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Diffraction of a homogeneous unit density flow of E-polarized photons on a grating of infinitely thin metallic
strips is considered. Probability of finding a photon in any point is represented by psi-function, satisfying to
Schrodinger equation and boundary conditions of equality zero on the strips and continuity on the slits. This
work provides further development of quantum-mechanical contemplation of the diffraction problem on the
periodical structures. To solve the problem, the strict Riemann-Hilbert boundary value problem method is used.
The essence of it is that the solution of the functional equations system is reduced to the restoration of the
analytical function in the entire plane of the complex variable, based on the sum of its limit values on the arc of
the unit circle. The unknown coefficients of the function, represented as a Fourier series, are determined from a
well-converging infinite system of algebraic equations.

Using PC, numerical experiments were performed to study the probability distribution of E-polarized
photons with a wide change in the parameters of the problem. The dependences of the square of the psi-
function module on the ratio between the wavelength and the grating period, on the ratio between the slit
width and the grating period are presented for different values of the angle of incidence of the photon flux and
the distance from the grating. Based on the analysis of the obtained dependencies, conclusions about the ratios
of parameters at which the grating constant can be determined more accurately from the observed diffraction
pattern were made. With normal incidence on the grating, it is more convenient to do this by observing the
diffraction pattern behind the grating, with oblique incidence - in front of the grating.
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1. INTRODUCTION

This work provides further development and quantum
mechanical contemplation to the solution of the
diffraction problems on the periodical structures. To solve
the problem, the strict Riemann-Hilbert boundary value
problem method is used. The essence of it is that the
solution of the functional equations system is reduced to
the restoration of the analytical function in the entire
plane of the complex variable, based on the sum of its
limit values on the arc of the unit circle. The unknown
coefficients of the function, represented as a Fourier
series, are determined from a well-converging infinite
system of algebraic equations.

The system equations are fit for any relations be-
tween wavelength and period of the structure and any
relations between a width of slit and a width of a strip.
Good convergence of the system permits to utilize
reduction method, what make its convenient for
numerical calculations with help of PC.
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2. FORMULATION OF PROBLEM

Let a homogeneous unit density flow of E-polarized
photons falls from the negative side of the OZ axis on a
grating of infinitely thin metallic strips. Velocity of pho-
tons lies in the plane YOZ and made an angle with axis
OZ. Width of slit equals d, period of grating — I, so the
width of strip equals I-d (see Fig. 1).

X

Fig. 1 — Diffraction grating
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It is needed to define intensity of flux (the probability
|¥|? of photons above and under grating. According to de-
Broglie [1] ¥- function may be presented as

w, = exp[—%(E ~pr] 1)

where E — energy, p — pulse of photon.
Let us consider stationary happening, then

Y, =exp[i%(ysina—zc05a)] 2)

Due to the periodicity of the structure in the direction
of the Y axis, the psi-function of reflected photon can be
represented as a Fourier series

- ¥ a,epliuz +L,Y)] )

For a photon that has passed through the grating, we
will have, respectively,

W= b, expli(-y,z + )] @)

where

C —zin+Zsm 2—(1+95.|noc)

)
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The total amplitude describing the state of a photon in
the upper half-plane is equal to the sum of the probability
amplitudes (2) and (4)

YW+, (6)

It must mark, that at the oblique incidence of pho-tons
on a grating a vector character W-function manifests itself
which, by the way, Vakarchuk mentions in his book [1]. It’s
naturally, because ¥ -function deter-mines the state of a
photon, which has electromagnetic nature and its state, is
determined by strength electric and magnetic field vectors.
Let us resume, that metal strips have ideal conductivity
and photons cannot penetrate into metal strips.
Consequently, on the strips the psi-function should vanish,
and on the slits the psi-function and its derivatives should
be continuous. For E-polarized photon it will be different
from zero components electromagnetic field Ex,
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It is worth noting the peculiarity of the representation
of psi-functions (3), (4). Unlike the normal incidence of
photons on the grating, where the psi-function is a periodic
function with a period of [, psi-functions (3), (4) are almost
periodic functions of the Y coordinate. But even in this case
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|¥|?will represent the intensity of the photon flux above
(z<0) and under (z > 0) of a grating.
On slits Z—j and ‘;—j are continuous. Satisfying the

continuity condition we obtain the equality.

1+ i 2 exp(i @ y)=

n=—o

z b exp(uzi”y) %

Thus, the psi-function is continuous over the entire
period. From this follow the equalities

b,=1+a,, b, =a, ®

Let us introduce the smallest parameter. Let's write yn
in the form

%n :i‘n+98inoc‘(l—nn) )
where
. 9?
=1+i|— -1 10
T (n+9sina)? (10)

tends to zero when |n| - . For the unknown’s bn, a» we
get the system of equations

Zb exp(l—y) 0, (strip) (11)

=—0

ibn\n—95ina\(1—nn)exp(iLT‘y):o, Gli)y  (12)

n=—o

We will not give mathematical explanations of the
procedure for reducing of system of equations (11), (12) to a
standard form, which allows writing down the solution of
the Riemann-Hilbert boundary value problem. They are
described in sufficient details in the monograph [2].
Finally, we have an infinite convergent sys-tem of linear
algebraic equations that allows the application of the
reduction method.

v
X, =-i9cosaVy +2> X, Vo +
n=0

) . (13)
> x, Incdsino] | oo o,
e N+8sina
0=-i9cosaV> + zzlenvgl +
) - n=0 14)
+3x, I Ssinof |\ pops

= " n+3sina
(m=0, 1, 2,43, ..)

where ¢ = 2my/1, v - integer, satisfying the relations
v+JI9sina<0,v+1+9Isina > 0.

Expressions of coefficients V2!, V.2, VJ, V2, V%, RL, R,
in Legendry’s polynomials are represented also in the work
[2]. Thanks to the parameter y», which tends to 0 as y, =
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0(1/n?) at n — o the system (9) is convergent and let to
applied the reduction method

3. ANALYSIS OF OBTAINED RESULTS

When a homogeneous, monochromatic photon flux
falls at an angle to the normal to the plane of the grating,
a discrete spectrum of directions is formed along which
the reflected and transmitted photons propagate at disc
reangles to the normal. Since we assume that the
frequency of the photons remains unchanged, their
energy and module of momentum remain unchanged.
According to (3), (4), the y-component of the photon
momentum can acquire with a certain probability an
increment Ap, = 2nnh/1, (n =0, +1, £2, 43, ...). It leads to
a change in the direction of its movement.

The angles at which photons can propagate are
determined from the relation

sinen:&:sinown% (15)

where (n =0, £1, +2, £3, ...). p = 2nhA/A - total moment
of photon.

The basic equation of the diffraction grating (15) de-
termines the directions of diffracted photons in the dif-
fraction orders. It is of a universal nature and does not
depend on the profile of the grating.

At a=0 it goes over to the equation of the diffraction
grating known from wave optics

sin@, = nT (16)

It should be noted, that at a normal incidence the
threshold value of the ratio, determining the appearance of
the diffraction patterns, as we see, depends only on the ratio
between the wavelength and the period of the structure [3].
At oblique incidence it also becomes dependent on the angle
of incidence and is determined by the expression

/A= 1. 17
1-sina

Now let us pass to discussion of numerical results.
Calculations were performed using a computer program
that allows to obtain the dependence the diffraction
pattern on ratio period of a grating to wavelength 9 = 1/4,
coefficient of fulfill d// at the different angles incidents,
and at the different distances from a grating.

Putting in the system of equations (13), (14) y» =0 for
all n, n >N, —v>n and it is possible to get the limiting
system. Computer program permits to do calculation in the
limits of d/I from O to 1, and in the limits of 9 = 1/4 from 0
to 4.1. Psi-function of a photon passed throw a grating or
reflected is represented by expres-sion (3), (4). At the
distance from plane of grating z >/ in the sum (3), (4), will
be only the members of a number for which n >N, —v >n.
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=3 a,expliGe,2 +C V) 19)
v = ZN: a, expli(—x,z +¢,¥)] (19)

n=-v

Fig. 2 shows the dependences on y/I at normal
incidence for different values of z/l, separated from each
other by a distance of A§= 0,3775 — a quarter of the
repetition period of the diffraction pattern. From a
comparison of the curves, it is evident that when the
distance changes by the value A% = 0,755 of the maximum
moves from the middle of the slit to the middle of the tape
and through the distance A% = 1,55 is repeated.

The pattern is symmetrical both relative to the
middle of the slit and the middle of the tape, which

follows from the relations
(20)

that is, the psi-function is an even function with respect
to the variable y.
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Fig. 2 — Diffraction patterns of distribution of |¥|? from y/I at
VA=1.1, d/1=0,5, a=0 for different values of z/I: 1. z/1=1,55;

2.2/1=1.925;3.2/1=2,3

3.0
2.5—\\ 1,1
\ 7
2.0 \ I
(\l; ‘ 1
T15{ 1V !
\ '
\ '
104 \ o
0.5 o 1!’"— ’
. e ]
/./ ‘t'\":\,\ ";' 7 5
r ::._,;\;:_a!: =, -
0.0 02 04 06 08 10 12
v/l

Fig. 3 — Dependence of |¥|?> from y/l at /A=1.1, d/1=0,5,
z/1=1,55 for different values of the incidence angles: 1. a=0; 2.
a=76; 3. a= 3
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As can be seen from Fig. 3, in the case of oblique
incidence, the symmetry of the diffraction pattern is
violated and violation increases with increasing of angle
of incidence. This is due to the fact, that at oblique
incidence, relation (20) is not satisfied. On the other
hand, this is also due to the fact that new angles at which
photons can propagate for negative values of n appear at
smaller values of the ratio I/4 than for positive n. For the
reflected photon flux, the diffraction pattern has the
same character as for the transmitted one, it also re-
peats depending on the distance. Fig. 4 shows a family of
curves for photons passed through the grating for
different wavelengths.

2.04

1.5 I3 ]

[*H]
-

1.0+ 1

I s
0.5+ vV \

0.0 0.2 0.4 06 0.8 1.0 1.2

Fig. 4 — Dependence of |¥|? from y/l at VU1 =2.5,d/1=0,5, a=0
for different values of the z/1: 1. 2/1=1,55; 2. z/1=1,075
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Fig. 5 — Dependence of |¥|? from y/I at a= 6, d/1=0,5, z/1=3,1
for different values of VA: 1. /A=1,1; 2. VUA=1,7; 3. /1=2,4
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As can be seen from the graphs, with an increase in
l/A, the number of maxima increases, the diffraction
pattern becomes more complicated. From the general
analysis of the obtained graphs, we can draw conclusions
about the values I/1 and angles of incidence at which it is
more convenient to determine the lattice period from the
diffraction pattern. If we satisfy the conditions 1> ¢
(where ¢ is the constant of the crystal lattice in the
direction of the X axis), then in this direction the photons
of the atoms will perceive it as a continuous band and at
the same time, will satisfy the relation

#>|/7\,> l
2-sina 1-sina

@1

Then in the transmitted and reflected flows only two
directions will be realized and in the diffraction pattern
one clearly expressed maximum will be observed (Fig. 4)
repeating with a period /. Thus, knowing the wavelength,
one can determine the lattice constant.

4. CONCLUSION

1. Diffraction of a homogeneous unit density flow of
E-polarized photons on a grating of infinitely thin
metallic strips is considered. To solve the problem, the
strict Riemann-Hilbert boundary value problem method
is used. The dependences of the square of the psi-function
module on the ratio between the wavelength and the
grating period, on the ratio between the slit width and
the grating period are presented for different values of
the angle of incidence of the photon flux and the distance
from the grating.

2. Periodic changes in the diffraction pattern with a
change in the distance from the grating are determined.
An expression is established that gives the dependence of
the threshold value of diffraction, the ratio between the
period of the structure and the wavelength, and on the
angle of incidence. Recommendations are given regarding
the ratio between the grating period and the wavelength
at which either the wavelength should be measured when
the period is known, or the grating constant when the
wavelength is known.
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IHoxune naginua E-nmonspusoBanux (POTOHIB HA HECKiIHYEHHY HEpPiOAUYHY I'PATKY METaJIeBUX
CTPiYoOK

A.B. Besyrummiil, O.M. [Teruenxo!?, A.B. IToiima2, I'.d. Hynedan?, O.M. Hineuro!, H.C. IMumxko!?,

1 XapriecoKkull HauloHAbHUL YHI8epcumem micbko2o 2ocnooapemaa imeni O.M. Bexemosa, 61002 Xapxis, Yipaina
2 HaujionanvHuli Haykosull uenmp «Xapkiscokull giauro-mexuivnuil inemumym» HAH YVipainu, 61108 Xapxis, Yipaina

PosrmsrayTo mudpakitiio 0HOPITHOTO MOTOKY OMUHUYHOI TycTwHu E-mrossipm3oBaHmX (POTOHIB HA PETIITITL
HECKIHUYEHHO TOHKUX METAJIEeBUX CMYT. IMOBIPHICTH 3HAXOPKEHHS (DOTOHA B OYy/Ib-sIKIH TOUIN IpeJICTaBJIeHA TICi-
dyuritieo, mo 3amoBoibHse piBHaHHI Ilpeminrepa 1 rpaHWYHWM yMOBaM pPIBHOCTI HYJII0 Ha CMyrax i
HeIlepepBHOCTI Ha ImrmHax. L{s pobora mepembayae mMomasbIINil PO3BUTOK KBAHTOBOMEXAHIYHOTO ITIIXOLY IO
PO3B’A3aHHA 3ama4 TUdPaKIlii Ha MeploAUYHNUX CTPYKTypax. JJis BupilreHHs 3a1a49l BUKOPUCTOBYETHCA CTPOTHIHA
MeTo KparoBoi samaui Pimaua-Iabbepra. CyTh #oro mosisirae B TOMY, IO PO3B'SI30K CHCTEMHU (DYHKITIOHATIBHUX
PIBHSHDL 3BOAUTHCS J0 BIJHOBJICHHSI AHAJITAYHOI (OYHKINI y BCIM ILIOMIMHI KOMILJIEKCHOI 3MIHHOI 3a CyMOIKO il
TPAaHUYHUX 3HAYEHDb HA Iy3l OMMHUYHOrO Kojia. Hesimomi xoediifieHTH pyHKINI, TpefcTaBIeH] Y BATJIAML PIIy
Dyp'e, BUSHAYAIOTHCS 13 HECKIHUYEHHOI CHCTEMHU aJIre0paiyHUX PIBHSIHD, ITI0 J00pe CXOTUThCS.

3a momomoroio IIK mpoBemeHo umcesbHI €KCIIEPUMEHTH 3 OCIIIMKEHHs PO3IONiIy HMoBipHOCTeH K-
TOJIAPU30BaHUX (POTOHIB 13 IIMMPOKOI0 3MIHOIO ITapamMeTpiB 3aga4di. HaBegeno 3asesxHOCTI KBagpaTa MOIYJIS TIC1-
yHKINI B BIOHONIIEHHS JOBKWHH XBHJIL JI0 IEPIOJy IPATKH, BiJ BIIHOINEHHS NIMPHHU IIUIAHU 0 IIEPiOIy
IpaTK¥M IS PISHUX 3HAYEHb KyTa IaJiHHA IOTOKY (oToHIB 1 Bimcrami Bix rparku. Ockinbku rpadivxi
3aJIeIKHOCT] ITePIOJMYHO IIOBTOPIOIOTHCS, BOHM TOMAHI I OJHOTO mmepioxy. Ha ocHOBI aHAIi3dy OTpHMAHUX
3aJIeIKHOCTEN 3pO0JIEHO BHCHOBKH IIIOJI0 CIIIBBIJHOINEHHS ITApaMeTpiB, IPHU SKUX 34 CIIOCTEPEsKyBaHO
IudpaKIHO0 KapTUHOK MOMKHA TOYHO BH3HAYMTH craiy IpaTku. [Ipm HOpMaspHOMY mamiHHI Ha IPATKYy Iie
3pydYHiIIe POOUTH, CIIOCTEpIrayy U@ PaKIIiHy KapTUHY 3a IPATKOI0, IIPX IIOXUJIOMY IIaJiHHI - Iepes IPaTKOo.

Kmiouosi cnoma: Jludpaximis, Pemrtka, Ksawmr, Ilci-Oymxmia, Awmmurityma #imosipHocti, Judpaxmiiina
rapruaa, Ooton.
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