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A theoretical model of linear dipole-exchange spin waves in a conducting ferromagnetic (easy-axis fer-
romagnet) nanotube with an elliptic cross-section subjected to an axial temperature gradient is developed.
The temperature gradient generates a thermoelectric spin-polarized current, whose action on magnetiza-
tion dynamics is described by Zhang-Li spin-transfer torque terms. Exchange interaction, dipole-dipole in-
teraction, uniaxial anisotropy and Gilbert damping are taken into account within the linearized Landau—
Lifshitz—Gilbert equation and the magnetostatic approximation. The corresponding dispersion relation is
derived. It is shown that the thermally induced spin current produces a Doppler-type shift of the real part
of the spin-wave frequency and modifies the effective damping through the nonadiabatic spin-transfer con-
tribution. The condition of spin-wave excitation is obtained. The ellipticity of the cross-section affects the
spectrum through transverse quantization: the fundamental mode remains identical to that of a circular
nanotube, whereas nonzero transverse modes are described by Mathieu functions in elliptic cylindrical co-
ordinates. Implicit expression for the transverse wavenumber has been found and (for a nanotube close to
a circular one) simplified into an explicit asymptotic expression for the ellipticity-induced correction to the
transverse wavenumber. The leading effect of ellipticity is shown to be splitting of the transverse doublet
for the first mode, while higher modes acquire no first-order wavenumber shift in this approximation. The
results demonstrate that the temperature gradient controls longitudinal propagation and damping, where-
as ellipticity provides an additional geometrical mechanism for tuning transverse spin-wave modes in na-
noscale magnonic and spin-caloritronic devices.
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1. INTRODUCTION

Spin-wave dynamics in magnetic nanostructures is
one of the central subjects of modern nanomagnetism,
since magnons can transport phase and angular-
momentum information without requiring a net mass
transfer of magnetic material. In nanoscale ferromagnets,
the properties of spin waves are governed not only by the
intrinsic material parameters, but also by the shape and
characteristic dimensions of the magnetic body [1-4].
When at least one dimension of a system becomes compa-
rable with the exchange length, the exchange interaction
and the dipole-dipole interaction must be treated on equal
footing, while the boundary conditions imposed by the
nanoscale geometry become an essential part of the spec-
tral problem. This makes magnetic nanotubes and related
curvilinear structures especially relevant objects for mag-
nonics, because their spectra are simultaneously affected
by axial propagation, finite wall thickness, surface curva-
ture, and transverse quantization.

Ferromagnetic nanotubes form a specific class of qua-
si-one-dimensional nanosystems. Compared with solid
nanowires, nanotubes possess additional geometrical
parameters, such as inner radius and wall thickness,
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which provide extra possibilities for tuning spin-wave
spectra and can broaden the operating range of corre-
sponding nanoscale magnonic devices. Magnetic nano-
tubes and rolled-up magnetic nanomembranes have been
considered in the context of nanomagnetism, biomedical
applications, domain-wall motion, and curvilinear mag-
netic effects [5-8]. At the same time, their spin-wave prop-
erties remain less systematically studied than those of
films, stripes, or planar multilayers, especially when the
exchange contribution, dipolar fields, damping, and cur-
rent-induced torques are included simultaneously.
Non-circularity of the cross-section and ellipticity in
particular, introduces an additional geometrical degree
of freedom into the set of parameters controlling the
spin-wave spectrum of a nanotube. This makes it possi-
ble to tune the transverse mode structure without
changing the material composition or the nanotube
length. Since nanotubes with non-circular (in particular,
elliptic) cross-sections are experimentally realizable [5,
9, 10], elliptic ferromagnetic nanotubes constitute a
physically relevant platform for theoretical studies
aimed at extending the operating range of spin-wave-
based nanoscale devices. Moreover, for real nanotubes
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that have cross-section close to circular, different factors
(fabrication processes, mechanical stresses, substrate
effects, self-rolling of magnetic nanomembranes etc.)
lead to deviations from a perfectly circular shape, mak-
ing the elliptic cross-section model, in general case,
more precise for them than the circular cross-section
model. The ellipticity is expected to affect primarily the
transverse mode structure and the allowed values of the
orthogonal wave number.

Spin waves in ferromagnetic nanotubes of circular
and elliptic cross-sections have been investigated previ-
ously by the authors in several limiting cases. For a
circular nanotube, dipole-exchange spin waves without
thermoelectric driving were studied within the magne-
tostatic approach [11]. Later, spin waves in a ferromag-
netic nanotube of elliptic cross-section were analyzed in
the presence of an externally introduced spin-polarized
electric current; in that case the spin-transfer action
was described by the Slonczewski-Berger torque, and
the transverse spectrum was obtained in terms of
Mathieu functions [12]. More recently, a theory of di-
pole-exchange spin waves in a circular ferromagnetic
nanotube subjected to an axial temperature gradient
was developed by Kulish and Yeromin [13]. In that
paper, the temperature gradient generated a thermoe-
lectric current through the Seebeck effect; because the
current in a conducting ferromagnet is spin-polarized, it
produced a spin-transfer torque of Zhang-Li type. It was
shown that such a thermoelectrically induced spin cur-
rent shifts the real part of the spin-wave frequency and
changes the effective damping, thus creating conditions
for spin-wave amplification or generation.

The present work extends this thermally driven
problem from a circular nanotube to a nanotube with an
elliptic cross-section. The aim of this paper is to develop
a linear dipole-exchange theory of spin waves in a uni-
axial ferromagnetic nanotube of elliptic cross-section in
the presence of an axial temperature gradient. The
magnetization dynamics is described by the linearized
Landau-Lifshitz-Gilbert equation supplemented with
Zhang-Li spin-transfer torques. Exchange interaction,
dipole-dipole interaction, uniaxial anisotropy, and
damping are taken into account. Using the magneto-
static approximation and elliptic cylindrical coordinates,
the equation for the magnetic potential is derived, the
corresponding dispersion relation is obtained and the
transverse wave-number spectrum is analyzed. Special
attention is paid to the comparison with the circular
nanotube: the fundamental mode is shown to retain the
circular-tube form, whereas the ellipticity manifests
itself through the transverse eigenmodes and the asso-
ciated spectral shifts.

2. PROBLEM STATEMENT

Let us consider a long one-layer conducting ferromag-
netic nanotube with an elliptic cross-section. The nano-
tube length is assumed to be much larger than its trans-
verse dimensions; therefore, the system may be treated as
translationally invariant along its axis. This axis is chosen
as the 0z axis of the coordinate system. The inner and
outer surfaces of the nanotube are taken to be confocal
elliptic cylinders, which can be described as surfaces
u = const in elliptic cylindrical coordinates (u, v, 2)
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x = fcoshucosv, y = fsinhusinv, z =z,

where f is the focal parameter. The inner and outer
boundaries correspond to u = u; and u = u,, respectively.
Thus, the ellipticity of the cross-section enters the problem
through the geometrical parameters u,, u,, or, equivalent-
ly, through the ratios of the corresponding semiaxes (b; =
fcoshuy, a; = fsinhu,; for the internal boundary and
b, = f coshu,, a, = f sinhu, for the outer boundary).

The nanotube is assumed to be composed of a uniax-
ial ferromagnet of the easy-axis type. The anisotropy
axis is directed along the nanotube axis. An external

homogeneous magnetic field H(()e) is also applied along
0z. Under these conditions, the equilibrium magnetiza-
tion is taken to be uniform and directed along the same
axis: My = Mye,. The ferromagnet is characterized by
the exchange constant a, the uniaxial anisotropy pa-
rameter S, the equilibrium magnetization M,, the gy-
romagnetic ratio y, and the Gilbert damping parameter

a;. A stationary temperature gradient VT = Z—Zez is
applied along the nanotube axis, see Fig. 1.
‘ temperature ,

gradient

-

ferromagnet

Fig. 1 — Nanotube investigated in the paper

Analogously to the previous paper by the authors
[13], this gradient produces a thermoelectric current in
the conducting ferromagnet. Since the charge transport
in a ferromagnet is spin dependent, the induced cur-
rent is spin-polarized and affects the magnetization
dynamics through the bulk spin-transfer mechanism.
Without repeating the detailed thermoelectric
transport analysis given in [13], let us use its effective
result: after applying two-current model in the short-
circuit approximation, the thermally induced current is
represented by the spin-drift velocity

UgP .
vy, =vse, = —j,€e
s s€z eMOJZ 2z

where P is the degree of spin polarization of the ther-
moelectric current and j, is the axial charge-current
density generated by the temperature gradient. In the
considered approximation one may write

aT

jz = —O'Sz,

where o and S are the effective electrical conductivity
and Seebeck coefficient of the ferromagnet (the current
is generated via Seebeck effect [14, 15]). The magnetic
self-field of this current is assumed to be small com-
pared with the external and anisotropy fields and is
therefore neglected. Purely magnon spin current gen-
erated by the temperature gradient (spin Seebeck ef-
fect) can also be neglected for typical thin metallic
nanotubes with high electrical conductivity, moderate
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thermoelectric spin polarization, and weak axial nonu-
niformity of the magnon subsystem [13].

Let us study small-amplitude spin waves propagat-
ing along the nanotube axis. The magnetization and
the internal magnetic field H®, then, can be written as

M=M,+m H? = HP +h, (1)

where | m [« My, | h 1< H | and HY is the equilibri-
um internal magnetic field inside the tube wall. Thus,
the linearized theory of spin waves can be used. The
perturbations are assumed to be harmonic in time and
along the nanotube axis:

m(r,t) = my(u, v)exp[i(wt — k;z)],
h(r,t) = ho(u, v)exp[i(wt — k;2)].

Since the transverse dimensions of the nanotube are
nanoscale, the exchange interaction can influence signifi-
cantly the spin wave pattern and thus, must be considered
together with the magnetic dipole-dipole interaction.

In a conducting ferromagnet subjected to a tempera-
ture gradient, the Seebeck current is generally spin-
dependent, so the charge flow is accompanied by a spin-
polarized component. The coupling of such a current to a
spatially nonuniform magnetization is naturally de-
scribed by the Zhang-Li spin-transfer terms [16]. The
adiabatic term produces a drift-like correction to the
spin-wave dispersion, usually interpreted as a current-
induced Doppler shift [17, 18], whereas the nonadiabatic
term enters the dissipative part of the dynamics and
may either enhance or compensate Gilbert damping.

The main task of the present work is to develop a
theoretical description of the above spin waves, derive
the equation for the magnetic potential, obtain the
corresponding dispersion relation, and analyze the
transverse wavenumber spectrum. In contrast to the
circular nanotube, the transverse part of the problem is
governed by elliptic boundary conditions, leading to a
modified spectrum of transverse wave numbers. At the
same time, the longitudinal propagation mechanism
remains analogous to that in the circular nanotube
considered by the authors in the earlier paper [13].

3. SYSTEM OF EQUATIONS FOR A SPIN WAVE

In order to describe the investigated spin waves in
the elliptic ferromagnetic nanotube, let us use the Lan-
dau—Lifshitz—Gilbert equation

om _ 6 [ 5 M
o = VM x Heg] + 52 [M x T

with the effective magnetic field acting on the magnetization

Hee = H® + @AM + Sn(Mn),
here «a is the exchange constant, f is the uniaxial ani-
sotropy parameter, and n = e, is the unit vector di-
rected along the anisotropy axis. Influence of the tem-
perature gradient will be accounted through the Zhang-
Li spin-transfer torque

Ty, =~ VM + o= [M x (v, 7)M],

where ¢ is the nonadiabaticity parameter. This form of
the torque is appropriate for a conducting one-layer

ferromagnet, where the spin-polarized current is gen-
erated inside the magnetic material itself and flows
along the equilibrium magnetization direction. The
current is induced by the axial temperature gradient,
while the detailed thermoelectric mechanism has been
discussed in the earlier paper by the authors [13] and
will not be repeated here.

Let us linearize this equation (with the magnetization
and magnetic field represented according to (1)). After
considering that in the linear approximation one has
me, = 0 (so the spin-wave magnetization is transverse to
the equilibrium magnetization), and that for a sufficiently
long nanotube (magnetized along its axis) the equilibrium
demagnetizing field in the axial direction may be neglect-
ed (H(()L) = H(()e) = Hée)ez), the linearized equation for the
magnetization perturbation takes the form

om 0

m 2 =My [e, x (b + anm — (4o
5 T Vs, =YMo e, aAm B I m

om
&, [ez X E]

i &5_‘“)] i
YM, ot

For spin waves propagating along the nanotube axis
m(r, t) = my(u, v)exp[i(wt — k;z)],
h(r,t) = hy(u, v) expli(wt — k2)],
the linearized equation becomes
i(w — vsk))mg = yMy[e, x (hy + admy — fm,)], (2)
Where

5 H® i
B=p+ gl (agw—Evgky).

This form explicitly separates the two effects of the
thermoelectrically induced spin current. The adiabatic
Zhang-Li term changes the frequency through the re-
placement w = w —vgk; (current-induced Doppler
shift), whereas the nonadiabatic term enters the imag-
inary part of the effective magnetic parameter f and
therefore modifies the damping.

To close the system of equations, let us use the
magnetostatic approximation. The magnetic field of the
spin wave is expressed through the scalar magnetic
potential h = —V®, so Maxwell’s equation for the mag-
netostatic field gives

A® — 4ndivm = 0.
For harmonic perturbations this relation becomes
Ad, — 4rdivm, = 0, 3)
Where
O(r,t) = Dy(u, v, 2)exp(iwt).

Thus, the spin-wave problem is reduced to the cou-
pled system (2), (3). These equations form the starting
point for deriving the equation for the magnetic poten-
tial. The elliptic cross-section enters through the trans-
verse part of the Laplace operator and through the
boundary conditions at u =wu,; and u = u,, while the
temperature gradient enters through the drift velocity
u and modifies the longitudinal propagation and effec-
tive damping of the spin wave.
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4. EQUATION FOR THE MAGNETIC POTEN-
TIAL AND ITS SOLUTION

Let us derive the equation for the magnetic potential
of the investigated dipole-exchange spin wave in the ellip-
tic nanotube. After substituting (3) into (2) and taking into
account hg = —V&®,, j, = —aS g—:, one can repeat a set of
transformations analogous to the ones used in the earlier
papers by the authors (e.g., [13]), obtaining

2
(w-vsky)
v2m3

—(f-ab)(4m +f — aA)] AD, + 4m(f—ad) E’;‘Zﬂ =0(4)

This equation is the required equation for the mag-
netic potential of the spin wave. It has the same gen-
eral operator structure as in the circular nanotube
considered previously, but the transverse part of the
Laplace operator must now be written in above-
introduced elliptic cylindrical coordinates (u, v, z) with

the focal parameter f.
2

In these coordinates, A=A, + 9 where

0z%’

1 9% | 9°
A = f2(sinh? u+sin2 v) (ﬁ + ﬁ)
The magnetic potential can be sought in the form
Dy(u,v,2) = F(u,v)exp(—ik,z),

where k; is the longitudinal wave number. The trans-
verse function F(u,v) is an eigenfunction of the two-
dimensional Helmholtz equation in elliptic cylindrical
coordinates,A, F = —k2F.

Therefore, A®, = —k?®d,, where the total wave-
number k? = ki + k3.

The corresponding transverse solutions F(u, v) can be
expressed through a combination of Mathieu functions, so

Do (u,v,2) = (€1 Cep (4, q) cen (v, q) +
CZ Sem (u! q) Sem(v' Q)) eXp(—ik\|Z)' (5)

where Ci, Ce are constants, Cem, cem, Sem, and sem are
the Mathieu functions of the order m, m is the trans-

2k2
verse mode number and q = Iy

The allowed values of k,are determined by the
boundary conditions at the inner and outer nanotube
surfaces u = u;and u = u,.

These equations show explicitly how the geometry
of the elliptic cross-section enters the theory. The longi-
tudinal propagation and the thermally induced spin-
transfer effects are contained in w — vgk; and §, where-
as the ellipticity affects the problem through the trans-
verse operator A, (and, consequently, transverse solu-
tions F(u,v) expressed through the Mathieu functions)
and the boundary conditions at u = w;and u = u,. Thus,
the transition from a circular to an elliptic nanotube
changes the transverse eigenvalue problem, while pre-
serving the general form of the dipole-exchange mag-
netic-potential equation.

5. DISPERSION RELATION AND CONDITION
OF SPIN-WAVE EXCITATION

Substitution of the solution (5) into the equation
for the magnetic potential (4) gives the dispersion
equation in the form

JJ. NANO- ELECTRON. PHYS. 18, 04001 (2026)

2
[t (B ae?) (44 k)| K2 + de(F+ak?)iE = 0(6)
where the sign convention is chosen so that a positive
imaginary part of w corresponds to damping for the
time dependence exp(iwt). Eq. (6) is the sought disper-
sion equation for dipole-exchange spin waves in an
elliptic nanotube in the presence of a thermoelectrically
induced spin-polarized current.
Let us introduce

(e)
— HO
Bo=8B+ M

In the absence of damping and nonadiabatic spin-
transfer contribution, Eq. (6) gives the real-
frequency branch

wo = veky + ¥ M, \/ (Bo + ak?) (Bot+ak?+4n’D). (1)

The first term in Eq. (8) is the Doppler-type shift
caused by the adiabatic Zhang—ILi torque. The second
term is the ordinary dipole-exchange frequency, modi-
fied by the finite transverse wave number. It corre-
sponds to the previous papers by the authors that in-
vestigate spin waves in a nanotube without considera-
tion of dissipation and spin current (see, e.g., [11])
Thus, the ellipticity affects the dispersion relation indi-
rectly, through the values of k;, determined by the ellip-
tic boundary-value problem.

For typical nanosystems in which periodic spin
waves can be excited, both damping and nonadiabatici-
ty can be considered weak: a; < 1, ¢ K 1. Retaining
only terms linear in a; and &, we can obtain from (6) for
the real and imaginary parts of the spin wave frequen-
cy (writing w = w, + iw;, with w, = Rew and w; = Imw):

wy = vsky + yMO\/(ﬁO + ak?) (ﬂo+ak2+4n’;—z), 8

for the positive-frequency branch (the same expression
as in the absence of damping and nonadiabatic spin-
transfer contribution (7)), and

kz
Botak®+2myz

w; = *
kZ
J(ﬁo+uk2)(ﬁo+uk2+4nk—%>

. [aayMo\[ (B + ak?) (Byrak®+4mtd) — (¢ - aa)vsk..], 6)

with

ugPaS oT
eM, 9z

Vs = (10)
Eq. (8) shows that the adiabatic spin-transfer torque
shifts the real part of the spin-wave frequency. Eq. (9)
shows that the nonadiabatic torque changes the effective
damping. Depending on the sign and magnitude of vgk,
the temperature-gradient-induced current may either
increase or decrease the attenuation of the spin wave.
Analogously to [13], the condition of compensation
of intrinsic damping is obtained from w; = 0. Since the
prefactor in Eq. (9) is positive, this condition reduces to

(€ — ag)veky = acVMoJ (Bo + ak?) (Bo+ak?+4m )
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If

& —ag)vgk, > aGyMOJ(ﬁO + ak?) (ﬁo+ak2+41r ];—E) (11)

then w; < 0, and the spin-wave amplitude increases with
time. This corresponds to spin-wave excitation by the
thermoelectrically induced spin-polarized current. If the
opposite inequality is fulfilled, the wave attenuates.

Substituting (10), one obtains the threshold tem-
perature gradient

(BT) _ eMoagyMy
02/ cr upPoSE—ag)k

* \/(ﬁo + ak?) (Bo+ak2+4n’;—§) 12)

The sign of this gradient must be chosen so that the
induced spin drift compensates the Gilbert damping.
Eq. (12) also shows that spin-wave excitation is impos-
sible for k; = 0, because the bulk Zhang-Li torque acts
through spatial variation of the magnetization along
the current direction.

For the fundamental transverse mode k; =0, k =
ky, Egs. (8) and (9) reduce to

wr = vsky + yMo(Bo+akd),

w; = agyMo(Bo+aki) — (€ — ag)vsky.

These expressions coincide with the corresponding
result for a circular nanotube. Therefore, the ellipticity
of the cross-section does not modify the fundamental
spin-wave branch in the adopted approximation. Its
influence appears through nonzero transverse modes,
for which k; # 0 and the allowed values of k, are de-
termined by the elliptic geometry of the nanotube.

6. TRANSVERSE WAVENUMBER SPECTRUM

Let us now determine the spectrum of the transverse,
or orthogonal, wave number k,. The dispersion relation
obtained above contains both the longitudinal component
k, and the transverse component k. Since the nanotube
is assumed to be long compared with its transverse di-
mensions, k; may be treated as a quasi-continuous vari-
able. In contrast, the transverse motion is confined by
the inner and outer boundaries of the nanotube, so the
allowed values of k; form a discrete spectrum.

In the present problem, the temperature-gradient-
induced spin current enters the equation of motion
through the bulk Zhang-Li terms. These terms produce
the Doppler-type shift of the real part of the frequency and
modify the effective damping, but they do not change the
form of the magnetostatic boundary conditions at the
nanotube surfaces. Therefore, the transverse quantization
is determined by the same type of boundary-value prob-
lem as in a nanotube without thermoelectric driving,
while the temperature gradient enters the final spin-wave
spectrum through the dispersion relation.

In the general case, the transverse wavenumber
spectrum is determined by matching the magnetic
potential inside the ferromagnetic tube with the poten-
tial in the inner and outer nonmagnetic regions. At
each ferromagnet-nonmagnet interface one has to im-
pose the standard magnetostatic boundary conditions
for the magnetic field, from which the following condi-
tions for the magnetic potential imply:

o® = p©,
Vo) = (Vo)
(0d/on)® — (8d/0n)® = 4mm,, (13)

where the superscripts (i) and (e) denote the internal
and external regions, respectively, while n and 7 denote
the normal and tangential components at the interface.

Let us apply pinned boundary conditions. For such
conditions, mo=0 on both nanotube surfaces and, then,
the third relation in (13) can be rewritten as
(0dy/0n)D = (0d,/0n)© on both nanotube surfaces.
(Note that this transverse-spectrum calculation with
pinned boundary conditions applies only to nonzero
transverse modes, while the fundamental mode k;, =0
is treated separately within the thin-wall/uniform-
mode approximation.)

Thus, the exact transverse spectrum is obtained
from the matching of the internal and external solu-
tions on the inner and outer elliptic surfaces (u=u1,
u=usz). This procedure gives an implicit spectral equa-
tion for k,. For a circular nanotube the corresponding
equation is written in terms of Bessel and Neumann
functions. For an elliptic nanotube, the analogous prob-
lem is described by Mathieu functions.

Analysis shows that in a general case, more complex
boundary conditions should be used to determine the
transverse spin wave spectrum (as the angular and
radial parts are coupled through the same Mathieu
parameter q). However, the above-given set of condi-
tions is applicable if the condition ch2u; >> 1+ kf/kﬁ

fulfils, which takes place either for longitudinally short
waves (k||>>k.) or for a cross-section close to circular
(b1-ar/a1<<1, bz2-as/a2<<1), for which uyis large. Then,
the sought spectrum is defined by the real roots of the
following implicit relation:

Cem'(ul,q)F,,’[(ul,kH) — Cem(ul,q)F,;{'(ul, kH) B
Sem'(ul,q)F,,“[(ul,kH) — Sem(ul,q)F,;{'(ul, kH) -
_ Cem’(uz,q)F,;(uz,kH) — Cep(uy, q)F,;'(uz,kH)

Sem’(uz,q)F,;(uz,kH) — Se,, (uy, q)F,;'(uz, kH)'

with the functions
—Kk2f2 _p2f2
F"il(u, k”) =Cep (u,k!T‘f) + iSe,, (u, k[l}lf )

The following calculation is performed for a separa-
ble confocal-elliptic model, in which the inner and outer
nanotube surfaces are described by u = u;and u = u,.

Let us analyze the obtained implicit relation for the
transverse wavenumber spectrum. For nanotubes with
an elliptic cross-section close to a circular one (bi-
arlai<<l, bz-az/a2<<1) that are also thin-walled (a2-
ar/a1<<1, bs-b1/b1<<1) the transverse spin wave spec-
trum becomes close to a quasi-one-dimensional (analo-
gously to the case of a circular nanotube [13])

k, = % n=123,.. (14)

with the mean nanotube thickness

d =L (exp(u) — exp(uy)).
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As it has already been mentioned earlier, funda-
mental mode also exists for the investigated nanotube
configuration (corresponding to n=0 in the above rela-
tion). For this mode the spin wave has no transverse
nodes and the transverse part of the magnetic potential
is not sensitive to the detailed shape of the boundary.
Therefore, in the adopted approximation, the funda-
mental branch of the spectrum coincides with the cor-
responding branch for a circular nanotube. The influ-
ence of ellipticity appears only for nonzero transverse
modes, for which the functions F(u,v,k,) have a non-
trivial dependence on the elliptic coordinates.

The circular nanotube is recovered as a limiting case
when the two semiaxes become equal. In that limit, the
Mathieu-function description passes into the Bessel-
function description. Correspondingly, the even and odd
elliptic modes become the two equivalent angular
branches of the circular nanotube. For a genuinely ellip-
tic cross-section this equivalence is removed: the reduc-
tion of rotational symmetry splits the transverse modes
into different even and odd branches. Thus, ellipticity
provides an additional geometrical mechanism for con-
trolling the separation between transverse spin-wave
modes. Let us consider this effect by keeping addends of
the next order of magnitude by the cross-section eccen-
tricity (which is equal to 1/cosh(u)). After applying as-
ymptotics of the Mathieu functions and keeping the
above-mentioned addends, one can — after a set of trans-
formations — obtain a correction to the one-dimensional
spectrum (14) that considers the cross-section ellipticity.
The corresponding — more precise — expression for the
transverse wavenumber looks as follows:

_m

kl_di 2

—(u1+uz) 2
e+l (s)
for m=1, while the modes with higher values of m re-
ceive no first-order wavenumber shift in this approxi-
mation — the corresponding corrections are of higher
order of smallness. The upper and lower signs corre-
spond to the two ellipticity-split branches of the circu-
lar m=1 doublet.

As one can see from the above relation, the leading
ellipticity correction is proportional to e~ ®1*%2), Since
the usual geometrical eccentricity of the ellipse is

geom _ 1 20U
€ chu; e

the correction is of the order

e_(u1+uz) ~ m.
4

Thus, in the near-circular limit, ellipticity does not
produce a first-order shift of all transverse eigenvalues.
The fundamental mode m = 0,n =0, for which k, =0,
remains unchanged. The leading ellipticity effect on the
spectrum is the splitting of the first angular doublet m =
1, whereas higher angular modes acquire first-order
changes mainly in their transverse magnetic-potential
distribution. The ellipticity correction is proportional to
e~2%, i.e. to the first order of the boundary deformation
and to the second order of the usual ellipse eccentricity.
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7. RESULTS AND DISCUSSION

Let us analyze the physical consequences of the ob-
tained expressions.

The spin-wave spectrum in the investigated nano-
tube is formed by two mechanisms of different origin.
The first one is related to the thermoelectrically in-
duced spin-polarized current, which affects the longitu-
dinal propagation of the wave through the Zhang-Li
spin-transfer torque. The second one is related to the
elliptic geometry of the cross-section, which modifies
the transverse quantization of the spin-wave modes. In
the adopted approximation these two mechanisms en-
ter the theory in a separated way: the temperature
gradient changes the frequency and damping for a
given pair of wave numbers k, k,, whereas ellipticity
determines the allowed values of k| .

For the positive-frequency branch, the real part of the
frequency may be written in the form (8). Analogously to
the previous paper [13] one can notice that the first term
in this expression is the Doppler-type frequency shift
produced by the adiabatic Zhang-Li torque (w — weg =
w — vsky). Its sign is determined by the sign of vgk. There-
fore, spin waves propagating along and against the ther-
moelectrically induced spin drift have different frequen-
cies. This nonreciprocity is the same physical effect as in
conducting ferromagnets with electric-current-induced
spin-wave Doppler shift, but in the present system the
current is generated by the temperature gradient rather
than by an external voltage source.

The second term in w, is the ordinary dipole-
exchange contribution. It contains the transverse wave
number k,, and this is where the ellipticity of the nano-
tube cross-section enters the frequency. Thus, elliptici-
ty does not produce a separate additive term in the
longitudinal dispersion law. Instead, it changes the
allowed values of k,, and through them changes the
dipole-exchange part of the frequency. This is the prin-
cipal difference between the present elliptic nanotube
and the circular nanotube considered previously.

The imaginary part of the frequency has the form
(9). Analogously to the previous paper by the authors
[13], the first term in square brackets describes ordi-
nary Gilbert damping. The second term is caused by
the nonadiabatic Zhang-Li torque. Depending on the
sign of (¢ — ag)vsky, this term may either compensate
the intrinsic damping or increase it. Hence, the tem-
perature gradient controls not only the phase of the
spin wave but also its attenuation. Note that in the
considered case of the elliptic nanotube, the threshold
condition depends on the ellipticity through k.

The condition of spin-wave excitation (11) shows
that spin-wave excitation is impossible at k; = 0 within
the considered bulk Zhang-Li mechanism. The reason
is that the current-induced torque is proportional to the
spatial derivative of the magnetization along the cur-
rent direction. For a longitudinally uniform excitation,
this derivative vanishes. The expression (12) shows
that higher transverse modes generally require differ-
ent excitation thresholds than the fundamental mode,
because of the dependence of (aT/ 3z). on k,. The spe-
cial case ¢ = a; separates two regimes of thermoelectric
control. At this point the current-dependent contribu-
tion to the imaginary part of the frequency vanishes.
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The thermoelectrically induced spin current then pro-
duces only the Doppler shift of the real frequency and
does not change the effective damping. For ¢ > a;, a
proper direction of the temperature gradient can reduce
the damping and eventually lead to generation. For & <
ag, the same direction of spin drift increases the atten-
uation; damping compensation would require reversing
the sign of vgk.

Note that analogously to [13], the thermoelectric cur-
rent within the adopted approximation modifies the fre-
quency and damping of the spin wave but does not change
the transverse wavenumber spectrum. Thus, the trans-
verse mode structure of the nanotube is still determined
primarily by its geometrical parameters, whereas the
temperature gradient controls the propagation and atten-
uation of these modes along the nanotube axis.

Let us now consider the role of ellipticity. First, let
us note that the ellipticity of the cross-section influ-
ences the spin-wave spectrum primarily through the
transverse eigenvalues, while the longitudinal thermo-
electric spin-transfer effects remain described by the
dispersion relation obtained in the previous section.
Even a weak ellipticity does not simply shift the whole
transverse spectrum; it lowers the rotational symmetry
and selectively splits/mixes the circular-tube modes.

The fundamental transverse mode, k;, = 0, is not af-
fected by the ellipticity of the cross-section in the
adopted approximation. Physically, this mode is nearly
uniform over the nanotube wall, so it does not resolve
the detailed transverse shape of the boundary. There-
fore, the fundamental branch coincides with the corre-
sponding branch of the circular nanotube. This result is
important for comparison with the previous paper: the
lowest spin-wave branch remains governed by the same
thermoelectric Doppler shift and damping-control
mechanisms as in the circular case.

The situation is different for nonzero transverse
modes. In a circular nanotube the angular modes with
the same | m | are degenerate with respect to the choice
of the angular basis, for example cosmf and sinm6. In
an elliptic nanotube this degeneracy is lifted because
the cross-section no longer has continuous rotational
symmetry. The transverse eigenfunctions are described
by Mathieu functions rather than by Bessel-function
angular harmonics, and the allowed values of k,are
determined by an elliptic boundary-value problem. In
the near-circular limit this effect appears as a small
splitting of the circular-tube transverse modes.

For a thin elliptic nanotube close to a circular one,
the leading quasi-one-dimensional spectrum is given by
(14). This expression describes standing waves across
the wall thickness and coincides with the circular-tube
result. The next-order correction due to ellipticity is most
important for the m =1 doublet. In the near-circular
confocal model, the split branches can be written as (15).
Therefore, the leading spectral correction is first order in
the boundary deformation parameter and second order
in the usual geometrical eccentricity. (Modes with m # 1
acquire first-order corrections mainly in their spatial
profile through admixture of neighboring angular har-
monics, whereas their wavenumber shifts are of higher
order in the ellipticity parameter.) This explains why the
fundamental branch is robust, while higher transverse

branches can be measurably shifted or split even for a
weakly non-circular cross-section.

The frequency splitting corresponding to the two
branches is approximately

AwT ~ yMOe_(u1+u2) *

mn | kid] 9_ 2 2 gk
« [+ o [J(Bo+ak ) (Bo+ak +4nk2)],

Aw; = 23—(u1+uz) [24_’{"2_‘1]
t d mn

dw;
ok,

This expression shows that the ellipticity-induced
splitting is enhanced when the dipole-exchange fre-
quency is sensitive to k,. Consequently, the effect is
weak for the fundamental mode and becomes more
important for nonzero transverse modes, especially
when the exchange term ak? is comparable with or
larger than the anisotropy contribution.

The obtained results are consistent with the general
symmetry argument known for non-circular magnetic
waveguides: lowering the rotational symmetry does not
simply shift the entire spectrum uniformly, but sepa-
rates modes that are equivalent in the circular geome-
try. In the present nanotube, this means that ellipticity
provides an additional nanoscale control parameter. By
changing the ratio of the semiaxes, one can tune the
separation between transverse branches without
changing the material, the wall thickness, or the ap-
plied temperature gradient.

Now, let us build and analyze graphical dependen-
cies for the obtained results.

The first group of graphs (Fig. 2) show the real and
imaginary parts of the frequency as well as their rela-
tion as functions of k; and the temperature gradient for
a fundamental mode (which coincides with a corre-
sponding mode for the circular-tube case). These
graphs are built for the NisoFeso ferromagnet as the
nanotube material (with its parameters taken from the
papers [19-21]) in the absence of the external magnetic
field (H® = 0, B, = B).

As one can see from the Fig. 2, both real and imagi-
nary parts of the frequency for the fundamental mode

. or
have pronounced dependencies on P (everywhere except

for the region where k; is close to 0). Thus, the thermoe-
lectrically induced spin-polarized current can noticeably
modify both the real and imaginary parts of the spin-wave
frequency in the considered parameter range. Analogously
to the circular nanotube case [13], the minimal value of
the real part of the frequency w, = ByM, = 0.17 GHz (for
the used set of the ferromagnet parameters) is achieved
when k; = 0. Dependence w, (k) has a minimum at k; =
—vg/2ayM,, dependence w; (k) — at
min k(ag=§) oT
hy = kI(I ’= ZcigiMixa_z

(becoming maximum when ak? — 2w < 0). The depend-
ence %(k",g—Z) for the fundamental mode has one local
maximum and one local minimum at the points k; =
ar . Wi _ _ _
+./B/a (except for the case Pl 0 for which o = % =
const), asymptotically approaching the value —a; for
large (in absolute value) k; (both positive and negative).
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B
55 10°K/m

Fig. 2 — Dependencies w,(k",‘;—:) (), wi(k”,g—:) (b) and 2 (k”,g—:)

(c) for the fundamental mode (n=0). Nanotube material is
considered to be NigoFezo

Dependencies a)r(k”,g—:), a)i(k”,g—:) and %(k",‘;—:) for

higher modes (n>0) with the quasi-one-dimensional
transverse wavenumber spectrum (14) are analogous to
the ones obtained previously for a circular nanotube [13]
— thus, they are not given in this paper. They show the
same regularities: dependencies for different general-
ized-radial modes (but on essentially different scales)

have similar looks for both wr(k",Z—Z) and a)i(k",Z—Z); de-
pendencies on dT/dz are pronounced for all modes; de-
pendence % (ky, g—:) has similar form for all higher modes

(n>0) — monotonous dependencies on 9T /dz (although
the graphs have visual impression of saddle surfaces),
dependencies on k; contain single global minimum each
— but they differ qualitatively from the dependence for
the fundamental mode (n=0). The same regularities take
place if the next-order corrections due to ellipticity are
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considered, but the index m > 1.

The next set of graphs illustrates corrections to the
spectral characteristics of the investigated spin waves
caused by the splitting of the m = 1 nonzero transverse
modes that is caused by the cross-section ellipticity.

k107 m

Lok 00 mt

Fig. 3 — Dependencies k, (k) for the first and second angular-
radial mode (the solution with m=1), with accounting for the
first-order correction caused by the cross-section ellipticity.
The nanotube geometric parameters are: ui1=1.5, uz=1.6, d=25
nm. The red lines correspond to “+” sign in (15), the blue lines
— to the “~” sign

Fig. 3 illustrates the dependence of the transverse
wavenumber k, on the longitudinal one k| given by the
relation (15) that takes into account the nanotube ellip-
ticity in the first order of magnitude, for the first (n = 1)
and the second (n = 2) angular-radial modes. The graph
is built for a set of typical nanotube geometric parame-
ters u1=1.5, u2=1.6, d =25 nm (which correspond to
a1=226 nm, b1=250 nm, a2~252 nm and b2~273 nm) in
the interval of the longitudinal wavenumbers for which
k) >>mn/dych2u; —1 (so the relation ch2u; >>1+
k3 /kfi fulfils and, thus, the dependence k, (k) in the
form (15) can be used).

As follows from the graph, the correction to the
transverse wavenumber caused by the nanotube ellipti-
city can be essential even when the eccentricity is not
large. The correction becomes more pronounced for
large values of the longitudinal wave number, with the
quadratic form of the corresponding dependence.

2 ky, 10" m™!

a b

Fig. 4 — Dependencies wr(k",z—:) (a) and w,-(k",z—:) (b) for the
first angular-radial mode (the solution with m=1), with ac-
counting for the first-order correction caused by the cross-
section ellipticity. Nanotube material is considered to be
NigoFez, and its geometric parameters are: wi=1.5, uz=1.6,
d=25 nm. The orange surfaces correspond to “+” sign in (15),
the blue surfaces — to the “~” sign

Fig. 4 illustrates the splitting of the m =1 nonzero
transverse modes (caused by the cross-section ellipticity)
for both the real and imaginary parts of the spin wave
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frequency. Geometrical parameters of nanotube are the
same as for the Fig. 3 (u1=1.5, u2=1.6, d =25 nm), and
the nanotube material is NisoFezo with the same param-
eters as for the Fig. 2. Interval of values of the longitudi-
nal wavenumber is chosen so that kj>>nn/

d\/ch2u; —1 on all the interval and, thus, using the
dependence k, (k) in the form (15) becomes correct.

As it can be seen from the figure, the modes’ splitting
can be pronounced for typical elliptic nanotubes not only
in the transverse wavenumber spectrum, but also for both
real and imaginary parts of the spin wave frequency. Each
split branch has dependence on kjand VT similar to that
of the corresponding unsplit transverse mode. Also, effects
associated with the cross-section ellipticity are essentially
more pronounced than the effects associated with the
temperature gradient (for the chosen set of geometrical
and material parameters). This, however, should be re-
garded as a parameter-dependent result rather than a
universal hierarchy of the two effects.

Let us note that in the previous paper [13], the
transverse wave number spectrum was obtained in the
assumption kj < kl(lmm)~d'1. In the current paper, on

the other hand, the longitudinal wavenumber interval
for the Fig. 4 covers much large values of k; — because
the transverse wavenumber spectrum has been ob-
tained upon assumption that the relation Fk; >>
mn/d./ch2u; — 1 fulfills. As the graphs on the Figure 4
are built for the values of the longitudinal wave num-
ber that are much higher than in the previous paper,
weak local minimum for the dependence w;(k;) can be
seen on the Fig. 4(b). Such minimum has been predict-
ed (in the previous paper) to take place for the value

k(ag—§) or
ZaGyM0<a—i—”) J(ﬁ+aki)(ﬁ+aki +41r) oz’

2
L

k(min) - B+ak?+2m aT
Il -

but was not graphically illustrated because of the limita-
tion k; < k. Note that for the considered case of the ellip-

tic nanotube, kl(lmm) is split because of the splitting of the

transverse wavenumber for the considered solution (m=1).

Numerical analysis shows that the dependence of the
relation of the imaginary part of the frequency to the real
one w;/w, for the first radial-angular mode n=1 is very
weak (with this relation being approximately equal to
0.0064) — thus, it won't be displayed on the graphs. How-
ever, this relation also shows pronounced (compared to the

dependence %(k”,Z—Z) itself) splitting of the mode with

m = 1. Moreover, this relation can have large value for the
branch with the “+” or “~” sign in (15) depending on the
sign of the temperature gradient 9T /dz. At positive values
of 0T /0z, the relation for the “+” sign in 15 is more than
the corresponding relation for the minus sign for the nega-
tive temperature gradient, vice versa.

Dependencies w,(uy,0T/0z) and w;(u,,dT/0z) are il-
lustrated on the Fig. 5 (for ky = 108 m! and the same
ferromagnet). The nanotube thickness is d = 25 nm (with
u, — u; = 0.2), and the internal surface coordinate u, var-
ies from 0.6 (minimal value for which the relation kj >>

mn/d./ch2u,; — 1 fulfils and, additionally, the ellipticity
parameter ch-1(u1)ch-1(ug) <<1) to 2. The minimal
value corresponds to the nanotube cross-section with the

semiaxes a1~79 nm, b1~ 147 nm, a2~ 110 nm and
b2 = 166 nm. For the maximum value w1 = 2, the semiax-
es are a1~111 nm, b1=115 nm, a2~ 136 nm and
b2 =140 nm. As in can be seen from the graphs, the fre-
quency splitting becomes less pronounced for larger
values of k.

It should be noted that the negligible dependence of
both the real and imaginary parts of the frequency on
the temperature gradient 9T/ dz, observed in Figs. 4
and b, is specific to the high-k; range used for the m =1
solution. This range is chosen to satisfy the applicabil-
ity condition of Eq. (15), k >>nn/d,/ch2u; —1. For
smaller longitudinal wavenumbers, which can still be
considered when the transverse spectrum is taken in
the quasi-one-dimensional form (14), the dependences
w-(0T/ 0z)and w;(0T/ 0z) remain pronounced, as they
were in the case of the circular nanotube [13]. Thus, the
apparent weakness of the thermoelectric effect in Figs.
4 and 5 should not be interpreted as a general property
of the system, but rather as a consequence of the par-
ticular wavenumber interval required for applying the
asymptotic ellipticity correction. The relative influence
of the thermoelectric current on the dispersion law is
expected to be most visible in the intermediate region
of wave numbers, where the exchange and magneto-
static contributions are comparable.

Thus, the obtained results demonstrate the main
new physical effect considered in this paper: the ther-
moelectrically induced spin-transfer torque controls the
longitudinal propagation and effective damping,
whereas the ellipticity of the cross-section acts as a
transverse-mode splitting mechanism.

Fig. 5 — Dependencies wr(ul,‘;—:) (a) and wi(ul,g—:) (b) for the
first angular-radial mode (the solution with m=1), with ac-
counting for the first-order correction caused by the cross-
section ellipticity. Nanotube material is considered to be
NigoFezo, its thickness d=25 nm (with u, —u; = 0.2), the longi-
tudinal wavenumber k; = 10 m—1. The orange surfaces corre-
spond to “+” sign in (15), the blue surfaces — to the “~” sign
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8. CONCLUSIONS

Thus, a theory of linear dipole-exchange spin waves
in a conducting ferromagnetic nanotube of elliptic cross-
section subjected to an axial temperature gradient has
been developed in the paper. The magnetization dynam-
ics was described by the linearized Landau-Lifshitz-
Gilbert equation with the Zhang-Li spin-transfer torque.
The magnetic dipole-dipole interaction, the exchange
interaction, the uniaxial anisotropy and the damping
were taken into account in the magnetostatic approxi-
mation. The temperature gradient was considered as the
source of a Seebeck-induced spin-polarized electric cur-
rent flowing along the nanotube axis.

The equation for the magnetic potential of the spin
wave was obtained in elliptic cylindrical coordinates. It
was shown that the general structure of this equation is
analogous to that for a circular nanotube, whereas the
elliptic cross-section changes the transverse part of the
problem. The transverse eigenfunctions are expressed
through Mathieu functions, and the allowed transverse
wavenumbers are determined by the boundary conditions
at the inner and outer elliptic surfaces of the nanotube.

The dispersion relation for dipole-exchange spin waves
was derived. The thermoelectrically induced spin current
produces two effects. The adiabatic Zhang—Li term shifts
the real part of the spin-wave frequency by a Doppler-type
contribution proportional to vsk;, where v; is the spin-drift
velocity and k; is the longitudinal wavenumber. The
nonadiabatic term modifies the imaginary part of the
frequency and, consequently, changes the effective damp-
ing. Depending on the direction and magnitude of the
temperature gradient, this contribution may either en-
hance attenuation or compensate intrinsic Gilbert damp-
ing, or lead to a spin wave generation.

The condition for spin-wave excitation was obtained.
It was shown that amplification is possible when the
nonadiabatic spin-transfer contribution exceeds the
intrinsic damping term. The corresponding threshold
temperature gradient depends on the transverse mode
through the transverse wavenumber k,. Therefore, dif-
ferent transverse branches of the elliptic nanotube gen-
erally have different excitation thresholds.

The role of ellipticity was analyzed separately. The
fundamental transverse mode, for which k; = 0, is not
affected by the ellipticity in the adopted approximation
and coincides with the corresponding mode of a circular
nanotube. Thus, the lowest spin-wave branch retains the
same form as in the previously studied circular case. The
influence of ellipticity appears for nonzero transverse

REFERENCES

1. M. Anderson, J. Magn. Appl. 5 No2, 28 (2025)
https://jourmag.org/index.php/jma/article/view/51.

2. AV. Chumak, et al., IEEE Trans. Magn. 58 No 6, 1 (2022)
https://doi.org/10.1109/TMAG.2022.3149664.

3. B. Flebus, D. Grundler, B. Rana, Y. Otani, I. Barsukov,
A. Barman, J. Rao, J. Phys.: Condens. Matter 36 No 36,

363501 (2024) https://doi.org/10.1088/1361-
648X/ad399c.

4. A.V. Chumak, V.I. Vasyuchka, A.A. Serga, B. Hillebrands,
Nature Phys. 11, 453 (2015)

https://doi.org/10.1038/nphys3347.

JJ. NANO- ELECTRON. PHYS. 18, 04001 (2026)

modes, where it changes the transverse eigenfunctions
and the transverse wavenumber spectrum.

After applying boundary condition, implicit rela-
tions for the transverse wavenumber spectrum has
been obtained. It has been shown that the transverse
quantization is determined by the same type of bound-
ary-value problem as in a nanotube without thermoe-
lectric driving, while the temperature gradient enters
the final spin-wave spectrum through the dispersion
relation. For a nanotube with a weakly elliptic cross-
section, these relations were transformed into an ex-
plicit asymptotic expression for the leading ellipticity-
induced correction to the transverse wavenumber. It
was shown that ellipticity splits the m = 1 transverse
doublet into two branches (here m is the Mathieu func-
tions index of the solution). The correction is first order
in the boundary deformation parameter and second
order in the usual geometrical eccentricity of the ellip-
tic boundary. Higher angular modes do not acquire a
first-order wavenumber shift in this approximation;
their leading ellipticity effect appears mainly through
changes of the transverse mode profile.

The results demonstrate that thermoelectric and
geometrical effects act in different parts of the spin-
wave problem. The temperature gradient controls lon-
gitudinal propagation and effective damping, while the
elliptic cross-section acts as a transverse-mode splitting
mechanism. Therefore, ellipticity provides an addition-
al nanoscale degree of freedom for tuning spin-wave
spectra in ferromagnetic nanotubes without changing
the material parameters, wall thickness, or applied
temperature gradient. This may be useful for the de-
sign of nanoscale magnonic waveguides, frequency-
selective spin-wave filters, thermally controlled spin-
wave amplifiers, and mode-selective elements in which
different transverse branches are used as separate
information channels. In particular, the possibility of
controlling damping by a temperature gradient and
controlling transverse-mode separation by ellipticity
suggests a route toward compact spin-caloritronic de-
vices where heat flow and cross-sectional geometry are
combined to regulate spin-wave propagation, amplifica-
tion, and spectral selectivity.

DECLARATION OF COMPETING INTEREST

The authors declare that they have no known com-
peting financial interests or personal relationships that
could have appeared to influence the work reported in
this paper.

5. Y. Ye, B. Geng, Crit. Rev. Solid State Mater. Sci. 37 No 2,
75 (2012) https://doi.org/10.1080/10408436.2011.613491.

6. R. Streubel, P.Fischer, F.Kronast, V.P.Kravchuk,
D.D. Sheka, Y. Gaididei, O.G. Schmidt, D. Makarov,
J.  Phys. D: Appl. Phys. 49, 363001 (2016)
https://doi.org/10.1088/0022-3727/49/36/363001.

7. R. Streubel, dJ. Lee, D. Makarov, M.-Y. Im,
D. Karnaushenko, L. Han, O.G. Schmidt, Advanced Mate-
rials 26 No 2, 316 (2014)

https://doi.org/10.1002/adma.201303272.
8. J.A. Otélora, J.A. Lépez-Loépez, A.S. Nunez, P.Landeros,

04001-10


https://jourmag.org/index.php/jma/article/view/51
https://doi.org/10.1109/TMAG.2022.3149664
https://doi.org/10.1088/1361-648X/ad399c
https://doi.org/10.1088/1361-648X/ad399c
https://doi.org/10.1038/nphys3347
https://doi.org/10.1080/10408436.2011.613491
https://doi.org/10.1088/0022-3727/49/36/363001
https://doi.org/10.1002/adma.201303272

THEORY OF DIPOLE-EXCHANGE SPIN WAVES IN A FERROMAGNETIC NANOTUBE ...J. NANO- ELECTRON. PHYS. 18, 04001 (2026)

J. Phys.:. Condens. Matter 24, 436007
https://doi.org/10.1088/0953-8984/24/43/436007

(2012)

16.

https://doi.org/10.1016/j.physleta.2016.12.038.
S. Zhang, Z.Li, Phys. Rev. Lett. 93, 127204 (2004)

9. B. Singh, V.ML.A. Salinas, M. Loeffler, et al., npj Flex Electron https://doi.org/10.1103/PhysRevLett.93.127204.
9, 89 (2025) https://doi.org/10.1038/s41528-025-00467-8. 17. M. Krawczyk, D. Grundler, J. Phys.: Condens. Matter 26
10. L. Korber, M. Zimmermann, S. Wintz, et al., Phys. Rev. B No 12, 123202 (2014)  https://doi.org/10.1088/0953-
104 No 18, 184429 (2021) 8984/26/12/123202
https://doi.org/10.1103/PhysRevB.104.184429. 18. V. Vlaminck, M. Bailleul, Science 322 No 5900, 410 (2008)
11. Yu.l. Gorobets, V.V. Kulish, Ukr. J. Phys. 59 No 5, 541 https://doi.org/10.1126/science.1162843.
(2014). 19. H.Y. Liu, Z.K. Wang, H.S.Lim, S.C.Ng, M.H. Kuok,
12. Yu.I. Gorobets, V.V. Kulish, Open Phys. 18, 263 (2015) D.J. Lockwood, M.G. Cottam, K. Nielsch, U. Gésele, .
https://doi.org/10.1515/phys-2015-0033. Appl. Phys. 98, 046103 (2005)
13. V.V. Kulish, S.I. Yeromin, J. Thermoelectr. No 2, 15 (2026) https://doi.org/10.1063/1.2009072.
https://doi.org/10.63527/1607-8829-2026-2-15-39. 20. F.K. Dejene, J. Flipse, B.J. van Wees, Phys. Rev. B 86,
14. G. Yang, L. Sang, C.Zhang, N.Ye, A.Hamilton, 024436 (2012)
M.S. Fuhrer, X. Wang, Nature Rev. Phys. 5 No 8, 466 https://doi.org/10.1103/PhysRevB.86.024436.
(2023) https://doi.org/10.1038/s42254-023-00604-0. 21. S. Lepadatu, et al.,, Phys. Rev. B 79, 094402 (2009)

15. H. Yu, S.D. Brechet, J.P. Ansermet, Phys. Lett. A 381
No 9, 825 (2017)

https://doi.org/10.1103/PhysRevB.79.094402.

Teopia cniHOBHX XBUJIb JUIIOJIBHOTO OOMiHY y (hepoMarHiTHiIN HAHOTPYOLi 3a HAIBHOCTI
TEPMOEJIEKTPUIHO iHAYKOBAHOI0 MOMEHTY IlepeHocy cuiny. Bunamgok eintTudHol HaHOTPYOKH

B.B. Kyumim 2, C.I. €promin

Hauionanvruii mexuiunuii ynisepcumem Yrpainu "Kuiecokuii nonimexuiuruil incmumym imeni leopsa Cikopcoicozo”,
03056 Kuis, Ykpaina

Pospobero TeoperryHy Mogesb JIHIAHAX JUMIOJIHHO-00MIHHUX CIIIHOBHX XBHJIb y IIPOBiNHIN depomar-
HITHIH (depomMarHeTHKy JI€rKoi 0ci) HAHOTPYOI[l eJIITHYHOrO Iepepidy, MAIaHIi arciaJIbHOMY I'PaTieHTy
TemrepaTypu. TemMepaTypHuil rpaieHT reHepye TePMOEeIeKTPUYHNN CIIIH-TIOJIIPU30BAHUN CTPYM, Jis SIKO-
ro Ha AMHAMIKY HAMATHIYEHOCT] ONKCYEThCS WiIeHaMu KpyTHoro momenty Yskama-JIi. OOminHA B3aemomis,
[IUTIOJb-IUTIOIbHA B3AaEMOJIsA, OJJHOBICHA aHI30TpOIisa Ta 3aTyxaHHs [110epra BpaxoBYIOTHCS B paMKax Ji-
HeapusoBaHoro piBHsHHS Jlammay—Jlidmmia—Iinsbepra Ta marziTocTaTH4YHOI ampokrcumariii. Busemero
BIJIIIOBITHE JHICTIEPCiiiHe CIiBBiAHOIIEHHA. [loka3aHo, 0 TePMIYHO 1HAYKOBAHUM CIIHOBUN CTPYM BUKJIMKAE
JIOILJIEPIBCHKUM 3CYB JIMCHOI YACTHHU YACTOTH CIIIHOBOI XBHIJII Ta 3MIHIOE e(DEKTUBHE 3aTyXaHHA Yepes3 Hea-
IiabaTUYHUM BHECOK CIIHOBOro IepeHocy. OTpMMAaHO YMOBY CIIIH-XBHJIBOBOTO 30yIKeHHS. HEJIinTudHicTb
TOIIEPEeYHOr0 IIepepidy BIIMBAE HA CIEKTDP 4Yepe3 IOlepeyYHe KBAHTYBAHHS: OCHOBHA MOJA 3aJIAINIAETHCS
1IEeHTUYHOI0 MO/l KPYIJIol HAHOTPYOKHM, TOl AK HEeHYJIHOBI IIOIepedHi MOIN OMUCYIOThesa QyHKINAMU MaTbe
B EJINTHYHUX [PIIHIPUYHUX KOOpIMHATaX. HesBHMI BHpa3 JUIs IOINEPEYHOr0 XBUJIBOBOTO YHCJIA 0YJIIO
3HaleHo Ta (Ui HAHOTPYOKHM, OJIM3BKOI J0 KPYIJIOl) CIPOINEHO 0 SIBHOIO ACHMIITOTUYHOIO BUPA3y JJIS
€JIITHUYHOI IOIPABKY JI0 MOMEPEYHOr0 XBUJIBOBOrO uncia. [lokaszano, mo 0OCHOBHUM e(peKTOM eJIiIITUYHOCTI
€ PO3IIEIIeHHs OIePEeYHOro Iy0sera s mepirol MOH, TOAl SIK BHIIN MOJH He OTPHUMYIOTH 3CYBY XBHJIBO-
BOTO YMCJIA IEePIIOro IOPSIAKY B I[bOMY HaOJIH:KeHHI. Pe3yibraTi 1eMOHCTPYIOTH, 10 TEMIIePaTyPHUN rpai-
€HT KOHTPOJIIOE II03/I0BKHE MOIINPEHHS Ta AeMIIyBaHHS, TOIl K eJIIITUYHICTL 3a0e3evye 0 IaTKOBHUIL re-
OMETPUYHUN MEeXaHI3M JJIs HAJIAIITYBAHHS MOJI [TOIIEPEYHUX CIIIHOBUX XBUJIb y HAHOPO3MIPHUX MATHOHHUX
Ta CHiH-KAJOPUTPOHHUX IIPUCTPOSIX.

Kmiouori cmosa: CminoBa xBuiss, Hawmomarumermam, Teopis numosibHOTO 00MiHY, Posmierenmst mogr,
Tepmoenexrpuka, [leperecenns cminy.
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  ∇ T =   ∂ T  ∂ z   𝐞  z


    𝒗  𝒔 =   v  s   𝐞  z =     𝜇  B P  e   M 0   j  z   𝐞  z ,
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    j  z


    j  z = − 𝜎 S   ∂ T  ∂ z ,
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    𝐇   ( i )


  𝐌 =   𝐌 0 + 𝐦 ,       𝐇   ( i ) =   𝐇 0   ( i ) + 𝐡 ,


  ∣ 𝐦 ∣ ≪   M 0 , ∣ 𝐡 ∣ ≪ ∣   𝐇 0   ( i ) ∣


    𝐇 0   ( i )


  𝐦 ( 𝐫 , t ) =   𝐦 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] ,


  𝐡 ( 𝐫 , t ) =   𝐡 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] .


    ∂ 𝐌  ∂ t = 𝛾  [  𝐌 ×    𝐇 eff ] +     𝛼  G    M 0  [  𝐌 ×    ∂ 𝐌  ∂ t ]


    𝐇 eff =   𝐇   ( i ) + 𝛼 Δ 𝐌 + 𝛽 𝐧 ( 𝐌 𝐧 ) ,


  𝛼


  𝛽


  𝐧 =   𝐞  z


    𝐓 ZL = − (   𝒗  𝒔 ∇ ) 𝐌 +   𝜉    M 0  [ 𝐌 × (   𝒗  𝒔 ∇ ) 𝐌 ] ,


  𝜉
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  𝐦 ( 𝐫 , t ) =   𝐦 0 ( u , v ) exp ⁡ [ i ( 𝜔 t −   k ∥ z ) ] ,


  𝐡  ( 𝐫 , t ) =   𝐡 0  ( u , v )  exp ⁡   [ i  ( 𝜔 t −   k ∥ z ) ] ,


  i  ( 𝜔 −   v  s   k ∥ )   𝐦 0 = 𝛾   M 0  [    𝐞  z ×   (   𝐡 0 + 𝛼 Δ   𝐦 0 −   𝛽 ~     𝐦 0 ) ] ,  


    𝛽 ~ = 𝛽 +     H 0   ( e )    M 0 −   i  𝛾   M 0  (    𝛼  G 𝜔 −  𝜉   v  s   k ∥ ) .


  𝜔 → 𝜔 −   v  s   k ∥
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  𝐡 = − ∇ Φ


  Δ Φ − 4 𝜋 div ⁡ 𝐦 = 0 .


  Δ  Φ 0 − 4 𝜋 div ⁡   𝐦 0 = 0 ,


  Φ ( 𝐫 , t ) =  Φ 0 ( u , v , z ) exp ⁡ ( i 𝜔 t ) .
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