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In this paper, an analysis of the wave dynamics of a parametric superheterodyne H-ubitron free-electron laser
with a longitudinal wave amplification section is carried out within the cubic nonlinear approximation. A key
feature of the studied free-electron laser is the implementation of two interconnected three-wave parametric
resonances. The first parametric resonance occurs between the electromagnetic signal and the magnetic field of
the H-ubitron pump. The second parametric resonance occurs between the longitudinal field of the electrostatic
undulator and the fast and slow space-charge waves. The second parametric resonance pro-vides additional
amplification of the slow space-charge wave. The studied model considers the effect of electrostatic pumping field
generation, an analysis of the influence of a quasi-electrostatic support field is carried out, and the lengths and
saturation levels of such devices are determined. It is demonstrated that, due to the additional amplification of the
slow space charge wave in the longitudinal wave amplification section, as well as taking into account the effect of
electrostatic pumping field generation, the saturation length of the electromagnetic signal wave is reduced by 18%.
To increase the output electromagnetic signal's saturation level, we propose using a quasi-electrostatic support
field, in which the electrostatic field strength in-creases linearly starting from a specific coordinate. It is
demonstrated that an optimal quasi-electrostatic support field allows us to increase the output saturation level of
the electromagnetic signal by more than 130%. Thus, the use of a parametric superheterodyne H-ubitron free-
electron laser with a longitudinal space charge wave amplification section and a quasi-electrostatic support field
has several advantages compared to a traditional H-ubitron free-electron laser, namely, a reduction in the
longitudinal dimensions of the en-tire device and an increase in the power of the output electromagnetic signal.
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1. INTRODUCTION

Terahertz free-electron lasers (FELSs), including the FEL
discussed in this paper, are devices that are actively being
developed today and have great potential [1 2].
Developments are underway to increase power, efficiency,
compactness and expand the scope of application [1-10].
Progress in accelerator, undulator, and laser technologies [1-
2] will, in the future, allow us to create more compact,
efficient, and powerful terahertz FELs. This, in turn, will
open new opportunities for fundamental research and
practical applications of terahertz FELs in various fields of
science, technology, and medicine [1-2].

The presented work is focused on the theoretical study of
the transverse electromagnetic signal wave dynamics in a
parametric superheterodyne FEL with an electrostatic
undulator [11-15]. In this device, the electrostatic undulator
provides additional amplification of the electromagnetic
signal. Because of this, the growth increment of the signal
wave becomes larger, and the saturation length becomes
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shorter, which in turn leads to a decrease in the longitudinal
length of the FEL. Using an electrostatic undulator allows
us to create more compact devices.

Previous studies of parametric superheterodyne FELs
with an electrostatic undulator have focused mainly on
studying the dynamics of longitudinal space charge waves
(SCWs) in the amplification section [11 14]. We found that
in the amplification section, the effect of electrostatic
pumping field generation is realized, which increases the
total electrostatic pumping field by more than 30%. This
increases the growth increment of longitudinal SCWs and
allows us to re-duce the length of the FEL. At the same
time, this effect reduces the saturation level of the
electromagnetic signal, that is, its output power. We
proposed using a quasi-electrostatic support field to increase
the output signal level, which has proven effective.

Thus, in works [11-14], we analyzed the influence of the
generated pump electric field and the influence of a quasi-
electrostatic support field on the dynamics of longitudinal
space charge waves in the amplification section with an
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electrostatic undulator. At the same time, the influence of
such fields on the dynamics of the transverse
electromagnetic signal wave remained un-studied. The
presented article is focused on eliminating this shortcoming.
As shown by the studies presented in this article, such fields
allow us to reduce the longitudinal size of parametric
superheterodyne FELs by 18% and to increase the output
signal amplitude by more than 130%.

2. MODEL

Fig. 1 shows a superheterodyne parametric H-ubitron
FEL schematic with a longitudinal space charge wave
amplification section. The main components are relativistic
electron beam 1; H-ubitron undulator 2, which generates a
magnetic pumping field Bz in the working region; and
longitudinal electrostatic undulator 3 [11-14]. The
electrostatic undulator consists of a set of electrodes
arranged in two rows on either side of the electron beam.
Electric potentials are applied to these electrodes such that
their signs alternate along the direction of beam
movement, and each pair of electrodes in the transverse
cross-section of the amplification section has the same
potential. This creates a longitudinal undulator pump
electrostatic field, whose strength Eszo is collinear with the
beam's direction of motion (Fig. 1).
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Fig. 1 — Simplified scheme of a superheterodyne parametric
FEL: 1 — relativistic electron beam; 2 — H-ubitron undulator; 3 —
electrostatic undulator

Due to the presence of two undulator systems (H-
ubitron and electrostatic) in the studied FEL, two
different three-wave parametric resonances occur. The
first three-wave resonance, between the transverse
electromagnetic signal wave, the transverse magnetic
field of the H-ubitron pump, and the slow space charge
wave, 1s traditional for terahertz FELs and FELs based
on Raman scattering. Parametric instability amplifies
both the electromagnetic wave and the slow SCW. The
second three-wave parametric resonance, between the
longitudinal slow and fast SCWs and the longitudinal
electrostatic undulator pump field, is designed for
additional amplifying of the slow SCW. Thus, the studied
system exhibits two three-wave parametric resonances
linked by the slow SCW. The additional amplification of
the slow SCW due to the second parametric resonance
leads to an increased growth increment of the
electromagnetic signal wave. It provides additional tools
that influence the amplification properties of the
superheterodyne parametric FEL.
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Let's consider the case where a linearly polarized
electromagnetic signal wave enters the FEL. Due to the
first parametric resonance between the electro-magnetic
signal wave (electric field strength E1 and magnetic field
induction B1) and the pump magnetic field with induction
B2, a slow SCW E, is generated in the working region.
After the slow SCW appears, the second parametric
resonance generates a fast space charge wave Epg.

[12-13] demonstrate that the relativistic electron
beam (REB) modulates with longitudinal waves and, as a
result, creates its own electrostatic field, whose spatial
phase coincides with the phase of the electrostatic field of
the undulator Ez. This field is the generated pump
electric field E28. Thus, the electrons in the beam
experience a force from the resulting field Ezo + E25.

To maintain the conditions for three-wave parametric
resonances, which depend on the constant component of the
relativistic electron beam's velocity, we introduce a quasi-
electrostatic support field Eo(z) into the studied system [14].

Assuming that the fields propagating in a
superheterodyne FEL are monochromatic, we present
them as follows:

=[E,exp(ip,) +cc.]e, ey

B, =[B,exp(ip,) +ccle, @)
B, =[ B,exp(ip, 5) +cc. Je, 3)
Ez =[Exexp(ip,c) +ccle, )
ES =[Eexp(ip,¢ ) +cc e, (5)

E,=E,+El= [Ez exp(ip,e ) + c.c.}eZ

E, =[E,exp(ip,)+cc. e, (6)

E, =[Eﬂexp(ip/})+c.cleZ (7
0,z<zg

Bo(2)= e (2-12) 227 ®

In these equations E1, B1, Bz, E2o, E, E2, Es Ep are the
complex amplitudes of the corresponding fields, p1, p2,8, p2E,
Do, Dp, are their phases, ex, ey, e: are unit vectors on the
corresponding axis, zgo is the beginning of the slow SCW
saturation region, 7zo is the gradient of the increase in quasi-
electrostatic support strength in the saturation region [14].

We present the phases of each component as:

=m-kz,
Poe :_kz,EZ >
Poe :_kz‘sz > 9)
P, =@, —kz,
Py =@y —KyZ
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Wave numbers of the input signal k1, slow k. and fast
ks SCWs are determined by the dispersion condition.

k=o' -0’1y’ lc,

k,=aw,lv,+o /( s ZO), (10)
@, 1(73"0,)

where wq is the cyclic frequency of the slow SCW,
wp 1s the cyclic frequency of the fast SCW, wi is the
cyclic frequency of the electromagnetic signal wave, wp
is the Langmuir frequency, u.o is the averaged electron
beam velocity, go is REB’s Lorentz factor, c is the speed
of light in vacuum.

For three-wave parametric resonances to be realized,
their conditions must be met. The condition for three-wave
resonance between the electromagnetic signal wave, the
pump magnetic field, and the slow SCW has the form:

K, =, /v, -0,

Pog =P — Py 11)
or putting w, = w; :
K5 =K, —k 12)

The condition of three-wave resonance between the
slow, fast SCWs and the pump electrostatic field can be
expressed as follows:

Poe =P, —Ps (13)
or putting w, = wg :
K,e =k, —Kg (14)

Using (7), (8), and (12) we get the wave number k2 g of
the electrostatic undulator pump field:

K e =2, /( 3’2020)

From the last equation we easily obtain the
undulation period A of the electrostatic undulator:

A=7my3%v,1 @, (15)

3. BASIC EQUATIONS

To investigate the physical processes in the super-
heterodyne parametric FEL within the cubic nonlinear
approximation, we use a system of truncated equations
for the amplitudes of the waves propagating in the
studied system. These equations are based on the
relativistic quasi-hydrodynamic equation, Maxwell's
equations, and the continuity equation. To construct the
truncated equations for the wave amplitudes, we apply
an asymptotic hierarchical approach to the theory of
oscillations and waves [15]. The truncated equations for
the amplitudes of the electromagnetic signal's electric
field, the electric field of the slow and fast space charge
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waves, and the generated pumping field are as follows:

2
C LY +C11ddE

21742 +DE, =C;,E,B, (16)

2
ad E2a+cladE
“odz “dz

G

—C! EB,+Cl E,E,+F, (17)

3[1/)'

dE dE

B
S £ 1C,, s 5o +DsE ,=ClEE;+F, (18

d?EJ dE;
Cz,z?i"'cm dz

=C,E, +C3v2E;Eﬂ +F, (19)
The equations for the constant components of the
velocity and continuity of the beam can be written as:

Ny duy
v, dz

du, _ eEy(2) dn,

dz  moy, o *h 20)

In these equations F, = F,(Eg, Eq Eg, E2), 1 € {1, o, f5,
2}, F, = F,(Eo,Eq, Eg,E;), Fy, = Fy(Eo,Eq, Eg, E2) are cubic
nonlinear terms depending on the amplitudes of the
fields of the system under study.

The constructed system of truncated equations allows
us to take into account the effect of electrostatic pumping
field generation and to analyze the wave dynamics in the
presence of a quasi-electrostatic support field.

We also note that the quasi-electrostatic support field
Eo(2) influences the change in the constant com-ponent of
the longitudinal velocity v.0 with the longitudinal
coordinate z [14]. Thus, this field primarily allows us to
control the constant component of the beam's
longitudinal velocity. We can select the shape and
parameters of the quasi-electrostatic support field to
maintain the conditions for three-wave resonant inter-
actions through the REB's constant longitudinal velocity,
thereby significantly increasing the output level of the
electromagnetic signal.

The coefficients of the resulting system of differential
equations look like this:

C,, =D,/ o(-ik,)
C,, =D, | &(-ik,)* 2

2 2
D1E{k12 i)é wpz}zo
7€
=-ik,|1- 5 0
-k l)o)
D,=-ik,|1-
s ﬂ[ /jUO)

@1

k)
Jo
'k( (kuo)z 2

cl - wek (Uzo C]
3,a 2 -
v%0%m, yic’k
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"o _kaC’JEE/ m, K, +k7/f+ﬁ_3uzzo?’§
3,a
Qa/Q/fQJgUSO Q, Q, Q, c?
C3Iylﬁ = _kﬂciﬁ!‘la / ka
C,),=—kC,' 1k,
Co = _ikzws / (Qiyj)

2 2
w, =4rxne” /' m,

7 :]/\/1_(Uzo /C)Z

Q, =w,-ku,

In these equations w«=wp=w1, w2=0, e and m. are
values of the charge and mass of the electron.

We should note that in these equations the dispersion
functions for electromagnetic wave D1, slow D, and fast
D SCWs are zero because they are the natural waves;
but Da(ks) # 0.

4. ANALYSIS

To carry out numeric analysis, let us consider the
SCW amplification section with the following parameters:
initial plasma frequency of the electron beam
wp = 3.0-1011 s-1, initial constant term of the relativistic
factor o =3.5. According to (15), the period of the pump
electric field is A =1.97 cm. The period of the magnetic
undulator is Ap=1.96cm. The magnitude of the
electrostatic ~undulator pump field strength is
| E20] =28 kV/cm; the magnitude of the magnetic
undulator pump field induction is |Bz2| =0.03 T. The
initial magnitude of the electric strength of the input
electromagnetic signal wave is K1 = 1.29-10-2 kV/cm. The
cyclic frequency of the input signal is w1 = 0.628:1012 s -1,

Fig. 2 shows the dependence of the electric field
strength magnitude of the electromagnetic signal | E1| on
the coordinate z. Graph 1 corresponds to a standard H-
ubitron FEL without an electrostatic wave amplification
section, graph 2 corresponds to the undulator pump
electric field without considering the effect of electrostatic
pumping field generation, and graph 3 takes into account
both the action of the undulator pump electric field and the
effect of additional electro-static pumping field generation.
[13] describes the influence of the electrostatic pumping
field generation effect on the dynamics of longitudinal
SCWs in detail. In this work, unlike [13], we analyze the
influence of this effect on the dynamics of the transverse
electro-magnetic signal wave.

From Fig. 2, we see that the additional amplification of
the longitudinal wave field in the amplification section
increases the growth increment and reduces the saturation
length of the electromagnetic signal by 11.8% (compare
graphs 1 and 2). The effect of electrostatic pumping field
generation further increases the growth increment and
reduces the saturation length by 6.5% (compare graphs 3
and 2). Overall, the combined action of the amplification
section and the effect of electrostatic pumping field
generation leads to a reduction in the saturation length by
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18.3% (compare graphs 1 and 3), and therefore also
reduces the longitudinal dimensions of the FEL.

The electric strength magnitude
of the electromagnetic signal |E|| (MV/cm)

I ) )

100 150 200 250 300
Longitudinal coordinate z (cm)
Fig. 2 — The dependence of the electric strength magnitude of
the electromagnetic signal | E1| on the longitudinal coordinate z
under three conditions: without any pump electric field (graph
1); with the undulator pump electric field but without the effect
of electrostatic pumping field generation (graph 2); with the
undulator pump electric field and the effect of electro-static
pumping field generation (graph 3)

At the same time, it should be noted that the
saturation level in the FEL with the amplification section
and considering the effect of electrostatic pumping field
generation is 18.5% lower than in the FEL without the
amplification section (Fig.2). To compensate for this
drawback, we introduce a quasi-electrostatic support field
into the studied system. Fig. 3 shows the dependence of
the magnitude of the transverse electro-magnetic signal
wave amplitude on the coordinate z in the presence of a
quasi-electrostatic support field with the parameters
zro = 200.0 cm and 760 = 0.0 V/cm?2 (graph 1),
80 = — 42.0 V/em? (graph 2), o = — 112.0 V/em? (graph 3),
80 = — 224.0 V/ecm? (graph 4).
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Fig. 3 — Dependences of the electric strength magnitude of the
electromagnetic signal | E1| on the longitudinal coordinate z at
different values of the parameter zzo. Graph 1 corresponds to
750 = 0.0 V/icm?, 2 — 750 = — 42.0 V/em?, 3 -
780 = TEoopt = 112.0 V/iem?2, 4 — 7m0 = — 224.0 V/em?2. The parameter
zE0 = ZEoopt = 200 cm 1s the same for all dependencies

Fig. 3 demonstrates that the saturation level of the
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electromagnetic signal wave significantly depends on the
quasi-electrostatic support field, namely on its
parameters zro and ro. Fig. 3 shows four graphs
corresponding to the same zgo=200.0 cm, but different
0. This figure shows that there is an optimal value of
the parameter 7ro= 7Eoopt = — 112.0 V/cm?2, at which the
maximum saturation level of the electromagnetic signal
wave is achieved (graph 3). The saturation level of the
electromagnetic wave, which corresponds to the optimal
quasi-electrostatic support field, increases by 134.0%
compared to the case when such a field is absent.

5. CONCLUSION

Thus, in this work, we have, for the first time, developed
a cubic nonlinear theory of a parametric superheterodyne H-
ubitron type FEL with a longitudinal wave amplification
section. We have determined the lengths and saturation
levels of such devices. The studied model considers the effect
of electrostatic pumping field generation and the influence of
a quasi-electrostatic support field.

We have found that a longitudinal wave
amplification section allows us to reduce the saturation
length of the H-ubitron FEL by 11.8%. Considering the
effect of the electrostatic pumping field generation we
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KyG6iuno-ueniuiiina reopia cyneprerepogquuaoro napamerpudaoro H-y6irporauoro JIBE 3
CeKIliero miJCU/IeHHA MOB3I0BKHIX XBUJIb IIPOCTOPOBOrO 3aAPAIY

O.B. JIucernko, C.C. Inpin

Cymcoruti Oepocasruil ynigepcumem, 40007 Cymu, Ypaina

B pobori mpoBemeHo amasi3 XBUJIBOBOI JTWHAMIKHM IApaMETPUYHOrO cymeprerepomuuHoro H-y6iTpomHOTO
nmazepa Ha BlUTbHUX esiekTpoHax (JIBE) 3 cexiriero mijcuimeHHS MMO3T0BKHBOI XBHJII B paMKax KyOITHOTO
HeJsTiHifHOro HabmmxeHHsa. KiI0UoBOH 0COOJIMBICTIO JOCIIIFKYBAHOTO Ja3epa Ha BIJIBHAX eJEeKTPOHAX €
peasisaliis JBOX B3aE€MOIIOB'S3aHUX TPUXBUJIBOBUX ITapaMeTPUUYHUX pe3oHaHciB. [leprmmit mapamerpwunwmit
pe30HAHC BUHHUKAE MUK €JeKTPOMATHITHHM CHUTHAJIOM 1 MarHiTHUM moseM H-yGitpomuol makaukwu. pyrwmit —
MK TO3JI0B/KHIM I10JIEM €JIEKTPOCTATHYHOTO OHJYJISITOPA, IIIBUIKIMU TA IIOBLIBHUMU XBUJISIMU IIPOCTOPOBOTO 3a-
psany. Jpyruit mapamerpuyHuii pe3oHaHC 3abe3ledyye OJATKOBE IIJICHJIEHHS HMOBLIBHOI XBHJII IIPOCTOPOBOIO
3apsiy. Y IOC/IUKYBaHIM MOJeNl BPaXOBAHO e(eKT reHepariil eJeKTPOCTATUYHOrO II0JIs HAKAYKH, IIPOBEJIEe-HO
aHaJIi3 BIUIMBY KBA31eJIEKTPOCTATHYHOIO IIOJIS IIIAIIOPY, BHU3HAYEHO IOBXKMHU Ta piBHI HacuuenHs JIBE.
IIpomemoHcTpOBaHO, II0 32 PaXyHOK JOJATKOBOIO IIIJICHJIEHHS IOBLIBHOI XBHJII IIPOCTOPOBOTO 3aPSIy y CEKIIil
IT1/ICUJIEHHST TI03/[0BKHBOI XBUJIL, 8 TAKOXK 3 ypaxyBaHHIM eeKTy reHepariil eJIeKTPOCTATUYHOTO I0JIsI HAKAYKH,
JIOBKMHA HACUYEHHs eJIEKTPOMATHITHOI XBWJIL CUTHAJIy 3MeHInyerbcsi Ha 18%. Jasa migsuimeHHst piBHS
HACHYEHHS BHUXIJHOTO €JIEKTPOMATHITHOTO CHUTHAJy BHKOPHCTAHO KBA31€JIEKTPOCTATAYHE II0JIe IIAI0-py, B
STKOMY HAIIPYIKEHICTH eJIEKTPOCTATHIHOIO II0JISI JITHIMHO 3pOcTae, MOYNHAIYN 3 TIeBHOI KoopauHaTu. [lokasaHo,
0 ONTHMAaJIbHE KBa31eJIeKTPOCTATAYHE II0JIe IIIOPY J03BOJIAE IMIBUIIUTHA BUXIIHUA pPIBEHH HACHYEHHS
€JIEKTPOMATHITHOTO cHUrHaIy Olnpmr HiK #®Ha 130%. Takum dYnHOM, BHKOPUCTAHHS [TAPAMETPUYHO-TO
cymeprerepoauuaHoro H-y6GiTpoHHOrO Jiazepa Ha BUIBHHAX €JEKTPOHAX 3 IO3I0BIKHBOI0 CEKITIEI0 ITiICHJICHHS
XBWJIb IIPOCTOPOBOTO 3apsAAy Ta KBA31eJIEKTPOCTATHYHWM II0JIEM ITIIOPY Mae HU3Ky IepeBar MOPIBHAHO 3
TpanuiiiauM H-y0lTpoHHNM 1a3epoM Ha BIIBHUX eJIeKTPOHAX, & caMe 3MEeHIIEeHHS II03I0BKHIX PO3MipiB BCHOTO
IIPUCTPOIO Ta 30LIIBIIEHHS MOTYKHOCTI BUXITHOTO €JIEKTPOMATHITHOTO CUTHAJLY.

Kmiouosi cioBa: CymeprerepoguHHMEI Jladep HA BUIBHHX €JIEKTPOHAX, XBHJII IIPOCTOPOBOrO 3apsmy, Tpwu-
XBUJIbOBHIA ITApaMeTPUIHMIA pe3oHaHC, [HKpeMeHT 3pocTaHHsA, EleKTpocTaTHIHUH OH/ITYJIATOD
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