ометричний механізм для налаштування мод поперечних спінових хвиль у нанорозмірних магнонних 

та спін-калоритронних пристроях. 
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    𝒗  𝒔 =   v  s   𝐞  z =     𝜇  B P  e   M 0   j  z   𝐞  z ,


  P


    j  z


    j  z = − 𝜎 S   ∂ T  ∂ z ,


  𝜎


  S


    𝐇   ( i )


  𝐌 =   𝐌 0 + 𝐦 ,       𝐇   ( i ) =   𝐇 0   ( i ) + 𝐡 ,


  ∣ 𝐦 ∣ ≪   M 0 , ∣ 𝐡 ∣ ≪ ∣   𝐇 0   ( i ) ∣


    𝐇 0   ( i )


  𝐦 ( 𝐫 , t ) =   𝐦 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] ,


  𝐡 ( 𝐫 , t ) =   𝐡 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] .


    ∂ 𝐌  ∂ t = 𝛾  [  𝐌 ×    𝐇 eff ] +     𝛼  G    M 0  [  𝐌 ×    ∂ 𝐌  ∂ t ]


    𝐇 eff =   𝐇   ( i ) + 𝛼 Δ 𝐌 + 𝛽 𝐧 ( 𝐌 𝐧 ) ,


  𝛼


  𝛽


  𝐧 =   𝐞  z


    𝐓 ZL = − (   𝒗  𝒔 ∇ ) 𝐌 +   𝜉    M 0  [ 𝐌 × (   𝒗  𝒔 ∇ ) 𝐌 ] ,


  𝜉


  𝐦   𝐞  z = 0


    𝐇 0   ( i ) =   𝐇 0   ( e ) =   H 0   ( e )   𝐞  z


    ∂ 𝐦  ∂ t +   v  s   ∂ 𝐦  ∂ z = 𝛾   M 0  [    𝐞  z ×   ( 𝐡 + 𝛼 Δ 𝐦 −  (  𝛽 +      H 0   ( e )    M 0 ) 𝐦 +     𝛼  G  𝛾   M 0   ∂ 𝐦  ∂ t ) ] + 𝜉   v  s  [    𝐞  z ×    ∂ 𝐦  ∂ z ] .


  𝐦 ( 𝐫 , t ) =   𝐦 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] ,


  𝐡  ( 𝐫 , t ) =   𝐡 0  ( u , v )  exp ⁡   [ i  ( 𝜔 t −   k ∥ z ) ] ,


  i  ( 𝜔 −   v  s   k ∥ )   𝐦 0 = 𝛾   M 0  [    𝐞  z ×   (   𝐡 0 + 𝛼 Δ   𝐦 0 −   𝛽 ~     𝐦 0 ) ] ,  


    𝛽 ~ = 𝛽 +     H 0   ( e )    M 0 −   i  𝛾   M 0  (    𝛼  G 𝜔 −  𝜉   v  s   k ∥ ) .


  𝜔 → 𝜔 −   v  s   k ∥


    𝛽 ~


  𝐡 = − ∇ Φ


  Δ Φ − 4 𝜋 div ⁡ 𝐦 = 0 .


  Δ  Φ 0 − 4 𝜋 div ⁡   𝐦 0 = 0 ,


  Φ ( 𝐫 , t ) =  Φ 0 ( u , v , z ) exp ⁡ ( i 𝜔 t ) .


  u =   u 1


  u =   u 2


  u


    𝐡  𝟎 = − ∇  Φ 0


    j  z = − 𝜎 S   ∂ T  𝜕 z


   [       ( 𝜔 −   v  s   k ∥ ) 2    𝛾 2   M 0 2 −   (    𝛽 ~ −  𝛼 Δ )  ( 4 𝜋 +   𝛽 ~ − 𝛼 Δ ) ] Δ  Φ 0 + 4 𝜋  (    𝛽 ~ −  𝛼 Δ )    ∂ 2  Φ 0  ∂   z 2 = 0


  Δ =  Δ ⊥ +    ∂ 2  ∂   z 2


   Δ ⊥ =  1    f 2 (   sinh ⁡ 2 u +   sin ⁡ 2 v )  (     ∂ 2  ∂   u 2 +     ∂ 2  ∂   v 2 ) .


   Φ 0 ( u , v , z ) = F ( u , v ) exp ⁡ ( − i   k ∥ z ) ,


    k ∥


  F ( u , v )


   Δ ⊥ F = −   k ⊥ 2 F .


  Δ  Φ 0 = −   k 2  Φ 0


    k 2 =   k ∥ 2 +   k ⊥ 2


  F ( u , v )


   Φ 0  ( u , v , z ) =  (   C 1    Ce  m  ( u , q )    ce  m  ( v , q ) +   C 2    Se  m  ( u , q )    se  m  ( v , q ) )  exp ⁡   ( − i   k ∥ z ) ,  


  q =     f 2   k ⊥ 2 4


    k ⊥


  u =   u 1


  u =   u 2


  𝜔 −   v  s   k ∥


    𝛽 ~


   Δ ⊥


  F ( u , v )


  u =   u 1


  u =   u 2


   [       ( 𝜔 −   v  s   k ∥ ) 2    𝛾 2   M 0 2 −   (    𝛽 ~ +  𝛼   k 2 )  (  4 𝜋 +    𝛽 ~ +  𝛼   k 2 ) ]   k 2 + 4 𝜋  (    𝛽 ~ +  𝛼   k 2 )   k ∥ 2 = 0


  𝜔


  exp ⁡ ( i 𝜔 t )


    𝛽 0 = 𝛽 +     H 0   ( e )    M 0 .


    𝜔 0 =   v  s   k ∥ + 𝛾   M 0  (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 ) .  


    k ⊥


    𝛼  G ≪ 1


  𝜉 ≪ 1


    𝛼  G


  𝜉


  𝜔 =   𝜔  r + i   𝜔  i


    𝜔  r = R e 𝜔


    𝜔  i = I m 𝜔


    𝜔  r =   v  s   k ∥ + 𝛾   M 0  (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 ) ,


    𝜔  i =     𝛽 0 + 𝛼   k 2 + 2 𝜋     k ⊥ 2    k 2    (   𝛽 0 + 𝛼   k 2 )  (   𝛽 0 + 𝛼   k 2 + 4 𝜋     k ⊥ 2    k 2 ) ∗


  ∗  [   𝛼  G 𝛾   M 0  (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 ) − ( 𝜉 −   𝛼  G )   v  s   k ∥ ] ,


    v  s = −     𝜇  B P 𝜎 S  e   M 0   ∂ T  ∂ z .  


    v  s   k ∥


    𝜔  i = 0 .


  ( 𝜉 −   𝛼  G )   v  s   k ∥ =   𝛼  G 𝛾   M 0  (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 )


   ( 𝜉 −   𝛼  G )   v  s   k ∥ >   𝛼  G 𝛾   M 0   (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 )


    𝜔  i < 0


     (   ∂ T  ∂ z ) cr = −   e   M 0   𝛼  G 𝛾   M 0    𝜇  B P 𝜎 S  ( 𝜉 −   𝛼  G )   k ∥ ∗   (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 )


    k ∥ = 0


    k ⊥ = 0


  k =   k ∥


    𝜔  r =   v  s   k ∥ + 𝛾   M 0  (    𝛽 0 +  𝛼   k ∥ 2 ) ,


    𝜔  i =   𝛼  G 𝛾   M 0  (    𝛽 0 +  𝛼   k ∥ 2 ) −  ( 𝜉 −   𝛼  G )   v  s   k ∥ .


    k ⊥ ≠ 0


    k ⊥


    k ⊥


    k ∥


    k ⊥


    k ∥


    k ⊥


   Φ   ( i ) =  Φ   ( e ) ,


     ( ∇ Φ )  𝜏   ( i ) =    ( ∇ Φ )  𝜏   ( e ) ,


     (   𝜕 Φ  𝜕 n )  ( i ) −    (   𝜕 Φ  𝜕 n )  ( e ) = 4 𝜋  m  n


   ( i )


   ( e )


  n


  𝜏


     (   𝜕  Φ 0  𝜕 n )  ( i ) =    (   𝜕  Φ 0  𝜕 n )  ( e )


    k ⊥ = 0


    k ⊥


  q


  c h 2   u 1 > > 1 +   k ⊥ 2 /   k  | | 2


    u 1


    C   e  m ′  (   u 1 , q )   F  m +  (   u 1 ,   k  | | ) − C   e  m  (   u 1 , q )   F  m + ′  (   u 1 ,   k  | | )  S   e  m ′  (   u 1 , q )   F  m +  (   u 1 ,   k  | | ) − S   e  m  (   u 1 , q )   F  m + ′  (   u 1 ,   k  | | ) = =   C   e  m ′  (   u 2 , q )   F  m −  (   u 2 ,   k  | | ) − C   e  m  (   u 2 , q )   F  m − ′  (   u 2 ,   k  | | )  S   e  m ′  (   u 2 , q )   F  m −  (   u 2 ,   k  | | ) − S   e  m  (   u 2 , q )   F  m − ′  (   u 2 ,   k  | | ) ,


    F  m ±  ( u ,   k  | | ) = C   e  m  ( u ,   −   k  | | 2   f 2 4 ) ± i S   e  m  ( u ,   −   k  | | 2   f 2 4 ) .


  u =  u 1


  u =  u 2


    k ⊥ =   𝜋 n  d ,     n = 1 , 2 , 3 , … ,


  d =   f 2  (   e x p ⁡   (   u 2 ) −   e x p ⁡   (   u 1 ) ) .


  F ( u , v ,   k ⊥ )


    k ⊥ =   𝜋 n  d ±     e  −  (   u 1 +   u 2 ) 2  [    𝜋 n  d +      k ∥ 2 d  𝜋 n ]


    e  − (   u 1 +   u 2 ) .


    e  j geom =  1   ch ⁡    u  j ≃ 2   e  −   u  j ,


    e  − (   u 1 +   u 2 ) ∼     e 1 geom   e 2 geom 4 .


  m = 0 , n = 0


    k ⊥ = 0


  m = 1


    e  − 2   u  j


    k ∥


    k ⊥


    k ⊥


  𝜔 →   𝜔 eff = 𝜔 −   v  s   k ∥


    v  s   k ∥


    𝜔  r


    k ⊥


    k ⊥


  ( 𝜉 −   𝛼  G )   v  s   k ∥


    k ⊥


    k ∥ = 0


     ( ∂ T / ∂ z ) cr


    k ⊥


  𝜉 =   𝛼  G


  𝜉 >   𝛼  G


  𝜉 <   𝛼  G


    v  s   k ∥


    k ⊥ = 0


  ∣ m ∣


  cos m 𝜃


  sin m 𝜃


    k ⊥


  m = 1


  m ≠ 1


  Δ   𝜔  r ≃ 𝛾   M 0   e  −  (   u 1 +   u 2 ) ∗


  ∗  [    𝜋 n  d +      k ∥ 2 d  𝜋 n ]  ∂  ∂   k ⊥  [   (   𝛽 0 + 𝛼   k 2 )  (    𝛽 0 +  𝛼   k 2 +  4 𝜋     k ⊥ 2    k 2 ) ] ,


  Δ   𝜔  i ≃ 2   e  −  (   u 1 +   u 2 )  [    𝜋 n  d +      k ∥ 2 d  𝜋 n ]   ∂   𝜔  i  ∂   k ⊥ .


    k ⊥


  𝛼   k 2


    k ∥


    H 0   ( e ) = 0


    𝛽 0 = 𝛽


    ∂ T  𝜕 z


    k ∥


    𝜔  r =   𝛽 𝛾 M 0 = 0 . 17


    k ∥ = 0


    𝜔  r (   k ∥ )


    k ∥ =   − v  s / 2 𝛼 𝛾   M 0


    𝜔  i (   k ∥ )


    k ∥ =   k  | |  ( m i n ) =   𝜅  (   𝛼  G − 𝜉 )  2   𝛼  G   𝛾 M 0 𝛼   ∂ T  𝜕 z


  𝛼   k ⊥ 2 − 2 𝜋 < 0


      𝜔  i    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    k  | | = ±  𝛽 / 𝛼


    ∂ T  𝜕 z = 0


      𝜔  i    𝜔  r = −   𝛼  G = c o n s t


  −   𝛼  G


    k  | |


    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  i (   k ∥ ,   ∂ T  𝜕 z )


      𝜔  i    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  i (   k ∥ ,   ∂ T  𝜕 z )


      𝜔  i    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  i (   k ∥ ,   ∂ T  𝜕 z )


  ∂ T / 𝜕 z


      𝜔  i    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


  ∂ T / 𝜕 z


    k ∥


    k ⊥ (   k  | | )


    k ⊥


    k  | |


    k  | | > > 𝜋 n / d  ch 2   u 1 − 1


  ch 2   u 1 > > 1 +   k ⊥ 2 /   k  | | 2


    k ⊥ (   k  | | )


    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


    𝜔  i (   k ∥ ,   ∂ T  𝜕 z )


    k  | | > > 𝜋 n / d  ch 2   u 1 − 1


    k ⊥ (   k  | | )


    k ∥


  ∇ T


    k ∥ ≪   k  | |  ( m i n ) ~   d  − 1


    k ∥


    k  | | > > 𝜋 n / d  ch 2   u 1 − 1


    𝜔  i (   k ∥ )


    k  | |  ( m i n ) ≈   𝜅  (   𝛼  G − 𝜉 )  2   𝛼  G 𝛾   M 0  (  𝛼 −    2 𝜋    k ⊥ 2 )   𝛽 + 𝛼   k ⊥ 2 + 2 𝜋    (  𝛽 +  𝛼   k ⊥ 2 )  (  𝛽 +  𝛼   k ⊥ 2 +  4 𝜋 )   ∂ T  𝜕 z ,


    k ∥ ≪   k ⊥


    k  | |  ( m i n )


    𝜔  i /   𝜔  r


      𝜔  i    𝜔  r (   k ∥ ,   ∂ T  𝜕 z )


  ∂ T / 𝜕 z


  ∂ T / 𝜕 z


    𝜔  r (   u 1 , ∂ T / 𝜕 z )


    𝜔  i  (   u 1 , ∂ T / 𝜕 z )


    k ∥ =  10 8


      u 2 − u 1 = 0 . 2


    u 1


    k  | | > > 𝜋 n / d  ch 2   u 1 − 1


    k ∥


  ∂ T / ∂ z


    k ∥


  m = 1


    k  | | > > 𝜋 n / d  c h 2   u 1 − 1


    𝜔  r ( ∂ T / ∂ z )


    𝜔  i ( ∂ T / ∂ z )


    𝜔  r (   u 1 ,   ∂ T  𝜕 z )


    𝜔  i (   u 1 ,   ∂ T  𝜕 z )


      u 2 − u 1 = 0 . 2


    k ∥ =  10 8


    v  s   k ∥


    v  s


    k ∥


    k ⊥


    k ⊥ = 0


  m = 1

