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A van der Pauw-like nonlocal four-probe method is proposed and analyzed for studying the transverse
electrical characteristics of non-uniform normal and superconducting materials. The conventional four-point
probe design with four equally spaced, collinear electrodes, current applied through the outer pair, and volt-
age measured between the inner pair, assumes a uniform current distribution and isotropic conductivity. In
contrast, the developed nonlocal electrical measurements take into account the heterogeneity through a gen-
eralized resistive network model with four contact pads: two current and voltage contacts on the top surface
and two corresponding contacts on the bottom surface. The inclusion of scattering possibilities between all
pairs of nodes, which in the classical domain can be replaced by corresponding resistances, leads to a realistic
representation of the potential distribution and naturally explains the occurrence of both positive and neg-
ative nonlocal resistances observed experimentally. The temperature dependence of the nonlocal four-probe
resistance is shown to be extremely sensitive to small differences in the superconducting parameters of lay-
ered structures. Distinctions in the critical temperature or transition width produce characteristic peak-dip
features in the four-probe resistance, allowing direct identification of such inhomogeneities. The proposed
nonlocal four-probe technique provides a simple yet powerful tool for resolving spatial variations in conduc-
tivity and superconducting transitions in thin films and multilayer heterostructures. Compatibility with
existing measurement methods makes it a promising technique for both fundamental research and applied
diagnostics in studies of the electronic properties of normal and superconducting materials.
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1. INTRODUCTION

The four-point probe (4PP) technique, also known as
four-terminal sensing, has a history spanning more than
a century of development in electrical metrology. Its ap-
plication to materials characterization began in the
early twentieth century. In 1915, Wenner introduced the
four-point configuration for measuring earth resistivity
in geophysical investigations [1]. His arrangement of
four equally spaced, collinear electrodes, with current
applied through the outer pair and voltage measured be-
tween the inner pair, became the prototype for modern
semiconductor characterization [2]. The transition of the
four-point probe method from geophysics to semiconduc-
tor physics occurred in the 1950s, driven by the rapid
growth of the transistor industry. A major advance was
achieved in 1958 when van der Pauw formulated a gen-
eral solution for the potential distribution in thin con-
ductive layers of arbitrary shape, thereby eliminating
the geometric constraints of earlier techniques [3, 4].
Later studies refined and extended the van der Pauw
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approach, clarifying its relation to the Montgomery
method for rectangular samples through conformal
mapping techniques [5]. Further developments intro-
duced corrections for finite contact size, finite thickness,
and material anisotropy [1, 2]. In recent decades, the
method has been adapted for micro- and nanoscale and
scanning-probe applications, enabling high-resolution
resistivity mapping [6].

The 4PP technique offers decisive benefits that have
established it as the preferred method for accurate elec-
trical resistance measurements in scientific and indus-
trial practice. Its principal advantage is the elimination
of contact and lead resistances from the measured re-
sults. This constitutes a fundamental improvement over
the two-point method, in which the additional re-
sistances are inseparable from the sample resistance
and can cause significant errors [6]. Additional ad-
vantages include the applicability of the 4PP method to
a wide range of materials and resistance levels, from
highly conductive metals to moderately resistive semi-
conductors. It is particularly effective for thin films and
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surface layers, where the two-dimensional sheet re-
sistance is the principal parameter of interest [1, 2].

At the same time, both the linear array and van der
Pauw configurations fundamentally assume that the
sample is electrically homogeneous and isotropic. This
assumption is embedded in the theoretical derivations
relating the measured voltage-current ratio to the sam-
ple resistivity or sheet resistance. When the assumption
is violated, interpretation of the results becomes consid-
erably more complex, as the measured resistance repre-
sents a nontrivial weighted average over spatially vary-
ing conductivity. The weighting function depends on the
local current density distribution, which itself is deter-
mined by the conductivity landscape in a self-consistent
manner [1]. Consequently, meaningful extraction of lo-
cal resistivity values from 4PP measurements requires
additional modeling or complementary techniques. In
inhomogeneous materials, the current preferentially
flows through highly conductive regions, effectively
shunting current away from more resistive domains. As
a result, the measured resistance is dominated by the
most conductive ways, obscuring contributions from less
conductive regions [7-9]. When current is injected
through a stack comprising layers of differing resistiv-
ity, its distribution depends on their relative conduct-
ances, and the measured resistance represents a super-
position of the individual layer contributions. Accurate
determination of layer-specific resistivities in such sys-
tems requires modeling of the current paths or comple-
mentary measurements with varying probe geometries
or configurations.

In this paper, we propose and analyze a nonlocal
four-probe method, similar to the van der Pauw ap-
proach [3, 4], for studying the transverse electrical char-
acteristics of inhomogeneous normal and superconduct-
ing materials, primarily multilayer heterostructures.
Unlike the traditional 4PP method, which assumes uni-
form current distribution and isotropic conductivity, the
developed approach accounts for inhomogeneity using a
generalized resistive network model.

2. REVISED MULTI-RESISTANCE MODEL

The proposed configuration of nonlocal electrical
measurements involves four contact pads: two current
and voltage contacts at the top (labeled 2 and 4) and at
the bottom (1 and 3) surfaces, as shown in Fig. 1.
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Fig. 1 — Schematics of a four-probe configuration corresponding
to the nonlocal transverse electrical measurements with a cur-
rent injected via the contacts 1 and 2 and the voltage drop
measured between the contacts 3 and 4
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To determine the currents within this measurement
scheme, one should know the scattering probabilities be-
tween pairs of nodes, which in the classical domain can
be replaced by the corresponding resistances Rum (n, m
=1, 2, 3, 4, n # m). The current components I.» are ob-
tained using Kirchhoff’s circuit laws, which state that
the sum of currents entering each node must vanish and
the directed sum of voltage drops around any closed loop
is zero. The total current I is fixed by the external cur-
rent source, while the measured voltage drop V3 equals
the product of the current Is4 flowing between nodes 3
and 4 and the resistance Rsi;. The measured non-
local resistance is therefore given by

Ri2,34 = Vadll 1)

Although the dependence of Ri12340n the injected cur-
rent I is often nontrivial to interpret, such nonlocal
measurements can reveal subtle transport phenomena
that may otherwise remain undetected [10, 11]. The
main issue discussed below concerns the form of the
equivalent circuit that describes the distribution of elec-
trical potentials within a four-terminal structure. This
circuit is usually represented as consisting of four resis-
tors connecting adjacent terminals, as illustrated in Fig.
2a [12-14]. Under this assumption, the nonlocal re-
sistance 1) can be expressed as
Ri1234 = R12R34/(R12+ R13+ R34 +Ra2). In this case, Ri2341s
always positive, and the result simplifies to Ri2,34 = R/4
for identical resistances Ri2 = R13 = R34 = R4z = R. How-
ever, these conclusions contradict experimental observa-
tions, where negative Ri12,34 values have been reported in
nonlocal 4PP geometries [15-17]. The discrepancy arises
from the oversimplified equivalent circuit in Fig. 2a,
which neglects the diagonal interconnections between
nodes 1-4 and 2—3. A more realistic model incorporating
the missing links, and thus increasing the number of re-
sistive elements from four to six, is shown in Fig. 2b.

Fig. 2 — Circuit diagrams with four (a) and six (b) resistances
for a comprehensive description of Riz3s results obtained by
non-local four-probe through-sample electrical measurements

In the general case, the resulting system of linear
equations for the partial currents Inn can be solved numer-
ically. A simplified analytical expression relevant for prac-
tical applications can be obtained by assuming only two dis-
tinct resistance values: Ris = R4 = Rs, representing near-
surface transport between contacts located on the same
surface, and Riz2= Ri11= Rs2 = Rsa= Rp, corresponding to
bulk transport across the sample. Under these assump-
tions, the nonlocal resistance Ri2;34 is given by

1-R.(T)/R,(T)
(1+ R.(T)/R,(T))

R12,34(T) = 4 Rb(T) . (2)
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Here, the possible temperature dependence of the indi-
vidual resistances Rs«(7) and Ry(T) is explicitly included.
Eq. (2) shows that Ris3:s becomes negative when
Rs(T) > Ry(T) and positive in the opposite case, independent
of the specific physical realization of the two resistive chan-
nels. We refer to these as the surface Rs and bulk Ry re-
sistances. Since this paper deals with the fundamental as-
pects of the proposed method, we will limit ourselves to this
simplified approximation with two different parameters in
the normal state. The relationship (2) explains the occur-
rence of negative four-probe resistance in systems as tun-
nel junctions composed of two metallic electrodes separated
by an insulating barrier, where the electrode resistance ex-
ceeds that of the tunneling layer [15]. A similar effect may
appear in cross-wire and other low-resistance devices [16],
or at complex interfaces formed by high-T. superconducting
and ferromagnetic thin films [17].

It is important to stress the extreme sensitivity of the
nonlocal resistance Ri234 to the difference between Rs
and Rp, analogous to the operation of a Wheatstone
bridge. Even a small deviation between the surface and
bulk resistances produces a finite Ri2.34, whose sign di-
rectly reflects their ratio.

More striking manifestation occurs in the supercon-
ducting transition region where the temperature de-
pendences Rs(T) and Rs(T) may exhibit slightly different
critical parameters, which strongly influence the result-
ing Ri234(T) behavior. In the following analysis, both
Rs(T) and Ry(T) are approximated by identical functional

forms R(T)=R*(1+tanh((T—1,)/8T,)) characterized by

the midpoint 7. and the width §7¢ of the transition, and
the resistance R* at T'= Tc. When all normal-state and
superconducting parameters coincide, the four-probe re-
sistance tends to zero. A difference only in the normal-
state resistances leads to a conventional R(7T) depend-
ence across the normal-to-superconducting (N-S) transi-
tion, which can, under certain conditions, invert its sign,
see below. Figs. 3-5 illustrate how small variations in
superconducting parameters, particularly the transition
widths, modify the expected nonlocal Ri2,34(T) curves.

3. SUPERCONDUCTING TRILAYERS

First, we assume that the three regions of the supercon-
ducting heterostructure have identical resistance in the
normal state, and the difference arises solely from the su-
perconducting transition temperatures. It follows from Eq.
(2) that their shape of the measured nonlocal resistance is
governed by the competition between the surface and bulk

0.9 1.0

1.0 TITso 1.1

T 1.1

Fig. 3 — Effect of the difference in the bulk 7" =7, and surface

critical temperatures 7' =1.057,,

T =0.95T,, , while the tran-

0 ?

sition widths JT' =677 =T =0.02T,,: (a) temperature-de-
pendent surface Rs(7T) and bulk Ru(7) resistances, (b) expected
Ri234(T) curves; the normal-state resistances R}’ =R}’ = R™
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contributions, confirming the exceptional sensitivity of the
proposed nonlocal method to subtle variations in transport
properties. According to Eq. (2), the resistance Ri2,34(T) be-
comes positive within the transition region, when the sur-
face layers exhibit higher critical temperatures 7 than

the bulk TCb , and vanishes outside this temperature in-

terval (see Fig. 3). Conversely, Ri2,34(T) becomes nega-
tive when T° <T".

A second scenario arises when the critical tempera-
tures of the surface and bulk regions coincide, but the
transition widths 67° and 67" differ. In this case, the

inequality between Rs(T) and Ru(T) reverses near the
midpoint of the N-S transition, producing a characteris-
tic peak—dip structure in the Ri234(7) dependence (see
Fig. 4).
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Fig. 4 — Effect of the difference in the widths of the N-to-S tran-
ST =0.02T, ST =0.05T,, OT*=0.01T,,

. while

sition
TP =T"=T"=T,: (a) temperature-dependent surface Rs(7) and
bulk Ru(7) resistances, (b) expected Ri234(T) curves; the normal-
state resistances R}’ =R}’ =R™

Finally, if the surface R™ and bulk R®™ resistances

differ already in the normal state, the nonlocal re-
sistance above the superconducting transition is positive
when the bulk resistance exceeds that of the surface (
R™ > R™), and negative in the opposite case. This be-
havior is consistent with the well-known experimental

results for three-layer tunnel structures [15] and other
systems with layered conductivity [16, 17].
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Fig. 5 — Effect of the difference in the normal-state resistances
RY=R,, RY=09R,, RY=LIR; I'=T,, I\'=I"=101T,,

s1
ST =8T? =6T" =0.02T, : (a) temperature-dependent surface

c0

R«(T) and bulk Ry(T) resistances, (b) expected Ri2,34(T) curves

4. CONCLUSIONS

In this work, we have developed and analyzed a van
der Pauw-like nonlocal four-probe method for studying
transverse electrical characteristics in normal and su-
perconducting heterostructures. The proposed approach
generalizes the conventional 4PP technique by incorpo-
rating both surface and bulk conduction paths into an
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equivalent six-resistance network that naturally ex-
plains the occurrence of positive and negative nonlocal
resistances. The introduction of diagonal coupling re-
sistances between the contact nodes allows a more real-
istic description of current flow and potential distribu-
tion in three-dimensional samples.

Analytical consideration and numerical modeling
show that the sign and magnitude of the measured non-
local resistance Ri234(7) are governed by the relative
values of the surface and bulk resistances at the temper-
ature 7. The proposed nonlocal method thus represents
a sensitive and versatile diagnostic tool for probing spa-
tial variations in electrical transport, interfacial proper-
ties, and superconducting transitions in complex struc-
tures. Its conceptual simplicity and compatibility with
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VYanockoHaleHHA Y0TUPHOX30HIOBUX BUMiPIOBAHb HEOJHOPITHUX MaTepiajis

0. Hurayxina, B. [llamaes, M. BinoromnoschbEuit

1 Moneupruil goizuro-mexniunuti incmumym im. O.0.Iankina Hayionanvrol akaodedii Hayk Yrpainu,
03028 Kuis, Yxpaina
2 [lenmp HaHomexHo102L1 ma nepedosux mamepiasis, Daxysibmem mamemamurku, PIi3uKu ma IHGOPMAMUKL,
Vuieepcumem imerni Komencoroeo 8 Bpamucnasi, 84248 Bpamucnasa, Cnosaupka Pecnybnika
3 Jloneupkuli HaulorabHUl mexriunui yrisepcumem, 82111 JIpoeobuu, JIveiscvka obiacms, Yrpaina

3ampornoHoBaHO Ta MPOAHAIIZ0BAHO HEJIOKAIBHUN YOTHPHOX30HI0BUI METOJT JOCJIIPKEHHSI TIONIePeYHHX eJie-
KTPUYHUX XapaKTEPUCTHK HEOJHOPIIHNX HOPMAIbHUX TA HAIPOBIIHUX MaTepiasiB, HOMOHIHN 10 BLIOMOIO Me-
toxy Bau nep Ilay. Tpamuiiina cxema 40TUPBOXTOYKOBOI METOIMKY 3 YOTUPMA PIBHOBLIIATIEHUMI KOJIHEAPHUMI
€JIEKTPOIAMIH 1 CTPYMOM, III0 TOJAEThCA YePed 30BHIIIHIO Iapy, Ta HAIIPYIOIo, III0 BUMIPIOETHCS MisK BHYTPIIIHBOIO
apo, Imepeadadae OIHOPITHIM PO3IOILI CTPYMY TA 130TPOIHY IpoBimHicThb. Ha mporusary 1msomy, po3pobiieHmit
HeJIOKAJIGHUN MIXIT A0 eJeKTPUUHNX BUMIPIOBAHD BPAXOBY€e HEONHOPITHICTE Yepes y3arajJbHeHy MOIe/Ib Pe3Kc-
THBHOI MEPeski 3 Y0TMPMA KOHTAKTHMMM ILIOIIAIKAME: JBA KOHTAKTH CTPYMY TA HAIPYTH HA BEPXHI IOBEPXHI Ta
[IBa BIAMOBIIHI KOHTAKTH HA HYGKHIN moBepxHi. Ha BimMiHy Big TpaauIfiiHOI YOTUPHOXTOUKOBOL METOIUKHI 30H/LY-
BAHHA, SKA IPUILYCKAE OMHOPIIHUI POSIOILI CTPYMY Ta 130TPOIHY IIPOBITHICTE, PO3POOIEHHII MIIXi BpaxoBye He-
OIHOPITHICTD 34 JOIOMOIOI0 Y3araJbHEHOI MO I PE3UCTUBHOI Mepeski. BpaxyBaHHA MOKIMBUX PO3CIIOBAHD MIK
yciMa ImapamMu By3JIiB, iK1 B KJIACHYHOMY IIIXOIMOKHA 3aMIHUTH BIITOBIHUME OIIOPAMHU, IIPHU3BOIUATD JI0 PeaJTi-
CTHYHOTO IIPEJICTABJICHHSI PO3IOALLY IIOTEHIALy Ta IPUPOJIHO MOSCHIOE BAHUKHEHHS K [IOSUTUBHUX, TAK 1 Hera-
THUBHUX HEJIOKAJIGHUX OIIOPIB, 110 CIIOCTEPIral0ThCs eKCIIepUMeHTAIBHO. [lokasaHo, o TeMIeparypHa 3aJIesKHICTh
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HeJIOKAJIFHOT0 YOTHPHOX30HI0BOI0 OIIOPY HAI3BUYANHO UYTJIFBA [0 HEBEJIMKIX PO3OLIKHOCTEN Y HAIIPOBLIHIX I1a-
paMerpax IIapyBaTUX CTPYKTYP. BIAMIHHOCTI B KPUTHYHIM TeMIepaTypi a0o IMPHHI ITePeX0/1y CTBOPIOIOTH XapaK-
TEpPHI IMIK-IIPOBAJI CTPYKTYPH ¥ XapaKTEPHUCTUKAX YOTHPHOX30HI0BOIO OIIOPY, III0 J03BOJIsiE OE30CePeTHBO 1IeHTH-
dikyBaTy Taki HeoqHOPITHOCTI. 3aITPOIIOHOBAHNI HEJIOKAIBLHIN YOTUPHOX30HIOBUI METO]T € IIPOCTUM, aJie IIOTY K-
HUM 1HCTPYMEHTOM JIJTsI BUSIBJIEHHS ITPOCTOPOBUX BapiaIfiil IMPOBITHOCTI T HAIPOBTHIX IIEPEXO/IB Y TOHKUX ILT-
BKax Ta GaraTomrapoBux rerepocrpykrypax. CyMiCHICTD 3 ICHYIOUMMH BUMIPIOBAILHIMI METOAAMHI POOUTH HOro
TePCIEKTUBHOI METOIUKOI0 SIK IS (PYHIaMEeHTAIBHUX JIOC/KEHb, TaK 1 JJIA MPUKJIAITHOL TIarHOCTUKA B JIOCITI-
IPKEHHSX eJIEKTPOHHUX BJIACTHBOCTEM HOPMAJIBHUX TA HAIIIPOBIIHUX MATEpiaiB.

Kmouosi cnosa: Yornpusorgosuii meron, Hemoransauit minxin, Heomgropigue cepenosmme, Hanmmposimmi
BJIACTHBOCTI.

02008-5



