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Medical data, such as MRI scan information is not being recorded directly as images, but is firstly stored
in k-space, which corresponds to the MRI signal’s spatial frequency spectrum. The high-frequency part of
this signal is exposed to the noise of biological and nonbiological nature, possibly complicating the interpre-
tation of the medical scan. To mitigate this, noise reduction is traditionally performed by applying different
types of filters and windowing functions to the fully processed MRI scans such as T2-weighted images, or by
transforming them back to the frequency domain. However, when starting with these types of data, that is
specified not for denoising but for its readability to a medical professional, there is a risk of mis-reconstruct-
ing the original signal leading to the loss of image's fine details. Recently, an approach called multitaper
analysis which utilizes multiple orthogonal windows (tapers) to process the noisy image was highlighted in
the scientific literature on the topic. Here we further investigate its denoising capabilities using as a starting
material not the ready-to-read MRI scans, but the data containing both phase and magnitude information
to form a complex image from which k-space can be obtained, closely replicating the original MR signal
acquisition. We assume that the usage of multiple tapers in k-space can potentially reduce bias and variance,
resulting in less noise in the spectral estimate. To determine how the type and count of tapers can affect the
denoising results, the comparison with the single periodogram and the non-local means filter is made. The
results, evaluated using peak signal-to-noise ratio, show that the multitaper method outperforms the two
others, while feature similarity index measure metric gives identical values for multitaper and standard
periodogram methods, while both being lower values compared to non-local means filter.
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1. INTRODUCTION

Raw MRI data is typically represented in k-space,
which corresponds to the spatial frequency spectrum.
The center of a k-space contains low-frequency compo-
nents that describe gradual intensity variations, while
high-frequency components are located near the Nyquist
boundary and are responsible for the fine details and
sharp transitions of the final image. Typically, noise that
affects MRI is of thermal origin [1], follows a Gaussian
distribution and has a white spectrum, meaning that it
introduces the same noise variance at all frequencies.
With the constant noise variance, signal-to-noise ratio
(SNR) appears lower in the high frequency k-space re-
gion, so the relative contribution of noise there is higher.

Within the image domain, the Wiener-like filtering
approach [2-4] is suitable for removing stationary white
noise, such as the Gaussian. Other analogous filtering
methods are non-local means (NLM) [5, 6] and wavelet
thresholding [7]. The letter one reduces the mean
squared error (MSE) between noise-free and the esti-
mated signal by averaging similar patches across the im-
age and is known for being a gold standard approach for
preserving the fine structures of the image [8]. Despite
these filters’ efficiency and the continuous development
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of specific approaches based on them for the denoising of
final MRI scans, ultimately these mathematical models
remain largely inapplicable for the similar processing of
the raw k-space signal, on the level of which Gaussian
noise originally impacts the data.

In addition to that, recent medical image denoising
studies cover topics from nanoparticle-enhanced brain
tumor detection to model-based tomographic reconstruc-
tion and artifact reduction [9, 10]. However, relevant
k-space studies focus mainly on reconstructions based on
the incompletely sampled k-space data or on the numer-
ical simulations of MR image reconstruction [11, 12]. Re-
garding the mathematical models at the bases of the k-
space filtering approaches, the majority of available stud-
ies mainly cover the single window filtering [13, 14].
However, in the recent study done by M.d. Prerau at al.
[15] they showed that instead of a single taper method,
multitaper analysis can be applied by averaging the spec-
tra from multiple DPSS (Discrete Prolate Spheroidal Se-
quence) tapers, providing better noise suppression and
more robust effectiveness estimates. The work by P. P.
Mitra and B. Pesaran [16] covers the multitaper analysis
used specifically in the MRI signal processing, mainly fo-
cusing on time series application in artifact removal.
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Here we propose another multitaper based approach to
noise alleviation of complex MR image with added
Gaussian noise in the k-space using 2-D Fast Fourier
Transform (FFT).

2. RESEARCH METHODS

In spectral analysis, real signals are represented as
sums of sinusoids. A single sinusoid is defined by three
parameters: frequency w, amplitude A, and phase ¢.
Knowledge of these parameters allows for the computa-
tion of the sinusoid at any point in time. A sinusoid can
be written as the real part of a complex exponential
Ae(@t+®) The complex amplitude Ae? is a phasor whose
magnitude equals A and whose argument equals ¢ and
according to the Euler’s relation:

Acos + iAsing = Ae®

Ae'? is a phasor that scales a sinusoid and shifts its
phase. The standard Fourier transform performs the
transition from the time domain into the frequency do-
main, while the k-space is the transition from time do-
main into the space domain. The Fourier space variable
for frequency w, is the inverse of time units, such as ra-
dians per second or hertz. A Fourier transform of a spa-
tial function yields spatial frequencies with units of ra-
dians per meter, denoted by k. For two-dimensional
(2-D) space, spatial frequencies are represented by k,
and k,, corresponding to two axes in frequency space.
The complex 2D sinusoid can be written as:

f(x,y) — Aei(kxx+kyy+<p)

An image can be modeled as a 2-D function f(x,y) of
space and displayed in grayscale, where large values of
f appear bright and small values appear dark. As in one-
dimension, f(x,y) can be written as a sum of scaled and
phase-shifted 2-D sinusoids. The inverse Fourier trans-
form has the form:

flx,y) = ff F(kx’ky)ei(kxx+ky}’)dkxdky'

where F(kx, ky) is the k-space spectrum and each com-
plex value is a phasor that sets the amplitude and phase
of the sinusoid with spatial frequency ky, k,. Frequen-
cies near the k-space center represent the average
brightness and slow intensity variations, so their ampli-
tudes are typically the largest. High spatial frequencies
near the k-space edges correspond to rapid changes and
fine details, such as sharp boundaries and edges.

A basic method for spectral estimation is the periodo-
gram, which uses the discrete Fourier transform. For a
random discrete-time signal x[n], sampled every At for
n=0,..,N —1, the standard periodogram at frequency
f is given by [15]:

2

N-1

o At .
Sp() =5 | wlnfemizmmsae
n=0

Because the observation is finite, the periodogram is bi-
ased and has high variance. Bias appears as spectral
leakage, so peaks are smeared across nearby frequen-
cies, and variance makes the estimate noisy. A common
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way to reduce leakage is to multiply the data by a taper
(window) before the transform, for example Hann, Ham-
ming, or Welch windows.

The single-taper periodogram $ stp (f) at frequency f is:

N-1 2

Z W[n]x[n]e—iZn:ant

n=0

§stp(f) = At

where w(n] is the taper at time index n. A single taper
reduces spectral leakage (bias) compared with the
standard periodogram, but common windows are not op-
timal for bias and the variance of the estimate remains
high.

Multitaper spectral estimation improves both bias
and variance by averaging L tapered spectra from sev-
eral orthogonal tapers applied to the same data. These
tapers are DPSS, which maximize spectral concentra-
tion in a chosen bandwidth. For a time—bandwidth prod-
uct (TW), the number of DPSS tapers is L < 2TW — 1 ac-
cording to Thomson's Multitaper Method [17]. Given a
set of L DPSS tapers {w?, ..., w!}, the multitaper spectral
estimate at frequency f is:

L 2

Se(f) = %Z At

=1

N-1
Z Wl [n]x[n]e—iZn:ant
n=0

Here x[n],n =0, ..., N — 1, is the discrete-time data sam-
pled with interval At. N is the number of samples and
{wl,...,w!} are L orthogonal Slepian sequences (DPSS)
used as tapers (Fig. 1).

DPSS tapers (Slepian sequences)
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Fig. 1 — First three DPSS tapers (Slepian sequences) wt, w?,w?
of length N = 256 for time-bandwidth product TW = 2. The first
taper is the smoothest, while higher-order tapers exhibit more
oscillations

For a 2-D image we extend the one-dimensional mul-
titaper method along both axes. Let S[nx, ny] be a real or
complex image with n,=0,..,N,—-1n,=0,..,N, -1
and sampling steps Ax,Ay. Along each axis we use one-
dimensional DPSS tapers v,f,’; [n,] and vli,yy [ny], L=
1,..,L,l,=1,.., L. A 2-D taper of order L1, is the
outer product w'[n,, ny] = v,l\;; [nx]vli,yy [ny], normalized

so that anny|wlx‘ly [nx,ny”2 = 1. The tapered spectral es-
timate .S”X'ZY(kx, ky) equals:
Ny—1Ny—1

AxAy Z z 5[ 1y [ Wby [y, m | miCkamadx tymy by

Nx=0 =0

2
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and the 2-D multitaper spectrum is the average over all

L = L,L tapers:
Ly Lc

St (ke by ) = %Z Z $teby (e, key)
I=11=1

Thus, the 2-D multitaper PSD is the mean of L orthogo-
nal, DPSS-tapered 2-D FFT spectra and this reduces the
signal’s spectral leakage and variance compared with a
single-taper estimate. We assume that the measured
complex image S, [nx, ny] = s[nx, ny] + n[nx, ny] is the
sum of an unknown noise-free image s and additive com-
plex Gaussian noise n with zero mean and variance o?2.
Because we use a 2-D Fast Fourier Transform (FFT), the
same model holds in k-space:

Kops(kx ky) = Ks(ky, ky) + N(ky, k),

with N (kx, ky) is white complex Gaussian noise with a
flat power spectrum S, (ky, k) = o2.

The 2-D multitaper estimator gives a power spec-
trum S22 (kx. ky ) of the noisy image. For a noise-only im-
age the expected value of this spectrum is a constant
NI™ and compute from the known noise variance 2. To
construct a denoising operator, we follow the classical
Wiener filtering formulation [18] for linear MSE estima-
tion. For a stationary process with signal PSD S,(f) and
noise PSD S,(f), the Wiener filter has frequency re-
sponse Ss(f)/(Ss(f) + Sn(f)). In our setting the true sig-
nal PSD S is unknown, so we approximate the total
spectrum S + S, by S22 and set S,, = NJ* . This leads to
the spectral shrinkage gain:

Glky Kk {O 1 Ng™ }

, =maxjy0,1 — 57—~
CLY S20(ky ky) + €
with € > 0, a small positive constant added to the de-
nominator to avoid division by zero. The denoised
k-space is then ﬁ(kx, ky) = G(kx, ky)Kobs(kx, ky) and the
final complex MR image is obtained by the inverse 2-D
FFT of K. In all tests, we use the clinical brain MRI data
provided by one of the authors containing the separate
magnitude and phase DICOM images (Fig. 2), which
were combined into a single complex-valued reference
image. Working with complex data allows us to model
thermal MRI noise as additive complex Gaussian noise
directly in k-space.

a b

Fig. 2 — Magnitude image (a), phase image (b)
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For performance evaluation we use Peak Signal-to-
Noise Ratio (PSNR) and the Feature Similarity Index
Measure (FSIM). PSNR is a standard signal-based met-
ric that compares a reference image and its noise-con-
taminated version using the mean squared error; it
quantifies reconstruction quality in decibels, with
higher values indicating better result. In this study
PSNR is computed on the magnitude image within a
smooth brain region of interest (ROI) to avoid a bias
from the black background. Image quality assessment
allows solving a number of applied problems in the sig-
nal processing techniques for biological tissues classify-
ing and pathological state diagnosing [19].

FSIM is a metric proposed by Zhang et al. [20] that com-
pares images based on low-level features, primarily phase
congruency and gradient magnitude, which are highly cor-
related with the human visual perception. FSIM values lie
in [0, 1], with values closer to 1 indicating higher perceived
similarity. We compute FSIM within an edge region of in-
terest (edge ROI) defined by thresholding the gradient
magnitude of the reference magnitude image, which fo-
cuses the evaluation on preservation of anatomical bound-
aries and cortical structures of the brain.

3. RESULTS

The proposed method was evaluated on a complex
MR head image reconstructed from a magnitude-phase
DICOM pair. The main parameters of MR images are as
follows: 24-year-old male, axial plane, slice location:
—4.99 mm. Artificial complex Gaussian noise was added
in k-space to obtain a target SNR of 10 dB. For each re-
construction, the magnitude image was normalized to
[0, 1]. Within the brain, a smooth ROI and an edge ROI
were defined by thresholding the gradient magnitude of
the clean image. Denoising quality was measured by the
peak signal-to-noise ratio in the smooth ROI, and the
feature similarity index in the edge ROI, FSIM, aver-
aged over five independent noise realizations.

The time-bandwidth product TW was varied from
2.0 to 8.0. The numbers of DPSS tapers in the readout
and phase-encode directions, L, and L., were taken from
2 to 8 under the usual constraint L = L,, L. < 2TW — 1.
For each parameter set, the multitaper power spectral
density estimate, the analytic noise floor matched to the
DPSS tapers, and the resulting Wiener gain were com-
puted as described above.

a b

Fig. 3 — Original brain MR image (a), brain MR image with
Gaussian noise (b)
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b

Fig. 4 — Multitaper PSNR heatmap (a), multitaper FSIM
heatmap (b); the red circle marks the highest value of the cor-
responding metric

PSNR tends to increase with the higher values of TW
and L (Fig. 4a). The highest PSNR is obtained for TW =
5.5 with L, = 8, L, = 8 (L = 64), which indicates that the
noise level, and thus the PSNR metric, improves when a
larger number of tapers is used. However, this leads to
excessive smoothing of the MR image. To find a compro-
mise between smoothing and noise reduction, we use the
FSIM metric. FSIM reaches its maximum already at
TW =45 with L, =6, L, =7 (L =42) which indicates
the best preservation of brain structures for this param-
eter set. We therefore use the maximum FSIM value as
a guideline and reconstruct the denoised image using
the corresponding TW and L (Fig. 4b).

The same configuration was then compared with two
baseline methods: a standard periodogram-based filter
in k-space and a spatial non-local means (NLM) filter,
configured as in the study by J.V. Manjon et al. [6] and
applied to the noisy magnitude image. In this compari-
son, the same complex Gaussian noise realization in k-
space was used for all three methods in each run (Fig.
4Db). The k-space periodogram employed a single rectan-
gular window and the same analytic noise variance as in
the multitaper. The NLM filter was applied to the mag-
nitude image normalized to [0,1], with the smoothing pa-
rameter estimated from the data. Results for the com-
parison are as follows:

J. NANO- ELECTRON. PHYS. 18, 01008 (2026)

Table 1 — Quantitative comparison of denoising methods.

Method PSNR FSIM

Multitaper 30.82 +0.09 0.94 £+ 0.001
Periodogram 26.57 £ 0.07 0.94 £ 0.002
NLM 29.66 + 0.15 0.96 + 0.001

Table 1 summarizes the mean PSNR and FSIM over five
independent runs. Higher PSNR values yielded by the
multitaper method reflect stronger noise reduction com-
pared to other methods. FSIM metric results are identi-
cal for multitaper and standard periodogram method,
while FSIM for NLM shows a 0.02 value increase. Im-
ages reconstructed by the multitaper, standard periodo-
gram and NLM methods:

Fig. 6 — Brain MR image denoised with the standard periodogram

Visual perception largely corresponds with the re-
sults estimated using PSNR and FSIM, with the au-
thors’ personal evaluation being that the multitaper
method (Fig. 5) holds an advantage over the standard
periodogram (Fig. 6), while the reconstruction by NLM
filter shows the highest visual similarity to the original
magnitude image (Fig. 7). Therefore, it can be concluded
that, although, the multitaper method outperforms
some single-taper methods such as the standard peri-
odogram, it still requires further refinement. Future
work in that direction may make use of brain masks or
tissue ROIs to minimize the background effect or use
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Fig. 7 — Brain MR image denoised with the NLM filter

adaptive selection of TW and of the number of tapers
based on local image structure. Additionally, approaches
combining several MRI denoising methods may lead to
the creation of robust reconstruction protocols.

4. CONCLUSIONS

A k-space denoising method based on two-dimen-
sional multitaper spectral estimation has been proposed
and studied on a real MR brain image with added com-
plex Gaussian noise. The method reconstructs the com-
plex image from real magnitude and phase data, applies
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3HUIKEeHHA IIyMOBOI CKJIAIOBOI CUTHAJIY B IIPOCTOPOBO-4ACTOTHIM 00J1acTi
I MATHITHO-PE30HAHCHOI ToMOorpadgii 3 BUKOPHUCTAHHAM 0AraTOBiKOHHOIO METOay

C.I1. Mamorenxo, A.B. Herpeba

Darynvmem padioizuku, eeKmpoHiKU ma Komn romeprux cucmem, Kuiscokuti HayloHanvHull yHigepcumem
imeni Tapaca Ilesuenrxa, 01601 Kuis, Vikpaina

Menwuni nani, sxumu e 6esmocepesii pedysbrata MPT-o6creskeHb, Ha IOYATKOBOMY €Talll PEECTPYIOTHCST
Y BUIVISIII CYKYITHOCTI JAHUX, sIKa BIIIIOBIA€ IIPOCTOPOBOMY CIIEKTPY BHMIPSIHOTO CHUTrHAJY. BrcokouacrorHa
YaCTHUHA I[HOI0 CUTHAJLY 3a3HAa€ BILIUBY IIIyMIB 010JI0MTYHOTO ¥ HEGl0JIOrYHOTO ITOXO0/PREHHS, 0 MOKEe YCKJIa-
JHIOBATHU 1HTEPIIPETAIli0 MeIUYHOro 300paskeHHs. JJ1s 3MeHIIeHHs 1[bOr0 BIJIMBY IIIYMO3HUIKEHHS TPAJU-
I[IHO BUKOHYIOTD IILJIIXOM 34CTOCYBAHHS PI3HHUX TUINB (PIIBTPIB 1 BIKOHHUX QPYHKINHA 10 dinaapaux MPT-
300paskeHb, HAIPUKJIA T2-3BaseHnX, a00 K IIIJITXOM IePeTBOPEHHS IX y 4acToTHY obJiacTh. OmHaK 111 300pa-
JKEHHS ONTUMI30BAHI He JJIs IIIyMO3HIIKEHHS, a JJIs 3pYUYHOCTI IHTepIIpeTalil MeJUYHIM CITeI[iaIiCTOM, TOMY
iCHy€e PH3UK HEKOPEKTHOrO BlTHOBJIEHHS IIOYATKOBOI'O CUTHAJIY ¥ BTPATH JeTasiaallii 3o0paskenns. OcraHuimM
YacoM y HAYKOBHUX IIyOTIKAITIAX 0YJI0 BIIMIYEHO IIi1X1] 6araTOBIKOHHOTO aHAI3Y, AKUH BUKOPUCTOBYE KIJTbKA
OPTOTOHAJIBLHHUX BIKOH JIJIs 00POOKHU 300pasKeHHs 3 MIyMoM. ¥ ITi#f po0OOTI MH JIOCITIIFKYEMO HOT0 MOYKIMBOCTL
[LJTST IITyMO3HUSKEHHsI, BUKOPHUCTOBYIOYH JaH] 110 MICTSAThH (ha30By, 1 aMILUIITY HY 1H(OPMAIIi0, HA OCHOBI SKUX
dopMyeThCST KOMILTIEKCHE 300pasKeHHs, 3 AKOT0 BIATBOPIOETHCA K-1ipocTip. 11 ymoBH € 61/1bIT HAOIHIKEHIAM 0
peasnsHoro mporiecy peecrparii MPT-currany. Mu npumyckaemo, 1110 BUKOpUCTAHHS KIIBKOX BiKOH y k-1rpoc-
TOpl MOKe 3MEHINWTH 3MINIEHHs Ta JUCIIEPCII0 CIIEKTPAJIBHOI OI[IHKMW, IO NPH3Bee [0 3HUMKEHHS PIBHI
mymy. o6 BusHAYNTH, K KUIBKICTH BIKOH BILIMBAaE HA e(PEKTHBHICTDH IIyMO3HWKEHHS, BUKOHAHO IIOPiB-
HSHHA 3 OJHOBIKOHHOIO IIepioforpamomn, a Takosk i3 dgiasrpom Non-Local Means (NLM) — oguum i3 Hammo-
IMIUPEHIIMX TiAX0IIB 10 MIYMOSHUKEHHA B MEIUYHUX 300paskeHHAX. Pe3ysIbTaTu, OIliHeH] 3a MIKOBUM CITIB-
BimHOEeHHAM curHasy 1o mymy (PSNR), mokasyoTs BHINI 3HAYEHHS IJIs 0araTOBIKOHHOTO METO/IY, HisK JIJIS
nBox inmmx. Toxi gk iHgexc momioHocri osuak (FSIM) mae omHAaKOBI 3HAYEHHS IJIsT 0ATATOBIKOHHOTO METOIY
1 MeTody CTaHAAPTHOI IIepioJorpamMu, ajie 00uaBa 11l MeTomu mmocrynawotbes NLM diasrpy.

Kiouosi cnosa: MPT, Ilepiogorpama, Bararosixomauit metox, Laycciesrmit mym, Ilepersopenns @yp'e,
Pexroncrpyxiris, lymosamxenns.
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