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To improve the performance and reduce the conservatism of developed results over a FT (finite-time)
interval, a new analysis and design technique is proposed in this paper. Then, a system is said to be FT stable
if, at a certain time interval, its state does not exceed some bounds. Hence, novel delay-dependent finite-time
stability (FTS) conditions are provided for discrete-time linear systems subject to time-varying delay. The
delay-dependent stability criteria, which take into account the information on the size of time delays, are
less conservative than delay-independent ones. Then, the obtained conditions are applied to the design prob-
lem of FT controllers. For this reason, a new approximation of the single summation that appears in the
Lyapunov-Krasovskii functional (LKF) is studied using an innovative Free-Matrix-Based-Integral (FMBI)
inequality. This has led to the proposal of new conditions in the form of LMIs that ensure FTS. Although
some results improve the stability criteria, FTS has received little attention, and more results can be ob-
tained to reduce the conservatism. That is the keystone of our research. To illustrate the potential gain of
employing this new approach, a detailed numerical example is provided. Finally, a less conservative LMI-
based design is proposed and solved with MATLAB showing very good results.
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DOI: 10.21272/jnep.17(5).05028 PACS number: 07.05.Tp

1. INTRODUCTION results improve the stability criteria, however, FTS has
received little attention, and is still room for further re-
search to reduce the conservatism using these methods,
which motivates our research.

A new analysis and design technique is given in this
paper in order to improve the performance and reduce
the conservatism of developed results over a specific time
interval. The purpose of the paper is then to guarantee
the FT stabilizability of closed-loop delayed systems de-
spite the time-varying delay. The obtained results are
based on a new approximation of the single summation
that appears in the LKF using an innovative FMBI ine-
quality. Then, results are established in terms of LMIs

Time delay is the major cause of poor performance,
oscillation, and even instability for dynamic systems.
Over the last half-century, such systems have attracted
much attention and great efforts have been devoted to
investigating the influence performance, especially in
control theory fields [1-3]. Hence, all most works focused
on stabilization conditions, that is given over an infinite-
time interval. However, in practice, the interest is often
concerned with the behavior of the system over an FT
interval. The FTS concept dates back to the 1950s [4, 5],
when the term FTS was introduced for the first time.
Then, important results are obtained for various sorts of
systems in the last years [1, 7-8]. Then, many of these
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to achieve the desired performance. To illustrate the po-
tential gain of employing this new approach, a detailed
numerical example is provided. Finally, a less conserva-
tive LMI-based design is proposed and solved with
MATLAB showing very good results.

2. PROBLEM FORMULATION
Consider the following system:
x(k+1) = Ax(k) + Agx(k —d(k)) + Bu(k) 1)

where x(k)ER™ is the state vector, u(k)eR™ is the control
input vector, A,A;€R™", BeR™™ are constant matrices,
and 0 < d; < d(k) < d, is the system delay.

We define y(k) = x(k + 1) — x(k) with:

yT(k)y(k) <e,for ke{—dy —d, +1,...,0}

Definition 1. [9]. The system (1) is FT stable according

to (¢1,¢3,RN), ¢ <cp, if xT(K)x(kK)<c,, kET,..,N,

with sup,ea,.n T MeM) < cy.

Lemma 1. [7]. For n, k = 1 the following inequality:
Ynzk < yn 2k < Yk

holds where y,, 5, = L (n+1-=20)%

1
(n+1)2k

1 (n+ 2)2k+1

" .
ymax — 2k+1 (n+)2k if n 1seven
n2k — )
Zer1 @t if n isodd
1 (n—2)2k+1 " .
min _ J2k+1 (n+1)%k it n i1seven
Yn2k = 1 (n—1)21 .
if n isodd

2k+1 (n+ 1)2k
Lemma 2. For appropriately dimensioned matrices
Zy I, N
(ADM) R > 0,Z;,L;,N; i = 1,2,Z5 with [ + 2, N, |=0,

* * R
integers a and b satisfying a < b, and vectors g, and g,,

the following inequalities hold:
1) JBI (Jacobian-Based Inversion) [10]:

Gz %vlTva 2

2) WBI (Wavelet-Based Inversion) [11]:

T [R 0
2] 2] [0 3(t—i)R] [2] @)
T
Ll [ sellvr) @)
3) FMBI (Frequency Modulation Based Inversion) [12]:
szl [0 RJE-w (2

4) GFMBI Generalized Frequency Modulation Based In-
version [ 13]:

s=2[p] [5 Ll [v all] ©
ST ST SE o
2x(i)

where v; = x(b) — x(a),v, = x(b) + x(a) g

+1’
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T
= [ >z o

Q, =L;RT, Q5 =

1

3(1 + 1) sa+n B =3k
Lemma 3. If there exist ADM Z,,Z,,2Z5,2Z4,%Z5,Z¢,N, M, an
integer me{n/n=2s+ 1;se N}, and vector functions
{y(@),x():i € [a,a + n — 1]}, the following inequalities are
true:

Z, Z, Zs N

x Z, Zs M

= >
0 * x Zg M 20,

* * R
Za+n+1 T(l)Ry(l) o Nw, y(@) =x({+1) —x(),
o= [XT((Z +n) xT(a)

L a+n xT(l-)]T
n+1<=a !
= (nZy + v1(M)Zy + v2(n)Z6) + sym(NT1; + MII, + Ys(n)gs)'
2i m
Mo=0 ~ 0=~ -1 20lym=x(1-2)",
2m L \m+1 S \2
nm=3k (1-2) var(i-2) vEr(i-),

+1 +1 +1
m+1

en (1 2i )zm " (1 2i )
ys(m) = —X7 n+1 X1 ntl
Proof. Consider the following functions:

fa®) = =ga() + (1-2229),
9@ = (1-2E2" e 25+ 1/€ N,

n+1
§0) =[@" f®a", g (D", yO]"

Then. we set: ={n—l if n 1sodd
’ P n if n 1seven

Thus, we have:
a+n 1 gn(l) — _Za+n 1 (

—_ _yn _ 2 \™
- i=1 (1 n+1) ’
_fyp/z (1 _ 2L\ yp/2 _ 2"
{Zi:a (1 n+1) +Zi=(P/2)+1 (1 n+1) }
It is easy to see that
p/2 (4 2L\" _ _gp/2 R
Zila (1 n+1) =—Zi (p/2)+1 (1 n+1)
which make to conclude that ¥2**1 g (i) = 0 and

Za+n 1¢ () = a+n 1 {(1_ 2(i+1— 3))m + (1 _ 2(i+1—3))}
n+1

n+1

=2 O+ - () () =0
a+n 1 (gn(l)) — a+n 1 (1_M)2m¢0,

2(i+1—a))m
n+1

n+1
2
1 1 2(i+1-a)\™ 2(i+1-a)
VI () = 2 ((1——n+1> + (1~
_ ya+n-1 _ 2(+1-a) zm _
T ~i=a {(1 n+1 ) +2(1

2(i+1—a))'"+1 n (1 _ 2(i+1—a))2} £0,

n+1 n+1
a+n-1 . (4 20+1=a)\2™ o 2(i+1-g)\MF1
TE D90 = - (1-252) T - (1- 22 2o,

yatn- 1 (fn(l)‘l‘gn(L))Y(l) = yan- 1 (1 2(1+1 a)) )

— a+n 1 y()_n+1za+n 1 a+n 1 }’(])
= (x(a+n) —x(a)) - EZ“" P a@+n) —x()
=-x(a+n)—x(a) — E

Summating &7 (i)0&(i) from a to a+n—1, we get:
TETTHETD0E() = @ (nZy +y1 (M) Zy +v2(W)Zs)

+ sym(NT; + MII; + y3(W)Zs)@ + L7~ y" (DRy ()
Finally, considering &7 (i)®&(i) = 0, we have:
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a+n ! y (l)RY(l) <a’ (nZy + 1 (W Zs + 7, (M) Zg)
+ sym(NIl; + MI1, + y5(n)Zs)

Proposition 1. [13]. The relationships among (2)-(7)
are summarized as follows:

1) Both WBIs (3)-(4) are tighter than JBI (2);

2) FMBI (5) includes WBI (4);

3) GFMBI (6) is tighter than FMBI (4); since the

former includes extra positive terms.

Remark 1. The condition (7) is tighter than FMBI with
gi = V3, i = 1,2 [13]. For this reason, we prove in the fol-
lowing that the GFMBI is particular case of our lemma.
Setting Z; = LR™IT,Z, =Z; = LR 5,72, =Zs=Zs =
L,R™LE,N=1L;,M =1L, and using the Schur comple-
ment, the following inequality is verified:

L,RUT L,RUL LR -L,
* LR7UL LRUE —Ly |5
* x L,R7UY —L, |
* * * R

Then, we have:
—L 0 Q 0
a+n 1 1 1
yT(Ry() <@ (2[ 0 _Lz] + [ 0 ﬁ3])w

3. FINITE TIME STABILIZATION

The effective control signal to be applied to the sys-
tem (1) is u(t) = le(t) + K,x(k — d(k)).
Theorem 1. (1) is FT stable according to (¢, ¢, R, N) if
there exist SPDM P, Q,,0,,05,R,, R,,U ],] =1,..,5, ADM
dedededepdepdepdez'dez'dez'dedede

Zav Zakv Zakis Zaa Zakar Zaxer Nav Mat, Nakr, My, Nz
My, H, L = 1,2,3,7,, W;, scalars py; > 0, odd integerm > 1,
and a positive scalar a = 0 such that:

_ e AT
Zai+ (Z5) 20,
7y Z_§1 2_31 Nay
* 231 221 Mg, >0,

* * 2_31 Mg |~
\* * * Mlﬁ/

Zaka Z:gm Z:gm 1de1
* ng Z_;kl A:Idkl >0
* * Zga Mga
* * * sz

Zikz Z:gkz Z:gkz A:’dkz
* ngz Z_gkz A_’dkz >0
* * Z:iikz Marz
* * * I_Lzﬁ

+ [YITHJI + YT H, Y, + YT H Y3 — (a — DY, 0] <o,
* 0
d,(d;+1
(Uy + dyUs + dyUy + dyUs)ey + (% +

(d, —d)(dy+d; +1)
2

)Uze <aNc,U,

where

[—(d,+ )P+0Q, _0 _ 0 0
* -Q:+0Q, _0 _ 0
* * -Q,+0; 0O
* * * —Q3
ﬁ — * * * *
* * * *
* * * *
* * * *
* * * *
* * * *
0 0 0 PAT+PW,"
0 0 0 0
0 0 0 pg,"+Pw,
0 00 0
0 0O 0
+ 0 O 0
* * 0 0
M -+
* * * *
pady (PAT + PW1T)  py(d, — dy)(PAT + PW,T) |
0 0
M1d1(13AdT + szT) la(dy — d)(PAS" + PW,T)
0 0
0 0
0 0 i
0 0
0 0
—u.d. P 0
fas 11, (dy — dy)P

U <P<U,0<U3<Q,0<U,<QyK, =W,P LK, = WZP‘{
Proof. Theorem 1 can be obtained by pre and post multi-
plying the inequalities of Corollary 1 [7] by

diag(P,P,P,P) and diag(P,P,P,P,P,P,P,P,P,P), respec-
tively, where:

P = PQl_PQﬁQ=PQ2PQ3_PQ3
Zy Zi 7% Pz, P PZZLP PZ3 P PNyP
« Iy I3 M,,l1 PZle PZ3,P PMy P
x ox Zg Md1 Pzg,P 15Md115 ’
* * *
det deL Z:gkz Ndkl\ / dklP Pde [i PEngiPE PNdkl
Zii Zgi Ma * PZ3uP PZ3.P PMyP

-

* ngj Mgy * * PZgP
* * I"iF/ \ * * *

[
PMdkl }

Va= dLag(P, P, P, P, P, P,P)y4dlag(P, P, P, P, P, P,P)

4. Examples
Example 1. Consider the system (1) where

0.20
A= (020 030, a0= (010 5908 =(530)

Using the results of Theorem 1, K, =0, (c;,¢,,N) =
(18.1,80,50), € = 1.1,d, = 2,d, = 11, 4; = 0.05, 4, = 0.001,
and a = 1.00026, the control gain matrix K, is given by:

K, = (~5.7612 —3.9194)

In addition, the initial conditions are:

o) = [p(—11),9(-10), ..., 9(0)]
n€{-11,-10,..,0}

2[233333333333
-3 -3-3-3-3-3 -3-3-3-3-3-3

Moreover, it can be seen that the initial values satisfy
the following conditions:
sup "M <a =181,

n€{-11,-10,..,0}
sup [T+ D" Mo+ 1D —pM] <a=11

n€{-11,-10,..,0}
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Figure 1 and Figure 2 give respectively the evolution
of state and norme response trajectories with the
controller. Then, it is shown that the states trajectories

converge more faster using our obtained controller gain.

Also, the considered system is FT stabilizable using our

approach, as that the state norm trajectory converges
more faster compared with [9]. So, the simulation results
show the accuracy and the effectiveness of the proposed
approach for which the closed-loop system is stable.

3 T T T T T T

T T T

—

1
) ———

states
o

——— T — s =

3 | L . | L . | L .
0 5 10 15 20 25 30 35 40 45 50
step

Fig. 1 — State responses of the system

m— OUr method
18 i -(0] )
l‘
I J
1

x7 (k)Rxk)

0 5 10 15 20 25 30 35 40 45 50
step

Fig. 2 — State norm responses of the system

Example 2. The satellite system shown in Figure 3 has
two rigid bodies joined by a flexible link [14-16].
The dynamic equations of this system are as follows:

]1‘?.1(0 + f(91(t) - 9_2 (t)) +x(0; — 67) = u(t)

J202(t) + f(91(t) -0, (t)) +x(0;—0,)=0 €]
where J;(i = 1,2) are the moments of inertia of the two
bodies (the main body and the instrumentation module),
f is the viscous damping, k is the torque constant, and
6,,0, are the yaw angles for the two bodies.

Then, the system (8) can be transformed as the
following discrete system:

1.0000  0.0000 0.0100 0.0000
[ 0.0000 1.0000 0.0000 0.0100

xk+1D =1 50000 0009 09996 00004 |*¢
0.0090 —0.0090 0.0004 0.9996

J. NANO- ELECTRON. PHYS. 17, 05028 (2025)

0.00
0.00
+ 0.01 u(k)
0.00
where J; = 1,5 = 0.09,f = 0.09, and the sampling time
T, = 10ms. Also, the state vector is:

I | I
~o 1000 2000 3000 000 5000 6000 7000 8000 000 10000

Fig. 4 — State responses of the system
7 . . ; . ; ;

T T T

xT (k)Rx(k)

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
step

Fig. 5 — State norm responses of the system

. . 4T
x(t) = [x1(t), x2(t), X3 (t),x4(t)]T = [91'92'91'92]
Now, let K; = 0, (cy, ¢, N) = (5.5,30,10%),e = 1.1,d, =

2,d, =11,u, = 0.5,u, = 0.06, = 1.00001. Using Theo-
rem 1, the control gain matrix K, is given as follows:

K, =(-0.0102 -0.0100 —0.1185 —0.1173)

05028-4
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In order to check the effectiveness of the obtained
results, simulation results by applying our derived
controller gain are given in Figure 4 and Figure 5. Then,
the closed-loop system is FT stabilizable and the state
responses converge to zero when initial values of the
states are x(0) = [1,-0.5,1.5,—1]7.

12 T T T T T T T
e Our method
—--[16]
10 1
Y
1 \\
I\
8 1 ) J
J \‘
= ]
= | p \
x 61, Y 1
5 \
*
'
4 \‘ .|
\
Ay
2 \‘ 4
\s
\h
' L ‘--—
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
step

Fig. 6 — State norm responses of the system
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N. EL FEzAz1, M. FAHIM ET AL. JJ. NANO- ELECTRON. PHYS. 17, 05028 (2025)

Jls mokpalieHHs TPOJAYKTUBHOCTI T4 3MEHITEHHST KOHCEPBATHU3MY PO3POOJIEHUX Pe3yJIbTATIB IIPOTITOM
irTepBasy ckimueruoro uacy (FT) y mift crarri npomoHyerhecss HOBHI MeTO] aHAJI3y Ta MpoeKTyBaHHsA. Tomi
cucrema HasuBaeTbess FT-criiikoio, sSIKINO Ha IeBHOMY 1HTepBaJIl 4acy il cTaH He IIePeBUINye IIEBHUX MEIK.
OTsre, U1 QUCKPETHUX JIHIHHUX cucTeM 13 3minHoo0 3atpumkoi (FT) mamaorscs mosl ymosu FT-criitkocti
(FTS), mo 3ane:xkars Big sarpuMkn. Kpurepii cTIIKOCTI, 110 3aJIesKaTh BiJ] 3aTPUMKH, STK1 BPaXOBYIOTH 1H(OP-
MAIIifo PO PO3MIp YAaCOBUX 3aTPUMOK, € MEHII KOHCEPBATHBHUMMY, HIK Ti, 0 HE 3aJIeKAaTh BiJl 3aTPUMKH.
IToTiMm oTprMaHi yMOBM 3aCTOCOBYIOTBCS 10 3amadi mpoektyBaHHA FT-romTposepis. 3 Iiel mpuymHA T0CITI-
JIBKY€ETHCSI HOBE HAOJIMIKEHHSI 0JJHOPA30BOT0 IIICYMOBYBaHHS, 1110 3'ABJIsAETHCA y pyHEmioHanl Jlsoyrosa-Kpa-
coBcbkoro (LKF), 3a momomoroio iHHOBAIIAHOI HepiBHOCTI Ha 0cHOBI BistbHUX MaTpuilh (FMBI). Ile npussesio
1o mporo3urlii HoBuxX ymoB y Burysimi LMI, siki sabesmeuyiors FTS. Xoua meski pes3yJsibTaTé MOKPAIIyOTh
kputepii critikocti, FT'S (Teopis TouHOro po3mmoIiiy) oTprMAaja MaJjo yBard, 1 MOKHA OTPUMATH OLIIbIIe pe-
3yJIBTATIB JIJIsT 3MEHINeHH KoHcepBaTtuaMy. Lle € kiouoBum esremerToM Harmoro gocimkenss. [[{o6 mpoiso-
CTPYBATH MIOTEHINIHHY BUTOY Bl BHKOPHUCTAHHS IHOTO HOBOTO X0y, HABEJIEHO JeTaTbHUN YUCIOBUM IIPHU-
knan. Hapemrri, 3ampomonoBano ta Bupimeno 3a mormomororo MATLAB meHIn xoHcepBATUBHUI IIPOEKT Ha
ocuoBl LMI, skuit moxasas [yske XOpoIIl pe3yIbTaTH.

Knrouosi ciosa: Critikicts y ckinuernnoMy 4aci, Jluckperni cucremu, [HTerpas Ha 0oCHOBI BUIBHUX MATPHILb.
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