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The minimum mean square error (MMSE) is adopted widely as a signal detection technique for massive 

MIMO (mMIMO) systems; however, it needs matrix inversion with complexity of cubic or-der. Therefore, 

several signal detection techniques were adopted, including successive over relaxation, Richardson, Jacobi, and 

Gauss Seidel (GS) to avoid matrix inversion. Although these techniques offer lower complexity, their 

performance remains inferior to MMSE. Therefore, in this paper, we propose four signal detection techniques 

namely QR decomposition (QRD), QRD-parallel multi-stage detection (QRD-PMD), ordered QRD (OQRD), and 

OQRD-PMD. In this work, at first, the QR decom-position is applied to the channel matrix followed by 

backward substitution method to obtain the transmitted signal. After that, the ordered QRD (OQRD) method is 

applied to avoid the error propagation problem arises in QRD method. Furthermore, the parallel multistage 

detection (PMD) method is cascaded with QRD and OQRD to estimate more accurate transmitted signal at the 

receiver side. The performances of conventional and proposed signal detection techniques are evaluated based 

on bit error rate (BER) and complexity. The simulation results show that the proposed techniques significant 

achieve superior performance as compared to MMSE while maintaining comparable complexity. 
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1. INTRODUCTION 
 

The massive multiple input multiple output 

(mMIMO) is a promising technique for 5G 

communication, known for its high spectral efficiency, 

simple transceiver design and higher diversity gain [1-2]. 

In mMIMO system, the base station (BS) is deployed 

with massive antennas. During uplink transmission, 

signals from multiple user terminals are superimposed 

at the BS, leading to interference and thus reduces 

data rates. Although, the minimum mean square error 

(MMSE) is a widely used detection techniques, but it 

involves matrix inversion. To avoid matrix inversion, 

several detection methods were proposed by exploiting 

Gram matrix. These methods include Neumann series 

(NS) [3], successive over relaxation techniques (SOR) [4-

5], Jacobi method [6], Gauss Seidel (GS) [7], conjugate 

gradient (CG) [8], Richardson (RI) [9], multiple search 

direction conjugate gradient (MSD-CG) [10]. The 

Neumann series technique has lowest complexity 

however its performance is poor as compared to other 

methods. Gauss-Seidel (GS) detector with Jacobi 

iteration (CJ) (CJGS) method was presented in [11]. This 

method provides faster converges with increasing in 

computational complexity. An iterative hybrid pseudo-

stationary algorithm was proposed in [12]. This method 

achieves performance close to zero-forcing (ZF) method. 

Based on the Cayley Hamilton theorem two signal 

detection techniques were proposed in [13]. 

An improved Newton iterative based mMIMO signal 

detection was prosed in [14]. Extrapolation principles 

incorporate with SOR method was proposed for mMIMO 
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system in [15]. The performance of extrapolation based 

SOR is close to MMSE method with lower complexity. 

Since, all the signal detection methods [3-15] are 

developed by approximating the MMSE Gram matrix, 

their performances are limited to MMSE method. 

Therefore, in this work, we propose four signal detection 

techniques such as QR decomposition (QRD), ordered QRD 

(OQRD), QRD-parallel multistage detection (QRD-PMD), 

and OQRD-PMD. The performance of these methods is 

compared with conventional techniques based on bit error 

rate (BER) and complexity. Since, these methods are 

obtained by directly by exploiting the channel matrix, their 

performances are superior as compared to the MMSE 

method and the complexity is one order lower than MMSE 

as they do not require matrix inversion. 

The remaining part of the paper is organized as:        

The uplink mMIMO system is described in Section 2. In 

Section 3, we review several existing techniques. The 

proposed techniques are discussed followed by complexity 

calculations in Section 4 and Section 5 respectively. The 

simulation results were presented based on bit error rates 

in Section 6. Finally, the work is concluded in Section 7. 

 

2. SYSTEM MODEL 
 

This paper considers uplink mMIMO system which 

deploys M base station (BS) antennas and N. Let the 

symbol x represents  𝑁 × 1 transmitting signal vector 

simultaneously transmit signals to M number of base 

stations. Thus, the received signal vector y is written as 
 

  y = Hx + w  (1) 

where 𝑯 denotes 𝑀 × 𝑁 dimensions channel matrix. 

The signal detection using MMSE can be expressed as 
 

 ˆ
 
 
 

-1

H H -1

N MF

N
x = H H + I H y = A y

SNR
 (2) 

 

where 

H

N

N
A H += H I

SNR , 
H

MFy = H y
. Thus, MMSE 

method requires matrix inversion with cubic complexity.  

 

3. CONVENTIONAL SIGL METHODS 
 

To avoid matrix inversion, several signal detection 

techniques were proposed by exploiting the Gram matrix 

such as JA, RI, GS, SOR for uplink mMIMO systems. 

 

3.1 Jacobi Method 
 

The signal detection in Jacobi method is performed 

iteratively as described below: 
 

 ( ) 1 ( 1)ˆ( )ˆ i

MF

     
i A xyDx D  (3) 

 

   1lim 0
i

i




 I D A  (4) 

 

The diagonal matrix D is obtained from matrix A. For 

simplicity, the initial estimated signal is considered as 

 (0) 1ˆ
MF

x yD  (5) 

 

3.2 Richardson Method 
 

The Richardson method performs the signal detection 

iteratively by exploitation of regularized matrix .A   

 

 ( 1) ( ) ( ) 0,1,2,i i n i      x x y Hx  (6) 

 

The initial estimate of the signal is taken as 
(0) 1ˆ

MF

 yx D  Typically,   is taken in the range of 

2
0  


, with    is the largest eigenvalue of 𝑯. 

 

3.3  Gauss-Seidel method 
 

In Gauss-Seidel method, the Gram matrix ( A ) is 

decomposed into lower triangular ( L ), diagonal ( D ), and 

a upper triangular (U )  matrices as follows: 
 

   A L D U  (7) 
 

The detection is performed iteratively as 
 

  ( ) 1 ( 1)  ˆ ˆ[ ] , 1,2, .i i

MF i      Ux yD L x  (8) 

 

the initial estimate of the signal is (0) .ˆ
Nx 0  

 

3.4 Successive Over Relaxation Method 
 

The successive over relaxation technique enhances 

the accuracy of the Gauss-Seidel method by introducing a 

parameter  . The estimated signal is obtained as  
 

 

1

( ) [ 1]1 1
1ˆ ˆi i

MF
 




     

         
     

D L y Ux xD  (9) 

 

The relaxation parameter   is typically taken in the 

range between 0 2.ω   

 

4. PROPOSED SIGNAL DETECTION METHODS 
 

This section discusses four proposed detection 

techniques: QRD, OQRD, QRD-PMD, and OQRD-PMD. 

 

4.1 QRD Method 
 

The QRD method perform signal detection using 

following steps as given below. 

[Step 1] The relationship between  transmitted and 

received signals can be expressed in the matrix form as: 
 

 

11 12 1

11 1

21 22 2

22 2

1 2

N

N

NM M

M M MN

h h h
xy w

h h h
xy w

xy w
h h h

 
     
     
      
     
     

     
 

 (10) 
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[Step 2] The H  matrix is factorized using QR method 

as H = QR . The received signal vector becomes 
 

     y Hx w QRx w  (11) 
 

where 
M NQ  and  

N NR  are orthonormal and upper 

triangular matrices respectively. 

[Step 3] Multiplying  H
Q with y , we have 

 

 ( )H   y Q Hx w Rx w  (12) 
 

 

1 11 12 1 1 1

2 22 2 2 20

0 0

N

N

N NN N N

y R R R x w

y R R x w

y R x w

       
       
        
       
       
       

 (13) 

 

[Step 4] Backward substitution algorithm is performed 

to obtain for estimation of the transmitted signal as 
 

 ˆ N
N

NN

y
x

R


 
  

 
 (14) 
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 

    
 
 
 


 (15) 

 

4.2 OQRD Method 
 

The QR decomposition may experiences error 

propagation when the initial signal is not obtained 

accurately. To mitigate this problem, the ordered QRD 

(OQRD) method arranges the columns of channel matrix 

H in ascending order based on the column norms using 

the following steps as given below. The received signal, is 

represented in column form, as follows: 
 

 
1 1 2 2 N Nx x x      y Hx w h h h w  (16) 

 

where 
kh denotes k-th column of  H matrix. To 

arrange column of   H in ascending order, the norms of 

column vector need to be calculated and is given by 
 

 1,2,.....,k knorm k N h  (17) 

 

Then, the column vectors are sorted in ascending 

manner using their index  as 
 

  ( )sortindex norm  (18) 
 

The modified channel matrix
oH is given by 

 

  
, (:, ) (:, ) o k o kk indexh H H  (19) 

 

where 
,o kh refers to k-th column of  

oH matrix. The 

transmitted signal vector also needs to be ordered  as 
 

 
, ( )o k kx index x  (20) 

After substituting 
oH and 

ox , received signal y 

becomes 
 

 
o o y H x w  (21) 

 

By performing QR factorization 
o H QR  and 

multiply H
Q  with y , it becomes 

 

  ( )H

o o oR  y Q H x w x w  (22) 

 

Finally, the transmitted signals are detected using 

backward substitution algorithm.  

 

4.3 QRD-PMD Method 
 

To further enhance the performance, the QRD method 

is cascaded with parallel multistage detection (PMD) 

[16], resulting in the QRD-PMD approach. In this 

method, at first, the N  auxiliary symbol vectors are 

constructed from initial estimate of QRD output such 

that each time k-th element is set to zero as 
 

 
k k kx J x  (23) 

 

where 
kJ is a 𝑁 × 𝑁 identity matrix with all ones e 

cept the k-th element is zero. Then, the interference free 

signal for k-th user can be obtained by subtracting the 

contribution of all the interference signal as 
 

  
k k y y Hx  (24) 

 

The k-th estimated signal can be obtained as 
 

 ˆ [( ) / ( )]H H

k k k k kx h y h h  (25) 

 

4.4 OQRD-PMD Method 
 

The OQRD-PMD method is exactly same as QRD-

PMD except the OQRD is used in place of the QRD. 

 

5. COMPUTATIONAL COMPLEXITY 
 

This section analyzes the complexity of proposed 

QRD, OQRD, QRD-PMD, and OQRD-PMD methods in 

terms of real multiplications. The QR decomposition of 

channel matrix H needs 2.529N  [17]. Multiplication of  
H

Q y has 2.529 24 2 ( 1)N NM N N    real multiplications. 

The backward substitution as outlined in [step 4] needs 
2 .N N  Hence, the QRD method requires 
2.529 24 2 ( 1)N NM N N    complexities. The OQRD 

method involves calculating the column vector norm, 

which requires 4MN additional multiplications. Thus, 

OQRD method requires 2.529 24 4 2 ( 1)MN N NM N N     

real multiplications. The QRD-PMD method first obtain 

rough estimates using QRD operation which requires 
2.529 24 2 ( 1)N NM N N    real multiplication. 

Multiplication of diagonal 
kJ matrix of size 2 2M M  real 

matrix with signal vector 
kx with size 2 1M , has 
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complexity of 2M . The matrix-vector multiplication 

operation  in Eqn. (24) of size 2 2N M  with 2 1M  has 

complexity of 4NM  and Eqn. (25) involves vector-vector 

multiplication with complexity 2N . Therefore, the 

number of real multiplications of PMD method from all 

users has complexity of 2 2(2 4 2 ) M NM NM . Thus, 

proposed QRD-PMD method has complexity 
2.529 28 2 ( 1) 2   N NM N N NM . Similarly, the OQRD-

PMD method has a total computational complexity of  
2.529 28 2 ( 1) 6   N NM N N MN . Table 1 presents the 

computational complexity of the proposed and 

conventional techniques. 
 

Table 1 – Computational Complexity of various methods 
 

Methods Complexity 

MMSE 2 3 22 (10 / 3) 4 4MN N MN N    
RA 2(4 4 ) 2M I N NM   
JA 

(4M+4I+1) 
2N +2NM 

SOR 2(4 4 2) 2( 1)M I N M I N      
GS 2(4 4 2) 2( 2 1)M I N N I N      
QRD 2.529 24 2 ( 1)  N NM N N  
OQRD 2.529 24 2 ( 1) 4   N NM N N MN  
QRD-PMD 2.529 28 2 ( 1) 2   N NM N N MN  
OQRD-PMD 2.529 28 2 ( 1) 6   N NM N N MN  

 

 
 

Fig. 1 – BER vs SNR performance  proposed and conventional 

methods for 𝑀 × 𝑁 = 64 × 24 antenna 
 

 
 

Fig. 2 – BER vs SNR performance  of proposed and conventional 

methods for 𝑀 × 𝑁 = 64 × 32 antenna 

 

6. SIMULATION RESULTS 
 

This section analyzes the bit error rate (BER) 

performances of proposed and conventional methods for 

uplink mMIMO system. The following parameters value 

are taken for simulation: the modulation technique is 

16QAM, the antenna sizes are 24 64 , and 48 64 . The 

channel is modeled as an uncorrelated flat fading 

Rayleigh channel. The BER performance of proposed and 

conventional signal detection techniques for 24 64 , 

36 64 ,and 48 64 number of users are illustrated in the 

Fig. 1, Fig. 2, Fig. 3  respectively. 
 

 
 

Fig. 3 – BER vs SNR performance of proposed and conventional 

methods for 𝑀 × 𝑁 = 64 × 48 antenna 
 

 
 

Fig. 4 – BER vs several user (N) performances of proposed and 

conventional methods at 12 dB SNR 
 

The results indicate that the Jacobi, Richardson 

methods exhibit substantially lower performance.  The 

performance of GS method outperforms Jacobi, 

Richardson methods and slightly worse than MMSE 

method. The SOR method provides similar performance 

as GS method. Since these signal detection techniques 

are derived from MMSE, their performances are 

generally lower than MMSE method. From simulation 

results, it is observed that QRD method outperforms the 

MMSE method. The OQRD outperforms QRD method 

because it orders the channel matrix prior to signal 
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detection. The QRD-PMD gives better result than QRD 

method as it performs the signal detection in two stages. 

This method first estimates the initial signal using QR 

method and then cancels the interference in parallel 

manner to obtain more refined data signal. The QRD-

PMD and OQRD-PMD outperform their corresponding 

QRD and OQRD as they have additional MPD unit. The 

various signal detection methods are listed in descending 

order of performance, are as follows: OQRD-PMD, QRD-

PMD, OQRD, QRD, MMSE, SOR, GS, Richardson, and 

Jacobi. The BER performance comparison for various 

number of users and different signal detection techniques 

at 12 dB SNR is shown in the Fig. 4. From the simulation 

result, it can be shown that, the BER performances of 

several detection techniques significantly degrade as 

number of user terminals increases. The Richardson and 

Jacobi methods demonstrate satisfactory performance for 

less number users; however, their performances 

significantly decline with increasing number of users. 

The SOR and GS perform comparably to the MMSE 

method with a smaller number of users, however the 

performance gap widens as users’ increases. Notably, the 

proposed QRD, OQRD methods outperform the MMSE 

method. Furthermore, the QRD-PMD and OQRD-PMD 

methods achieve better performance compared to the 

QRD and OQRD methods. 

 

7. CONCLUSIONS 
 

In this research, we propose four signal detection 

methods: QRD, OQRD, QRD-PMD, and OQRD-PMD for 

mMIMO uplink systems. The performances of proposed 

and conventional signal detection techniques, including 

MMSE, Richardson, Jacobi, Gauss-Seidel, and SOR are 

compared with respect to their BER performance and 

complexity. The results indicate that the proposed signal 

detection techniques outperform the conventional 

methods while maintaining comparable complexity. 

Additionally, the proposed QRD-PMD and OQRD-PMD 

methods achieve significant performance gain over the 

MMSE method. Based on the simulation results and 

complexity analysis, the proposed OQRD-PMD method 

emerges as promising options for signal detection in 

uplink mMIMO systems. 
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У масивних системах MIMO (mMIMO) метод MMSE (мінімальної середньоквадратичної похибки) 

широко застосовується для виявлення сигналів, однак вимагає обернення матриці зі складністю кубічного 

порядку. Щоб уникнути цього, застосовувалися методи Річардсона, Якобі, Гауса-Зейделя, які мають 

меншу обчислювальну складність, але гірші результати за точністю. У даній роботі пропонується чотири 

покращені методи виявлення сигналу: QR-декомпозиція (QRD), паралельне багатоступеневе виявлення 

на основі QRD (QRD-PMD), упорядкована QR-декомпозиція (OQRD), OQRD з паралельним 

багатоступеневим виявленням (OQRD-PMD). Спочатку застосовується QR-декомпозиція до матриці 

каналу, після чого методом зворотної підстановки відновлюється переданий сигнал. Для усунення 

накопичення помилок у QRD вводиться упорядкування (Ordered QRD). Для підвищення точності на 

стороні приймача додатково застосовується метод паралельного багатоступеневого виявлення (PMD), 

каскадовано з QRD та OQRD. 
 

Ключові слова: Виявлення сигналу, Масивні MIMO, Багатоступеневе виявлення, QR-декомпозиція, 

Упорядкована QRD. 


