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Some new delay-dependent finite-time stability (FTS) conditions are provided and applied to the design
problem of FT controllers. First, based on a new integral inequality and a simple Lyapunov-Krasovskii
Functional (LKF), delay-dependent FTS criteria are proposed by introducing some free-weighting matrices.
Thus, a new approximation of the unique integral that appears in the LKF derivative is proposed using an
integral inequality, called free-matrix-based integral inequality (FMII). Then, memoryless and memory state-
feedback controllers (MSC and MC) are designed to ensure FTS of delay-dependent uncertain systems, which
are less conservative than others found in the literature. Although some results improve the stability criteria,
FTS has received little attention, and more results can be attained to reduce the conservatism. That is the
keystone of our research. The time-varying delays are bounded and differentiable with upper bound of delay
derivatives. Also, the sufficient conditions obtained in this paper are established in terms of Linear Matrix
Inequalities (LMIs) to achieve the desired performance. To illustrate the potential gain of employing this new
approach, a detailed numerical example is provided. Finally, a less conservative LMI-based design is proposed

and solved with MATLAB showing very good results.

Keywords: Finite-time stability (FTS), Uncertain systems, Free-matrix-based integral inequality (FMII).
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1. INTRODUCTION

In order to contribute to the stability of the system and
reduce conservatism, a variety of approaches have been
reported in the literature [1, 2, 3]. Then, all most studies
focused on LMI stability and stabilization conditions, that
is defined over an infinite-time interval. However, in
practice, the interest is often concerned with the behavior
of the system over a specific time interval. The FTS
method is then introduced in this case. A system is said to
be finite-time stable if, at a certain time interval, its state
does not exceed some bounds. This stability concept dates
back to the 1950s [4, 5], when the term FTS was
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introduced for the first time. Then, important results are
obtained for various sorts of systems such as linear time-
varying systems [6, 7, 8], linear systems with additive
time-varying delay [9], discrete-time systems [10], neural
network systems [11], T-S Fuzzy systems [12, 13], and
impulsive systems [14]. On the other hand, the
stability/stabilization criteria can be reduced to the
feasibility of a set of LMIs. In general, when the feedback
gains have been processed as variable parameters in the
LMI feasibility issue, automatic stabilizing control is
generated from a set of obtained LMIs. Then, for the
performance improvement and the conservative reduction
of results over a finite-time interval, a new analysis and
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design technique is proposed in this paper.

Motivated by these observations, a new FT form is
provided and applied to the design of MSC and MC. The
purpose of the paper is then to guarantee the FTS and FT
stabilizability of closed-loop delayed systems despite the
uncertainties. These results are based on a simple LKF,
an FMII, a new approximation of the unique integral,
and some free-weighting matrices. Finally, less
conservative LMI-based design conditions are proposed
and solved by the LMI Tools of MATLAB to show the
effectiveness of the proposed approach.

2. PROBLEM FORMULATION
Consider the following system:
x(t) = Ax(t) + Azx(t — h(t)) 1)

where x(t) € R" (state vector), A4,Ad € R™™ (constant
matrices), and the delay 0 < h(t) < h, h(t) < hp.
The uncertain matrices are given by:

where [AA(t) AAy(t)] = EX(t)[F Fd] and X(t) is an
uncertain matrix function that satisfies £ T (£)2(t) < Ip.
Definition 1. [8]. The system (1) is said to be FT stable
according to (cq, ¢y, T, R), where 0 < ¢; < ¢y, if

XT(OX(D) < ¢z, Yt € [0, T]: supeeinoy@” (De(T) < &1

Lemma 1. [15]. Let 6 = @T,E, and F be
appropriately dimensioned matrices (ADM). Then, the
condition © + EX(t)F + (EZ(t)F)T < 0 holds if there exists

. . @ SE FT .
a scalar € > 0 such that the inequality |* —eI 0]>0is
* ox —gl

satisfied.
Lemma 2. [1]. For an ADM R >0 and a vector
function x: [a, b] = R", the following inequality holds:

T
(17 x()ds) R([, x(s)ds) < (b - a) [, x"(s)Rx(s)ds
Lemma 3. [16]. For ADM R € ™™ Y € RZV" X €

Rz [f ;] > 0, and a vector function x: [a, b] - R", the
following inequality holds:

x(b)
x(a)

Lemma 4. [17]. For an ADM R >0 and a vector
function x:/a, b]— R", the following inequality holds:

T
— [P AT ()Rk(s)ds < igz g] [sym(Y[I —I]) + (b — @)X] [

b .p . 1 A
— [ xT(s)Rx(s)ds < —o' o,

—4R —-2R  6R
* —4R 6R
—12R

f= @ = [x"(b) x"(@) += [ x"(s)ds]"

* *

Lemma 5. [18]. For symmetric positive definite

matrices (SPDM) R € R™™, 7,7, € REWSn ADM 7, €
7. 7, N

RIVEN N, M € RV satisfying |+ 2z, M|[=0, and a
* * R
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vector function x:/a, bj— R™, the following inequality holds:

— [T (s)Rk(s)ds < @T Qw,

1 (b T
@ = [ ()x" (@) = [} x"(s)ds]
Q= (b—a)(2 +32;) + sym(NII; + MIL),
M= -1 ol,=[-1 —-I 2I]

Lemma 6. [19]. For a SPDM R € R™"*" and ADM L, M,
the following inequality holds:

— [T (s)R%(s)ds < @T Qw,

_[,r T 1 b 7 T
@ = [x"(b)x" (@)= [, x"(s)ds|
Q= (b-a)(LR7ILT + 2 MR™IMT) + sym(NTI, + MT1,)

Lemma 7. [6]. For SPDM R e R™™"Z,,Z,,7Z¢ €
R33N ADM  Z,,Z5,Zs € R33N N, M € R3M" satisfying
Z, Z, Zs N

Z, Zs M

x  Ze
* * * R
x:fa,b]— R", the inequality —f: T (s)Rx(s)ds < wTQw
holds for k € {n/n = 2m + 1;m € Z**} where

the condition >0, and a vector function

@ = [x"(D)x" () = [ xT(s)ds]T,

Q= (b—a)Z + g1Zs + g2Zs + sym(NTly + MTI, + g3Zs),

1 2 1 b-a
g=0b-a (2k+1+m+§)' 92 =557

gz3=0-a (_2k1+1 _ﬁ)

Lemma 8. [6]. The system (1) is FT stable according
to (cq, ¢, T, R) if there exist SPDM Q4,Q,(Q1 > Q3),Z4,Z,,
Zg € RIVEN ADM  Z,,Zs, Zs € R3S N, M € B3, and
positive scalars ¢, 4;,i = 1, ...,4, such that:

Z, Z, Zs N

* Zy Zs M
45 >0 (2)
* *x Ze M
* * * P
A 02y, 043+ aP PA,4
* My —Q 023 0
* * 33 — ahQ, — aP 0
* * * —hpQ2
* * * *
* * * *
* *

* *
hATP  ePE  FT

0 0 0

0 0 0
hATP 0 FJ |<0
—hP €hPE 0

* —el 0

* * —el

3

eal

hz
Tl (C1 + #7) lz + Clh()l3 + 14) < cCy

forke{n/n=2m+1,me€ Z*},0;, = Q; — Q;,hp = 1 — hp,
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Qll le Ql3
* Qg Qg3 | = hZy + g1Z4 + sym(NTLy + MII; + g3Zs),
* * Q33
A=Qy; +PA+ATP+Qy —2aP, g, = h (s + = +3),

)0 <l <P <2y,

_h —h(— 1
92 =519 = 2k+1
-1

~ ~ - -1
0 < Q1 < 131,0 < QZ < A41,P = R?PRT,
- - ~ -1 -1
0<Qy <A30,0< (0, <A,1,P=RzPRZ
Proof. The condition (3) of Lemma 7 is equivalent to
the inequality £ + EX(t)F + (EZ(t)F)T < 0 where

ET=[(PE)T 0 0 0 h(PE)TL,F=[F 0 0 F,0]

’

A Q45 Q43 + aP PA, hATP
(* Q5 — Q; Qy3 0 0 \
E= * * Q33 — ahQ, — aP 0 0
* * * _EDle hAgP
* * * * —hP

Using Lemma 1, the condition (3) of [6] is obtained.

Remark 1. In deriving Lemma 7, we supposed that k €
{n/n=2m+ 1;m € Z**} in order to liberate the matrices
Z, and Z;. Then, we can reduce the conservatism and
complexity, and have more degree of freedom.

Remark 2. From [19], Lemma 5 and Lemma 6 are
equivalent. Also, Lemmas 2, 3, 4 are particular cases of
Lemma 5 [18]. Then, it suffices to compare our results
with those of Lemma 5 or 6. Therefore, if we choose Z; =
NR™INT,Z, = Zy = NR™MT,Z, = Zs = Z, = MR™'MT, the
inequality below is verified using the Schur complement:

NR™INT NR'MT NRMT N
«  MRTMT MRTMT M|,
* * MR™IMT M|~
* * * R

Then, we have:

- f: #T(s)Rx(s)ds < wT((b —a)Z; + §1Z4 + G276
+sym(NTI, + MTII, + g3ZS))w =@ ((b—a)NRINT + (g, + g, + 2g3)
X MR™IMT+sym(NTI, + MT1,))w = w” ((b —a) (NR-lNT + %MR‘lMT)

+sym(NTI; + MI1,))w

Finally, Lemma 5 and Lemma 6 are particular case of
our developed lemma.

3. FINITE TIME STABILIZATION
At this stage, the following system is considered:
x(t) = Ax(t) + Agx(t — h(t)) + Bu(t) (4)

where u(t)eER™ is the control input vector and
BeR™™ is a constant matrix. Then, the effective control
signal (MSC) to be applied to (4) is u(t) = Kx(t).

Theorem 1. (4) is FT stabilizable according to (cy, ¢y, T,
R) if there exist SPDM P,Q;,0,(0, > Q,),Z,,Z4,Z¢ €

JJ. NANO- ELECTRON. PHYS. 17, 04015 (2025)

R3WEn g e R i =1,..,4, ADM Y e R, 7,,75, 75, €
R3IWx3n N M € R3*" and a scalar € such that:

7. Z, Z3 N
* 2 Zs M) (5)
x % Zg M|
* * * P
r .{712 .(213 + aP AdP
* 25— Q, 53 0
* * 33 — ahQ, — aP 0
* * * _EDQ_IZ
* * * *
* * * *
* * * *
hPAT + hYTBT ¢E PFT
0 0 0
0 0 0
hPAT 0o PFT|<o0, (6
—hP chE 0
* —el 0 /
* * —el

hZ
<<c1 + y7) H, + c;h(Hs + H4)> < ce”%TH;

forke{n/n=2m+1,mez*},0,,=0,—Q,, Y =KP™,

_h

[=Q0y +AP+PAT+BY +Y"B" + 0, — 2aP, g, = 57—,

91 = h(2k1+1 + ) 93 = h(_ 2k1+1 _ﬁ)’

-1 -1 -1_ -1
0<H,] <R2PRz < H,I,0 <Rz (Q,R% < Hsl,

—+
k+2

-1 -1 _ _ -
0< R?QZRT < H41,ij = P.Q“P,] =123,

Hi = ﬁ(ﬂ.ll)ﬁ,l = 1, ,4

Proof. The condition (5) is obtained by pre- and post-
multiplying (2) by diag{P~*,P~1,P~1,P~'} taking into
account that Z; = PZ,P,l=1,..,6, N=PNP, M =PMP.
Also, the condition (6) is obtained by pre- and post-
multiplying (3) by diag{P-1,P-1,P-1,P1P1T]} : P=P1,
Q1= PQ,P,Q; = PQ,P,Q3 = PQ3P,Y = KP,H; = P(,1)P.

Now, let the following effective control signal (MC):
u(t) = Kx(t) + Kzx(t — h(t)). Then, the results can be
easily obtained by replacing A,P and hPAT, by A4P + BY,
and hPAY + kYT BT, respectively, where Y; = K;P~*. On the
other hand, the other conditions are the same.

4. NUMERICAL EXAMPLE

Let the uncertain system (4) where
A= [00_115 04] Aa = [o 11 O] B= [ ]
E= [0'81],F =[1 0LF;=[05 o

1. Then, we choose c¢; =2.002,T =1.5u=0.01,e=
1000, and hp = 0. Applying Theorem 1, Table 1 is given

04015-3
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with @ = 1.005. Thus, the obtained values of hyp, is
larger than those obtained in [8], and then the results are
significantly improved.

Table 1 — Comparison of h,,,, for different values of c,

C2
hZ max
10 15 20 25
(8] 2.7703 3.90344 3.9892 4.0472
(h1 = 0)
Theorem
1 (MSC) 2.8751 7.2232 9.7920 11.6950
Theorem | ¢ S50 | 9.7796 11.3062 | 12.5805
1 MC) ) ) . .
C2
hZ max
30 40 50

[8] (hy = 0) 4.0852 4.1208 4.1268
Theorem 1
(MSC) 13.2045 15.5221 17.2780
Theorem 1
(MC) 13.6965 15.6226 17.2880

2. Now, we choose c¢; =2.002,c,=50,T=1.5pu=
0.01,& = 1000, and hp = 0 and apply Theorem 1. Then,
Table 2 is given with a = 1.005. Therefore, it can be
concluded that increasing k reduces conservatism even if
this reduction is small, and this proves that the idea of
not specifying the value of k in Lemma 4 is a good one.

Table 2 — Comparison of h,,,,, for different values of k

k
thax
1 11 21
Theorem 1
(MSC) 17.2780 17.2787 17.2789
k
thax
31 41 51
Theorem 1
(MSC) 17.2790 17.2791 17.2791
k
thax
91 101 1001
Theorem 1
(MSC) 17.2791 17.2792 17.2792

JJ. NANO- ELECTRON. PHYS. 17, 04015 (2025)

3. Also, we choose ¢; = 2.002,¢, = 20,T = 1.5,u = 0.01,
and € = 1000 and apply Theorem 1. Then, we have:

Table 3 — Comparison of h for different values of hy,

hp
h
0 0.1 0.3
Theorem 1 (MSC) 9.7886 9.3914 8.4568
hp
h
0.5 0.7 0.9
Theorem 1 (MSC) 7.2965 5.7704 3.3905
1.5
1 _-—-—-l—-—___—___ 7
05 1
o 4
05 .
- —_— - — -
-1 - L |
0 0.5 1 1.5

Time(s)

Fig.1 — Evolution of the state variables

2.2 T T

x () Rx(t)
> &

-
'S

1.2

Time(s)

Fig. 2 — Evolution of the state variables norm (—— : Theorem
1, —=-—:1[8])

Then, it can be seen that increasing the upper bound
of the delay time derivative causes a conservation defect.

04015-4
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4. In the end, we choose c¢; =2.002,T=15u=
0.01,& = 1000, and hp = 0. Applying Theorem 1, Figure 1
and Figure 2 are given with a = 1.005,h = 3, and ¢, = 12.
Then, it is can be seen from Figure 1 that the state
responses converge to the equilibrium point as it reaches
the desired tracking performance.

Also, the considered system is FT stabilizable with
respect to (2.002,12,1.5,1) using our approach, as that the
state norm trajectory (see Figure 2) converges more
faster compared to [8], which proves the efficiency of our
results. Finally, the simulation results show the accuracy
and the effectiveness of the proposed approach for which
the closed-loop system is stable.

5. CONCLUSION

The lemma developed in this article generalizes some
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HaBeneno nesixi HOBI ymoBum criiikocti 3a ckimuenHuM dacoMm (CTC), mio 3ame:xkaTh Bl 3aTpUMKH, Ta
3acrocoBaHi 70 3amaui npoerryBauHsa koHTposepi CT. CrouaTky, Ha OCHOBI HOBOI IHTerpaJIbHOI HEPIBHOCTI Ta
mpocroro ¢yukmionany Jlsamymosa-Kpacosebroro (JIK®), sampomonoBamo kpurepii CTC, mio sameskats Bim
3aTPUMKH, IIJIAXOM BBEIEHHS JIeAKAX MATPUILh 3 BLIBHUM 3BAsKyBaHHAM. TaKMM YMHOM, 3aIIPOIIOHOBAHO HOBE
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EL H. AoucHICHA, N. EL FEzAZI, M. FAHIM ET AL. JJ. NANO- ELECTRON. PHYS. 17, 04015 (2025)

HaOIMIKEeHHsS YHIKAJILHOTO IHTEerpasia, SKui 3 sBiserbesa B moximuiit JIK®, 3 BHKopuCTaHHSIM IHTErpaJibHOL
HEepPIBHOCTI, KA HA3WBAETHCS IHTErPaJbHOI HepiBHICTI0O Ha ocHOBI BibHOI marpuini (DHBM). Ilorim, ma
3abeameuenus CTC HeBU3HAUEHUX CHCTEM, IO 3aJIEKATDH BIJl 3aTPUMKH, PO3PO0JIEHO KOHTPOJIEPH 31 3BOPOTHUM
3B's13KoM 110 craHy Ta 6e3 mam’aTti (MSC ta MC), sKi € MeHIIT KOHCePBATUBHUMHU, HIK 1HIII, IO 3yCTPIYAIOTHCA B
smiTepaTrypi. Xoya JesdKl pe3ysbTaTH MOKpalryioTh kpurepii crifikocti, CTC orpumasa mano yBaru, 1 MOKHA
oTpuMaTH OlIbIlle pPe3yJIbTATIB JJIsS 3MEHIINeHHs KoHcepBaTuaMy. lle € KJIIOYOBMM €JIEMEHTOM HAaIlloro
IOCIIIKeHHsA. 3aTPUMKH, 10 3MIHIOIOTBCA B Yaci, 00MeskeHl Ta nudepeHIiioBaHl 3 BEPXHbOIO MEKEI IIOXITHUX
sarpumrn. Kpim Toro, mocraTHi yMOBM, OTpUMAaHI B i CTATTi, BCTAHOBJIEHI B T€PMiHAX JIHIAHAX MATPUIHUX
uepiBaocrert (JIMH) mms mocsrmenmst Oaskamoi mpoaykTuBHOCTI. Js imocTparrii mMOTEHIHHHOT BUTOMM Big
BUKOPHUCTAHHS I[HOT0 HOBOTO X0y HABEJEHO JeTaJTbHUN YMCIOBUHN IpuKiIa. Hapemrri, 3aripornoHoBaHo MeHIIT
KOHCEepPBATUBHUH MpoeKT Ha ocHoBI LMI, skuit Bupimeno 3a momomororo MATLAB, mo mokasye myske Xopoiii
peayJibTaTu.

Kmiouosi cmosa: Criiikicts y ckinueHHOMy 4Yaci, HeBuamadeni cucremwu, IHTerpasbHa HEpiBHICTH HA OCHOBL
BLJIBHOI MATPHIII.
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