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Propagation of electromagnetic waves and mode formation in a cylindrical waveguide with double negative
metamaterial core having Kerr type nonlinearity is investigated in this study using auxiliary differential
equation finite difference time domain method. Propagation in one-dimensional, two-dimensional, and three-
dimensional configurations are explored, and the interaction of properties relevant to dispersion, non-linearity
and cylindrical structure is highlighted emphasizing its influence on mode behavior. Discretized equations
presented in the paper are different from all the equations presented in previous finite difference time domain-
based research and relevant literature. The novel application used in this work for investigating wave
dynamics in a cylindrical core of completely double negative metamaterial showed new findings. Backward
wave propagation and self-focusing nonlinear modes are observed due to double negative proper-ties and Kerr
effect as expected. The results are expected to enhance research on nonlinear fiberoptics and attract attention
to metamaterials and how the effect of losses is observed in metamaterial waveguides.
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1. INTRODUCTION

Metamaterials (MTMs) with simultaneously
negative permittivity (¢) and permeability (x), which
were introduced by Veselago [1] and experimentally
verified by Shelby et al. [2], are known as double
negative (DNG) or left-handed materials (LHMs). They
are spreadingly drawing attention due to their
extraordinary features not found in conventional
materials. As they have artificial periodic structures
making it possible to modify permittivity and
permeability, dispersion of waves can be controlled,
and many novel applications are possible. These
materials exhibit unusual electromagnetic properties
such as negative refraction, subwavelength focusing,
and backward wave propagation [3]. They support
unconventional electromagnetic modes.

Waveguides with cylindrical structure and MTMs as
well as other nonlinear medium drew interest as various
properties of the MTMS not available in right-handed
materials (RHMs) present potential for new
applications, and significant number of research has
been done on cylindrical waveguides with especially
MTM claddings [4-7], or partially filled MTM core [8, 9].
Cylindrical waveguides with DNG cores have interesting
configuration due to their potential to support novel
unconventional electromagnetic modes, below-cutoff
propagation and backward waves being some of the
outcomes [4, 10, 11]. Some studies examining linear
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DNG waveguides have been presented [10], but studies
of them where the DNG core has Kerr nonlinearity
which introduces intensity dependent permittivity is still
underexplored. From previous studies, nonlinear
responses can result in self-focusing and power
dependent mode properties or can lead to soliton
formation [12].

The essential numerical method used in this study
is the Finite Difference Time Domain (FDTD)
approach, a method based on Yee lattice and algorithm
[13] and used for wave propagation in linear medium in
cartesian coordinates [14, 15], nonlinear medium in
Cartesian coordinates [16-18] as well as cylindrical
coordinates [19, 20], and for solutions of various
structures.

For simulation of the cylindrical waveguide, we
employ the auxiliary differential equation finite
difference time domain method (ADE-FDTD), which is
highly effective for dispersive and nonlinear media [18,
21, 22], not forgetting the attention to coordinate
singularities [3, 19, 21]. The Kerr type nonlinear
waveguide core is modelled using Drude dispersion for
permittivity and Lorentz dispersion for permeability, a
model proven to be convenient for DNG metamaterials
[19, 24]. For a comprehensive presentation of the
waveguide behaviour, one- two- and three-dimensional
(1D, 2D, 3D) simulations are implemented. All the
graphics or figures are outputs of the simulation
carried out using Python.
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2. THEORY AND MATHEMATICAL
FORMULATION

It can be shown in a cylindrical waveguide with
wave propagation in z direction that for linear,
nondispersive, and isotropic case, the longitudinal
electric field component changes only with the radial
coordinate r due to its harmonic behaviour and due to
circular symmetry of the cylindrical structure. The field
modes are TE modes depending on the radial
parameter.

A cylindrical waveguide with a DNG negative-index
metamaterial core with radius R, and with the
longitudinal position on z axis placed in the centre of
that core, i.e. on the centreline of the cylinder is shown
in Fig. 1. It should not be forgotten that the waveguide
is assumed to be infinite in y and z directions. The
research is restricted to the linear conventional
materials for cladding, and perfect electric conductor
(PEC) for simulation case studies in this paper.

< longitudinal wave
propagation direction

Fig. 1 - Cylindrical waveguide with metamaterial core

Regarding the parameters, R is the core radius,
b =R — Ra is the cladding width, &, to and &, we are
respectively the permittivity and permeability of the
core and cladding.

2.1 Dispersion Models for Metamaterials

As a dispersive DNG metamaterial is considered for
the core, both permittivity and permeability are
frequency dependent and they are modelled using
Drude and Lorentz models respectively, expressed as

(@y=s,[1-— )
sl % o(w+iy,) ’
ﬂ(@ﬂ%[“#] @)

C()O — @ —ZQJ]/”I

where @y is the electric plasma frequency, wm the
magnetic plasma frequency, 7 the electric damping
coefficient, y» the magnetic damping coefficient, and wo
is the magnetic resonance frequency.

Reel and imaginary parts of the permittivity and
permeability for the related Drude and Lorentz models
are shown in Fig. 2.
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Dispersion of Drude-Lorentz Metamaterial Real and Imaginary Parts
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°

Frequency (THz)

Fig. 2 - Drude-Lorentz model dispersion: real and imaginary
parts of permittivity and permeability

The core is double negative so that both the
permittivity and permeability are negative in this
region, and the negative value of the refractive index is
chosen as the square root of &opio can be either positive
or negative. Imaginary part of the permeability is
mainly responsible for the highest part of the losses.

2.2 Auxiliary Differential Equation Finite
Difference Time Domain (ADE-FDTD)
Conventional FDTD method in cylindrical

coordinates has established itself to be an effective
method for simulation of nondispersive natural
materials [26]. In cases where dispersive nonlinear
materials are in question, however, the ADE-FDTD
shows itself as an easy and reliable method for
treatment of wave propagation in such media [17].

This method introduces auxiliary differential
equations for polarization as well as magnetization
where applicable to handle dispersive and nonlinear
materials [21].

With the dispersive behaviour of permittivity and
permeability, magnetic flux density and electric
displacement are B = u(w)H and D = &(w)E respectively.
Considering the contributions of the Drude electric
current oJ, polarization P = PL + PnxL and magnetization
M, electric displacement and magnetic flux density are

respectively  expressed as D=gwE+P and
B=uwH+M so that Maxwell Curl Equation
describing Faraday law becomes
oH oM
VXE=-py——— 3
a o ot @

and Maxwell Curl Equation describing Ampere law
becomes

VxH:ga—E+J+—6PNL +% (4)
ot ot ot

where the linear part of polarization is related to the
dispersion model, and the nonlinear part for a
metamaterial with Kerr-type nonlinearity can be written
as

P,

NL

:50}((3)‘E2‘E 5)

With y® being the 3rd order susceptibility as a
factor of the Kerr nonlinearity [12].
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Using Drude and Lorentz dispersive models for
permittivity and permeability respectively in the
equations for magnetic flux and electric displacement,
and taking inverse Fourier transform of them, we
obtain the auxiliary differential equations for
polarization and magnetization as

oO’P  OP

P +7, o = 506012)E , (6)
O’M oM
o +7m5+w(fM:ﬂomiH (7)

These equations are concurrently solved with the
Maxwell equations for implementation of the
simulation.

Eqgs. (3) and (4) are expressed in cylindrical
coordinates for their field components in most general
case as

O AR o
ot w\oz or) wot’
oH,__1(10E GE) 1M, o
ot u\rop oz ) uot’
oM. __1(136E) 1B\ 1o o
ot u\lr o rop) wuot’
aﬂ:l[a[—[' _asz_lJ _l aﬂ,¢+aRVL,¢ (11)
o0 e\ oz or e’ el o o )
%:l l%_6H¢ _lJ _l a[;_,r +81)NL.;- (12)
o e\rop 0z ) & e o or )
05, 11000, 1o\ 1, 1% oPu)
oo e\r o rop) e e\ o ot

In special cases, as in the simulation example in
Sections 3 and 4, assuming 0(0@) " '=0 due to
azimuthal symmetry and remembering that TM mode
configuration is considered, so some of the fields
become E,=0, E,=0, and H.=0. There will be no
longitudinal variation in 1D radial propagation so that
0(0z)~! is going to vanish and H,= 0. This special case
in simulation is actually a type of analysis of mode
cutoff behaviour or nonlinear self-focusing in the
transverse plane and represent time evolution of the
mode shape without considering propagation along the
z direction. It gives insight to understand radial
confinement, mode formation, and nonlinear transverse
effects.

To solve Egs. (8) to (13) using FDTD, discretized
form of them is obtained using the Yee algorithm [14]
but for cylindrical coordinates r, ¢, and z [2]. Central
difference approach is used for the finite differences. In
deriving the discretised equations, we use the leapfrog
approach which suggests for time steps integer n for £
and half-integer n + 1/2 for H. The resulting equations
after discretizing and arranging are for magnetic and
electric fields respectively.
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(14)

w12y VP [
HV ik =H] “[z,k]—zau —;C2¢ ,

H [ 1/2,k +1/2) = 7 10172,k +1/2) -2 ey - Lo, (15)
u u

H ik +1/2)=H! ™" [i,k +1/2] —ﬁcsgv,_ - iCé;’ ’ (16)
H H

E'[ik+1/2]= E i,k +1/2]—§(c7; + V20 k) —lcs'; ,(17)
& &
B i+ 1/ 2.k = B2 [i+1/2,k] - 2 cor .+ 22 [1.k]) - Lcror » (18)
& &

EM[i+1/2,k]=E! [i+1/2,k]—ﬂ(61; +J012 [i,k])—le’; ,(19)
& &

where the details of the implicit expressions C1 to G2,
and all similar terms C2 to C10, G3 to G10, F1 to F9
and A1l to A6 are given in the Appendix.

For the case of TE mode configuration, assuming
0(0p)~'=0 due to azimuthal symmetry so that at the
end E:=0, Hy,=0, and H,=0. For this special case,
Eqgs. (8) to (13) for the available field components
become in cylindrical coordinates as

l o(rE,) _ OH .

—= 20
r or ot 20)
oF
Mo, @1)
or Ot
_OH, _ OE ©22)
oz ot

The discretized equations for ADE-FDTD solution of
Eq. (20), Eq. (21), and Eq. (22) for magnetic and electric
field after arranging will be

At
H!™M ik =H""?[i,k]-—————G3", 23
Sl e e @)

Er i +1/2,k] :E”[i+1/2,k]—LG4'_’ (24)

¢ ’ ¢ eli+1/2,k1Ar 7

n+lJ . nfls Al n

E' ik +1/2]=E![i,k+1/2]- G5"  (25)

elik+1/2]Az -

3. IMPLEMENTATION PARAMETERS AND
ASSUMPTIONS

Equations for simulation of the propagation for TM
and TE configurations are implemented with

assumptions regarding the parameters of the
dispersion models, geometric dimensions of the
waveguide, parameters of the FDTD method,

coefficients and other relevant information.

Simulation is carried out employing ADE-FDTD
method for three configurations of spatial propagation
where suitable assumptions are made for both
simplicities, as well as the features of the problem or
model.
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3.1 One-Dimensional Simulation (1D)

In one-dimensional simulation, field components are
changing only with the radial coordinate. A linear and a
nonlinear case are simulated. Additionally, a simulation
for 1D propagation in the longitudinal direction is also
given.

A linear, nondispersive and lossy material for the
sake of comparison opportunity is simulated for TM
configuration with application of a Gaussian beam as a
source simulation having a profile

2rt
E - - COS(T) e—((r—%)/s)Z (26)
sz 2

with pulse width w = 30. The source is placed on 1/3rd
of the radial position. The electric-field envelope is
Gaussian both in space (transverse beam width) and
time (pulse duration). This Gaussian profile ensures
smooth excitation, smooth onset and decay reducing
numerical artifacts, and the beam is well-confined
spatially, representing a realistic laser-like excitation.
The time modulation makes it a finite pulse.

Discretized equations for simulation are as below
for radial confinement, and Fig. 3 gives snapshots of
the field profiles for radial change

1 )= [ S (E ) E ), @D
U R U R CAURTH G IS

If we consider longitudinal dynamics, discretized
equations will be as below, and snapshots of
longitudinal propagation are also given in Fig. 3

H;n/z[l-]:H(Z-l/z[i]_luAiiz(E:” [i+1]-E! [i]), (29)

At
glilAz

E™i]=Ei]- (Hp"2[i]-H 2 [i-1])  (30)
where At < Az/c with At = Az/2¢ used in the simulation ¢
being the speed of light, and = uo taken for simplicity.

The E:» in Egs.(27) and (29) may be seen
problematic in terms of physical consistency and
numerical stability. This is true in general and
especially when nonlinearity is strong. In this study,
susceptibility is very small, i.e. »® =10-20 m?V -2 which
means that Kerr nonlinearity is very weak in this case.
So, the possible stability problem is reduced although
E»+1 is not applied and cubic equation iterations are
avoided with the explicit scheme used.

Similarly, a nonlinear, dispersive and lossy
material is simulated for TM configuration with again
application of a Gaussian beam as a source given as

W e
*((Z*E)/ﬂ

E. =e (31)
with pulse width w =40. The source is placed on the
half of radial position.

ADE-FDTD equations discretized for simulation of
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the nonlinear dispersive MTM are given in Eq. (32) to
Eq. (35). As easily noticed, the solution of equations for
magnetic field and electric field are to be solved
concurrently with the equations for magnetization and
polarization. In the numerical examples in simulation
of 1D propagation, & is used for simplicity.

At

U R U bwit (32)
n+tl [ _ pnl; _ﬁ n
EZ [l] - E: [l] 5[1] G7{p,z ’ (33)
M) i]= M, [i]-AGS;, (34)
P'[i]= P [i]+ Ae@)E 1] - y.P[i]) (35)

3.2 Two-Dimensional Simulation (2D)

In two-dimensional simulations, field components
are dependent on the radial and longitudinal
coordinates. Again, the simulation is carried out for a
linear and for a nonlinear case to have a comparative
insight.

A linear nondispersive material close to air
parameter conditions, i.e. £= &, and g = uo, simulated
for TM configuration so that E,= H,= 0. Zero Dirichlet
boundary conditions applied as r! terms and
corrections are ignored for handling singularities.
Azimuthal symmetry is assumed. A Gaussian pulse
used for excitation, namely

1 1-w,

E_(r,z,,t) =sin2zft)e 2 7 (36)

is applied where ro— centre of radial range, zo— one
fourth of longitudinal range, w — pulse width, o — wAt¢,
fs — source frequency = 10 GHz, At-time step value,
n —time step index, E.s(r,z,t) is the source electric field
component at point (r,z,f), and ¢ = nAt is current time.
This source is time modulated with sinusoidal carrier
and is Gaussian-enveloped, exciting a band of
frequencies around f;. It is placed at the center radially
and at one-fourth of the longitudinal domain. It
resembles initially the linear Gaussian shape, but with
time, deformation begins due to nonlinear response. As
the nonlinear Kerr-type media cause intensity-
dependent refractive index variation, also the source
region shows deviation from perfect Gaussian with the
evolution of time.

Egs. (20) to (22) are valid also for the TM mode in
linear 2D with the only difference that & and wo is
chosen respectively for permittivity and permeability
for simplicity due to nondispersive nature of the linear
case considered. Corresponding discretized equations
after some arrangements come out to be

Hi+1/2,k)=H) ' [i+1/2,k]+ﬁG9';
¢, @D

H:*”Z[i,k+1/2]=H:*”2[i,k+1/2]+ﬁ610" (38)

z?
Hy
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B[ k] = B [ik]+ 2L Py

rZ,0

0 , (39)

where Az =Ar =1 mm, A¢=0.99¢-1((Ar) ~2+ (Az) ~2) - 112
also known as Courant—Friedrichs—Lewy (CFL)
condition, with grid sizes in r and z as 100 and 200
respectively.

For the nonlinear material core, the Gaussian pulse
excited is the same as used in the linear case. For both,
grid size: 100 x 200 cells, spatial steps being
Ar=Az=1mm, source is a modulation of a 10 GHz
Gaussian pulse.

Governing equations for TM configuration are as
below for Kerr-type nonlinear double negative lossy
metamaterials with Drude model permittivity
dispersion and Lorentz model permeability dispersion

Ar
&

OoH 1(0E E 1 oM
L :_i(L_Lj_i L (40)
ot u\ or 0Oz H, Ot
o(rH, oP, OP,
OE, _ 1 lw_#_ﬂ__JDr . @D
ot g \r Oz ot ot '
OH, OP, OF,
b, _ 1 [ Mo Fue S ;o (42)
ot &¢, or Ot ot '

where M is the magnetic polarization or magnetization
component due to Lorentz resonance, with the same
direction as the magnetic field. PML absorbing layer
boundary conditions are assumed. Jpr and Jp. are the
radial and longitudinal components of the Drude current
respectively. Drude current and Pnnz PLz;, Pnnr and Py
which are respectively the longitudinal and radial
components of the electric polarization and Lorentz
polarization come from the Drude dispersion. Nonlinear
terms of polarization are distinguished with their subscript
NL.

Since we deal with TM modes, discretized update
equations for the fields in our simulation are obtained
as not to forget, of course, that at r = 0, the first term
(F5, 1.e. term involving H,, see Appendix) in Eq. (45) is
multiplied by 2 due to symmetry.

At At
H ik =H VP i k| -——F2! , ——F3", (43)
4 [ ] ? [ ] ﬂo,uw > ,uo P

E™'[i,k]=E}'[i.k]+ i(m;w —F5!—Jp[ik]), (44)
ENE

.
0¢x

EXik] = E'[ik]+ 2 (F6", - F7 T2 [ik]) (45)
&€

0%

In our relevant simulation, we take high frequency
permittivity and permeability as &, = 1.5, and g = 1.0
respectively.

3.3 Three-Dimensional Simulation (3D)

In three-dimensional simulations, field components
are dependent on all the cylindrical coordinates and
may show various unusual behaviour when the core
material is a DNG metamaterial of the previously
mentioned type.
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Simulations of various linear non-dispersive
cylindrical wave propagation have been investigated in
literature. We carry out the simulation in this paper for
nonlinear dispersive cases using the Kerr-type material
and observe the results for different values or ranges.

The excitation applied in the simulation of the
nonlinear axisymmetric propagation is a hard
excitation, an oscillating Gaussian beam expressed as

(=1 )

E_(r,z,,1) = E,A(r)sin(w,t)e (46)

where @ =21010 s—1 is carrier wave frequency, A(r) is
the radial mode profile, wt = 1,44 x 10-22 s is the pulse
width, t0=2 x 10-11 s is the time at 1/6th of the zmax
pulse centre, zo is the fixed source excitation plane, and
Eo=2x10°Vm~-! is the amplitude. This beam is a
physically reasonable excitation. It is numerically
stable, without artificial oscillations, with a good
alignment and remaining symmetric.

If we consider a linear and nondispersive core
material, with some simplifications such as taking
respectively o and & for permeability and permittivity,
the field equations obtained for the TM mode will be
considering d(0¢)~! = 0 due to axial symmetry which, of
course, leads the field to vary only with one spatial
variable r together with ¢.

OH, 1 OF.

_1 % 47
ot u, or “n
o, L% (48)
ot u, Oz

E.  1(10(H, H

oF, _ L[190H,)  oH, (49)

ot g \r oz Oz

Simple Dirichlet condition is assumed for boundary
conditions. So, after some arrangements, the
corresponding discrete update equations H, and E. come
out as

H;*”z[i+1/2,k]=H;'”2[i+1/2,k]—%F8: , (50)
0
n+l/270 - n=1/271- At n
H [l,k+1/2]:HV [l,k+1/2]——F9z, (51)
Hy
B[k = B [k + 2, (52)
&

with Az=Ar =1 mm, and At <0.35¢-1((Ar)=2+ (Az) - %)~
12 g CFL condition for this special case, with grid sizes
in r and z as 80 and 200 respectively.

In case of nonlinear dispersive core, after some
assumptions and selections by taking in simulation
one-component form (one electric and one magnetic
field) to simplify the model for cylindrical waveguide
with metamaterial core having Drude permittivity,
Lorentz permeability, and Kerr-type nonlinearity, and
a perfect electric conductor cladding, governing 3D
field equations are yielded as
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6H¢: 1 (0E. oM, 7 (53)
ot u(w)\ or ot
OH, H
%, __1 o Mo OB _p (54)
ot  e(w,E)\ or r ot ’

For simplicity, we choose in our simulation example &
for permittivity and o for permeability which would limit
the field to certain frequencies but acceptable. With this
assumption, discretized update equations for the magnetic
and electric fields given in Eq. (63) and Eq. (54) are then

n+l [ nf- At n n
Hw‘[z+1/2,k]:H¢[z+1/2,k]—lu—(A2u+A3¢), (55)
0
n+l [ - nf - A[ n n n
E'[i k] = E![i,k]+— (44, — A5. + 46], ) (56)
&y

4. RESULTS AND DISCUSSIONS

The 1D simulation of a linear MTM, snapshots of
which are given in Fig. 6 show the electric and magnetic
field behaviours in the DNG region. Increasing time steps
demonstrate the homogeneity of the propagation. For
comparison, the cladding is also shown on the graphics to
be able to comprehend the difference between the two
regions.

FDTD Simulation of Linear Nondispersive Metamaterial

ot 95771000 —c

eld Amplitudes

— Rele)
21— Rel)

PML 1D Wave Guiding (time step n = 1020)

E(2)
Core

0.5 4

Electric Field £,
o
°

1
=3
n

-1.0 4

=1:5

0 100 200 300 400 500 600 700 800
z (um)

b

Fig. 3 — Snapshots from the 1D simulation of the wave
propagation: a) linear nondispersive material at ¢=957At
showing the case of changes only in the radial direction, c)
linear nondispersive material at ¢=1020A¢ showing the
propagation in the longitudinal direction
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For simulation, radius of the core is taken as
10 mm, 200 points selected as resolution, time step is
subject to stability condition and expressed as
At < 0.99Ar(2¢) ~ ! with c as the speed of light, 1000-time
steps are applied, 400 radial points are used. Material
parameters are &o=—2.2+0.1j, po=-1.5+0.1j and
&1=2.5, wpa1=1.0. First order absorbing boundary
conditions (ABCs) applied. The model is approximated
neglecting r -1 terms to avoid singularities.

In simulation for the nonlinear case, radius of the
core and number of points as resolution are the same as
in the linear case. Time step is subject to stability
condition and expressed this time as Af<0.5(Ar)c-1,
500-time steps are applied, and 1000 radial points are
used. Material parameters are Drude model dispersion
for permittivity, and Lorentz model dispersion for the
permeability of the core. Permittivity and permeability
of the cladding are the same values used for linear case.
Simple 15t order ABCs applied. Kerr type nonlinearity
with extra term 3y®E2E. Parameters for dispersion
models are: Plasma frequency wpy = 471010 s-1, damping
coefficient ye=ml012s-1 resonance frequency
wo = 571010 s-1 magnetic plasma frequency wm = 471011
s~ 1, magnetic damping ym = 47101 s-1, and ¥ =10-20
m?V-2,

When the core material is DNG with Key type
nonlinearity, having Drude-Lorentz model dispersion
respectively, behaviour of the field profiles changes., and
inhomogeneous variations with time characterize both
forward modes as well as field profiles with phase
reversals as shown in Fig. 4. To get a clear visualization,
snapshots for the field strength are given with closer
views of the field strength axis for different amplified
absolute values of the electric and magnetic fields.

Radial dependence can be correlated with standing
waves and there is no outward energy propagation
radially. Radial fields oscillate.

In the longitudinal direction, backward wave
propagation is observed. Fig. 5 shows the simulation
results of propagation in z direction with At = 0.5(Az)c~
1. 2800-time steps, 900 longitudinal points, and same
source used as in the radial simulation. Simple
absorbing boundary conditions are applied. The results
demonstrate backward wave propagation understood
from the negative power flux. Backward energy flow is
observed it the bright regions of the figure.

In backward propagation, the electric and magnetic
fields propagate opposite to energy flow direction as in
the DNG media, the phase velocity is antiparallel to

the Poynting vector [4, 12].
|

|
il
w0 w0

|

|

[

I

j

Lt e
i

e Lotz NG o s
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entz DNG Core with Kerr Nonlin

0

i

Fig. 4 — Snapshots from the 1D simulation of the wave
propagation: a) nonlinear dispersive material at ¢=60At, b)
nonlinear dispersive material at ¢ = 61A¢, 10 times amplified view,
¢) nonlinear dispersive material at ¢t = 68A¢, 100 times amplified
view

Interpreting Fig. 3 and Fig. 4 makes us understand
that there is smooth propagation in the linear case
whereas the nonlinear case shows distorted and
confined profiles due to Kerr self-focusing. Directions of
radial mode propagations are towards the boundary. As
the simulation gives animations as outputs snapshots
at different time steps are given. Animations or their
python codes may also be used additionally in case
supplementary materials are necessary. Different
colours in Fig. 4 or the movement opposite to r
direction in the animations show phase reversals of the
propagation, a substantive result for DNG materials
due to reversing phase velocities, distortion due to
dispersion or nonlinearity effects like self-reflection or
self-scattering. The novel graphical demonstrations in
this paper are new as to our knowledge.

The electric field profile shows the actual behaviour
of the propagation. As backward waves are
fundamentally related to the Poynting vector, and as E
and H can have unusual phase relationships in DNG
media, both are considered, but longitudinal electric
field E. and the pointing vector S are used to
demonstrate backward waves. Fig.5 shows the
backward wave behaviour.

t: 1800At/ Wave Propagation (n = 1800)

Cure

Electric Field
s o o
o s &

-1.0

-15

0.00000

~0.00025

~0.00050

~0.00075

Poynting Vector

~0.00100

-0.00125 4 = S:=EHg

z (um)

Fig. 5 — 1D simulation of the longitudinal wave propagation in
nonlinear dispersive material core; E; and S at ¢t = 1800A¢

From the 2D simulation results, we can observe
mode transformation with increasing intensity starting
from source location and see confinement along the
waveguide axis. As a result of the Kerr effect, E, field
forms self-focusing waves [15, 22]. a finding consistent
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with potential mode shaping in DNG materials. Fig. 6
and Fig. 7 show respectively the field patterns for
linear nondispersive and nonlinear dispersive DNG
Metamaterials. The simulation results of Fig. 7d and
7e are obtained using R=5.0 mm, L = 2zmax=20cm,
Ar=R/80, Az = L/160 and the same source.

We see from the results that in linear core, the wave
symmetrically develops from the source location, no self-
focusing is observed and the field pattern remains
smooth and uniform, a demonstration of constant
refractive index.

When the core material is nonlinear, however, self-
focusing is visible the beam narrows radially as it
propagates, a consequence of the Kerr nonlinearity
causing the beam to confine itself. We can say that
nonlinear DNG waveguides can support self-trapped
modes. This can be used for tunable optical guiding and

switching applications.
| 'i
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Fig. 6 - 2D simulation of the wave propagation in linear
nondispersive material at ¢t = 123A¢

2(m)

20 Fiesd Distibuticn (t=22801

Centrl Axis =0) Propeg

Fig. 7 - 2D simulation of the wave propagation in nonlinear
dispersive material a) at =22At, b) at t=41A¢

In our 3D linear nondispersive example, the radial
and azimuthal magnetic fields and the longitudinal
electric field variations are determining the
propagation in the waveguide. Fig. 7 shows snapshot of
the field at two different time steps at a fixed ¢ value.
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As simulation example, a case with circular
symmetry and following assumptions is analysed and
simulated:

Taking only E. component for simplicity in the
spatial 3D FDTD, for TM configuration, with
parameters as @p=2pl02 s-1, wo=pl02 -1,
Ye=pym=2pl012s-1 ¥ =10-20 m*V-2 Ar=Az=1mm,
N = 1000 steps, Gaussian beam source excitation as in
Eq. (49) in the middle of radial and azimuthal
directions, and on 1/4th of the longitudinal one,
At <0.99c¢-1((Ar)~ 2+ (rAp) -2 +
(A2)-2)-12 also known as CFL condition is valid for
time step, and having PEC cladding. This model avoids
r=0 by shifting to r=Ar with grid (r, ¢, 2) = (20, 36,
60).

Simulation results of case one and case two of
nonlinear dispersive waveguide are given in Fig. 8
showing fixed plane slices, Fig. 9 showing full 3D view
of field profile in the cylindrical waveguide visualized
in Cartesian coordinates. The 3D plots are in scatter
diagrammatic view as the grid counts used are few in
numbers not to make the calculation too expensive and
is more suitable for scatter view instead of a continuous
interpolated visualization. It is observed in full 3D
simulations that hybrid guided modes involving
azimuthal dependence also exist.

E2 Field Distribution 107

2 (mm)

400000
200000

€2 (Vim)

~200000
~200000

»
2 (mm)

Fig. 8 - Snapshot of the fixed plane slice from the 3D simulation
of the wave propagation in linear nondispersive material at
t="TAt

The result in Fig. 8 shows a slice revealing the
variation of the longitudinal field E. in radial and
longitudinal directions. It has a symmetric pattern
without distortion as expected for linear nondispersive
core medium.

In 3D nonlinear dispersive case as shown in Fig. 9, we
observe first two TM modes and see the longitudinal
electric field profile. Normally, in 3D full wave simulation
hybrid modes with azimuthal dependence are expected to
be the outcomes of the modelling. In our simulation
example, we have assumed the axisymmetric case without
azimuthal dependence, and this ¢ symmetry causes visual
overlap of lobes so that the animations or the snapshots at
same time steps seem very similar for both TM modes.
Fig. 9 shows TMo1 and TMoz modes electric field profile at
same time steps.

TMo1 has no zero in the core, no radial node,
maximum at central axis and vanishing at the PEC
cladding boundary. So, it must have low cutoff
frequency, high group velocity being lesser dispersive
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and with very low nonlinearity effects, being
respectively stable.

TMoz, on the other hand, has a zero inside core. It
has opposite signed inner and outer lobes, having high
cutoff frequency and low group velocity, shows strong
nonlinearity effects being very dispersive, and
oscillations are observed. It has one radial node, has a
complex electromagnetic structure with rapid
magnitude changes, maximum at radial centre, zero at
axis, vanishing at PEC boundary, reforming forward
waves and enabling also backward waves. For
backward waves the wave number and Poynting vector
signs are checked. Fig. 10 gives the backward wave

diagnostics for the two modes and the radial field

profile of normalized E. for TMo: and TMoe.
Normalization is done using
E_(r)
E =——Z 57
(") max|E_ (r)| 67

satisfying max|E.(r))=1 within O0<r<R. Analytic
modes of the Bessel functions are wused for
normalization for the radial profiles only whereas in
the FDTD simulations, E.(r,z,f) is taken without
explicit normalization. For the TM modes, E. field
profile is proportional to the Bessel function of the
corresponding order. In this simulation example, the
first and second zeros of the Bessel function of zero
order are the eigenvalues used for solution.

TMa: Mode — 3D E,
Tho. Mode - 30 €,

i made
L= 108 = 15 655
= 1565335

200000
150000
100600
=1l s0000

0

e fvim

-s0000 ¢
100008
150000

~200000

20000
150000

100000

50000
~106000

~150000

-200000

Fig. 9 - Snapshots from the 3D simulation of 3D nonlinear
dispersive cylindrical wave propagation: E, field profile for a)
TMo: mode at ¢t = 10A¢t, b) TMoz mode at ¢t = 10A¢t, ¢) TMo1 mode
at t = 20At, d) TMoz mode at ¢ = 20A¢
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TMo1 and TMy, Radial Field Profiles
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Fig. 10 - a) Normalized E, radial field profiles for TMo: and
TMoz, b) Backward-wave diagnostic for TMo:

The simulation of 3D nonlinear propagation
suggests actually to solve the full set of six Maxwell
equations given in Section 2, but for simplicity and on
purpose of also reducing computation costs, a simplified
TM/TE formulation used in that specific case. A full
component 3D simulation will be incorporated in a
future work.

Results are displayed in Cartesian coordinates but
modelled so that it represents cylindrical coordinates. As
for TM modes, the field component E. is dominant, it is
both more important and easier than the Hy to use in
visualization and analysis of the metamaterial
properties.

5. CONCLUSIONS

We investigated in this study the propagation of
electromagnetic waves in cylindrical waveguides with
Kerr-type nonlinear DNG metamaterial cores using the
ADE-FDTD method, trying to be comprehensive in the
presentation of ADE-FDTD. The simulations carried
out include 1D, 2D, and 3D configurations, presenting
wave propagation characteristics special to nonlinear
and dispersive media. Main findings are backward
wave propagation, nonlinear modes, and complex 3D
fields. In all three cases, propagation in linear
nondispersive waveguides is also checked and
compared to the nonlinear dispersive ones.

In 1D simulations, we can observe the backward
wave propagation clearly, a distinguishing property of
DNG metamaterials. There, phase velocity opposes the
energy flow direction. The influence of Kerr
nonlinearity is obvious in this phenomenon with its
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intensity-dependent  characteristics resulting in
inhomogeneous filed profiles. Phase reversal of fields in
radial direction is detected.

Regarding the 2D simulations, the Kerr effect led to
self-focusing of the electric field, and nonlinear modes
were formed as a result. With dependence on
intensities, and showing  confinement along
longitudinal axis, they demonstrate potential for
tunability of such waveguides.

Finally, the 3D simulations normally expected to
show hybrid modes with dependence on azimuthal
coordinate and exhibiting the interaction of features
cylindrical geometry and nonlinear dispersive
properties core, did not show this results in the paper
as the simulation example was assuming circular
symmetry to avoid azimuthal dependence but losing a
3D full wave analysis. So, a scattering wave behaviour
with some limitations is analysed and novel finding
such as non-complete but physically rigorous outcomes
are observed.

The results show that even neglecting small
effects, low order contributions or low order slicing
causes significant profile changes, emphasizing the
need for careful treatment regarding singularities.
The geometric meaning of visualizing cylindrical
propagation in a Cartesian frame and visualizing
cylindrical propagation in a cylindrical frame
highlights the 3D electromagnetic mode dynamics.

The study underscores the robust usage of ADE-
FDTD method in handling with dispersive nonlinear
cylindrical metamaterial waveguides due to the ability
of the method to solve Maxwell’s equations and ADE
concurrently. It demonstrates the presence of unusual
profiles of modes in such waveguides, highlighting
meanwhile the application potential of them in
tuneable optical device areas or photonic systems. The
novel application in the study is the use of ADE-FDTD
method for analysis of a cylindrical waveguide with a
core consisting completely of DNG metamaterial.
Experimental validation of these theoretical findings is
expected to be achieved in future research. Extension of
nonlinear models, and their integration into photonic
circuits are other promising areas for further research.
This study contributes to comprehension of wave
propagation in DNG media with the previously
mentioned properties and is expected to encourage and
facilitate further exploration of nonlinear dispersive
cylindrical metamaterial DNG waveguide structures.

APPENDIX
Explicit Formulae of C1 to C10, G1 to G10, F1
to F9 and Al to A6

CL._[i,k, Az, Ar] = C11;_[i,k,Az] - C12;_[i,k,Ar] (AP.1)

E![i,k+1]-E![i,k]

C11_[i,k,Az] = AP.2
r,.z [l7 > ] AZ ( )
12 [ik o] = E![i+1/2,k]-E![i—1/2,k] (AP.3)
’ Ar
C2, ik =M [i k|- M2 [i k] (AP.4)
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E![i+1/2,k+1]- E2[i +1/2,k]

C3) ik, Az]= o

(AP.5)

CA[i,k)=M!"?[i,k])- M i, k] (AP.6)
Cs., [i.k,Ar)=C51, [i,k,Ar]—C520 [i.k,Ar] (AP.7)

En[i+1/2,k+1/2]- E[i—1/2,k +1/2]
Ar

Cs1! [ik,or]= . (AP.8)

En[i+1/2,k+1/2]+ E[i—1/2,k+1/2] (AP.9)
2()Ar

C52) , [i,k,Ar] =

C6![i, k=M [i k] - M2 i k] (AP.10)

H 2 ik +1]-H) 2 ik

C7,[i.k,Az] = - o

(AP.11)

C8![i,k] =Py [i,k]- By, [i.k]+ B [ik] - P, [i,k] (AP.12)

Co [i.k, Az, Ar] = CO1._[i,k,Az]-C92! _[i,k,Ar] (AP.13)

HP [+ 12k +1/2]- Bl 1/2.k-12] (6Ap 14

o1, _[i.k,Az] = e

H 2[4 LK) = B2 k]

AP.15
Ar ( )

€92 _[i,k,Ar]=

07 [iK] = P k]~ Py [ik ]+ P [ik] — B2, [ik] (AP.16)
Gr ik ar] - CDHT LK = OHT (op 1)
@i+1/2) Ar

G2 [i k] = Py [i.k] - Bl [i.k] + B2 [i.k] ~ P2 [1k] (AP.18)

G31[i,K] = i +1/ 202 [i+1/ 2k~ i =1/ 2E" [i~1/2,k] (AP.19)
G4 [i,k]=H""[i+Lk]-H""?[i,k]  (AP.20)
G5![i,k] = H"*[i,k +1]-H™"?[i,k]  (AP.21)
G6" [i]=E.[i +1]- E.[i]]—(M, [i +1]- M, [i]) (AP.22)

oo = 2 HL B R 5oy 1] (AP-23)

Ar Ar
G8.[i|=w H,[i]-y,M,[i]-oM,[i-1] (AP.24)
o fikar] - ELELHZELLA] g o)
Ar
G0/ [i.k,Az] = == L et L

Az
FU_ [ikAr,A2) = FIT [ik, A~ F12!_[ik,Az], (AP.27)

1[I+ 2] R4 1/2,K) -

FIL [ik )= - rli-1/2]1;" " [i-1/2.k] (AP.28)

H! 2 ik +1/2] - H 2 ik +1/2]
Az

F12!_[i,k,Az] = (AP.29)
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F2! _[i,k,Ar,Az]=F21_[i,k,Ar]—F22. [i,k,Az] (AP.30)

E![i,k]-E![i—1,k]

F21" [ik,Ar]= AP.31
r,z[l r] Ar ( )
Fa2 [ikac]< LR EREL o gy
’ Az
Mk +1]-M"[i
F k] = MelR A= MITILE] g )

At

e n U2 s 1T nel/2;
F4:fw[i,k,Ar]:’[l+l/2]H'” [i,k]-rli 1/2]H,ﬂ i l,k](AP.34)

r[i Ar
F5![i,k]=F51[i,k]+ F52.[i,k], (AP.35)
n+1 n—1
F51[ik] = P, [14] ZP bk (AP.36)
n+1 _ pn-lf[»
o] o il ke L (AP.37)
At
n+l/270 =+ _ n+l/2 .

F6' [ikar]=o (K= HZLK] - yp 5
’ Ar
F7:[i,k|=F71[i,k]+ F72.[i,k], (AP.39)

n+1 _ pn N
F1[i,k] = L L 8 3 BN TS
At
n+1 n
Fr2[ik] =1 [k]AtP -[1:4] (AP.41)
F ik ar] = B BT o o)
Ar
Forfik,ac] = AT ELLRL p g
Az
AL, ik, Az, Ar| = ALY [i kA ] = A122 [i .k, Az] (AP.44)

rli+ V2] H 2 [i+1/ 2,k r[i -1/ 2] H 2 [i -1/ 2,k) ’(AP.45)
r[i]Az

H 2 ik +1/2)-H) " [i,k—1/2]

AL [ik,Ar]=

A12! [i,k,Az] = e (AP.46)
n+l [ ot
a2 [ikoar]= B UHLRZETTOR] o g
' Ar
o M+ 12,k - M) [i+1/2,k]
A3 [ik]=—* 2 (AP.48)
At
A4 [k A= H2[i+1/2,k] - H] [i-1/2,K] (AP.49)
Ar
n+l [ - _pn[;
A5" [i,k] = w (AP.50)
At
H’l
46, [i.k]=—* clk] Py, . [i.k] (AP.51)
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MopgeoBaHHSa NOMINPEHHS XBUJIb Yy MU HAPUYIHOMY XBUJIEBO/I1 3 HEJIIHIAHOTO
meramarepiany Tuny Keppa 3a momoMoromo merony CKiHYeHHUX PisHUIb y YacoBiil obsacTi
OOIIOMIsKHHUX O epeHIiaIbHNX PiBHAHD

A. Yalginkaya?

, A. Cetin2

L Eskisehir Osmangazi University, Graduate School of Natural and Applied Sciences, Eskisehir, Turkiye
2 Eskigehir Osmangazi University, Faculty of Science, Meselik Kampiisii, Eskisehir, Turkiye

¥ 11i#t pobOTI PO3TIISIAAETHCS IIOMMPEHHS eJIEKTPOMATHITHAX XBUJIb Ta (QOPMYBAHHS MO Y IIFUTIHIPHIHOMY
XBHAJIEBOAl 3 IIOABIMHMM HETaTUBHUM MeTaMAaTepiaJibHAM OCepasaM, IO Mae HesHiWHicTs Tumy Heppa.
JocmimxyeTbca IONIMPEHHS B ONHOBUMIPHIN, IBOBUMIPHIA Ta TPUBMMIPHIN KOH(DITypaliax, a TaKoxK
BUILIAETHCA B3a€MOIA BJIACTHUBOCTEH, IO CTOCYIOTHCA AMCIIEPCii, HeJIHIMHOCTI Ta IMJIHAPUYIHOL CTPYKTYPH, 3
AKIIEHTOM Ha ii BILIMB HA MOBEIIHKY MO, J[MCKpeTn30BaHi pIBHAHHSA, IIPEICTABJICH] B CTATTI, BIIPI3HAIOTHC BilT
yCIX PiBHAHD, IIPEICTABJICHUX V MOMEPEIHIX JOCTIMKeHHAX Ha OCHOBI CKIHYEHHO-PI3HAIIEBUX YACOBUX 00JIacTeH
Ta BIAMOBIAHIMN JiTeparypi. HoBe 3acrocyBaHHs, BUKOPHCTAHE B 111 POOOTI [JIS JOCIIIKEHHS JUHAMIKHA XBUJIb Y
ITIHOAPUYIHOMY OCepi 3 MOBHICTIO IIOJABIMHO HETaTHBHOIO MeTaMaTepiasly, II0KA3ajio HOBI pe3yJIbTaTH.
CrrocTepiratorbCsi IOIMMPEHHST 3BOPOTHOI XBMJIL Ta caMO(OKYCYIOUl HeJHIMHI MOIM Yepe3 II0/BIMHI HeraTHBHI
BiactuBocti Ta edexr Keppa, sk 1 ouikyBasocs. OUiKyeThCst, M0 PE3yJIbTATHA CIPUATHUMYTD JOCJIIPKeHHSIM
HeJTIHIFHOI BOJIOKOHHOI OIITUKYU T4 IPUBEPHYTH YBAry J0 MeTaMaTepiasiB Ta TOro, SIK CIIOCTEPIraeThCsl BILIMB

BTpary MeTaMaTepiaJIBHIIX XBUJIEBOAAX.

Kmiouori cioea: Meramarepian, [lwriugpuynuii XBUJIEBI,

Hemuittaicre Keppa, YacoBa ob6iacts

CKIHUYEHHUX PI3HUID, [lomomizkie qudepeHitiagbie piBHAHHA.
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