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The task of this work is development of precision chaotic laser generation principles. Its implementa-
tion will contribute to evolution of telecommunication systems based on the chaotic generators synchroni-
zation effect and other chaotic technology. The key problem for practical use of chaotic regimes is their
strong dependence on fluctuations of initial conditions and weak external influences. This is a fundamental
property of dynamic chaos. To solve the stated problem, we analyze the semiclassical laser equations for
the stable, unstable, and chaotic generation modes. A modified equation for chaotic radiation is obtained. It
is supplemented with fluctuations of the pumping parameters, laser components characteristics, and ex-
ternal factors. The equation is the basis for studying of laser dynamics under various initial conditions and
for providing of precision chaotic generation.We propose a definition for precision chaotic laser generation.
It is the generation of laser radiation, the dynamics of which is classified as chaotic with a given accuracy
and is reproducible within the boundaries of the phase portrait. The choice of the phase portrait. as the ob-
ject of study for precision, is due to the stability of chaotic solutions according to Lagrange. The precision is
confirmed by comparing a phase portrait of the system with its reference portrait, obtained with controlled
reference parameters of chaotic radiation. As the quantitative estimates of chaotic precision are chosen:
the volume of attractor, Lyapunov exponents, and Hurst coefficient with allowable deviations. The preci-
sion of chaotic generation and control of chaotic dynamics are ensured by the precision of the pump param-
eters, by control and stabilization of the components and characteristics of laser, such as the size and dy-
namics of resonator, quality factor, radiation frequency, temperature, and others.
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Hurst coefficient.
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1. INTRODUCTION

A laser is traditionally considered as a source of
stable monochromatic radiation. Ideally, this is a de-
terministic system, in practice it is quasi-deterministic.
Indeed, lasers used in information and measuring
technology demonstrate high stability of radiation pa-
rameters over time. For example, for serial Helium-
Neon lasers, frequency stabilization in the time inter-
val of one minute is £+ 1 MHz and more, radiation in-
tensity stabilization is £ 0.1 % and more. For lasers
used as frequency standards, the degree of monochro-
maticity and parameter stability are much higher.

Radiation stability is ensured by controlling the
characteristics of laser parts and influence of external
factors. This is ensured, for example, by thermal stabili-
zation and stabilization of pump parameters. From the
point of view of the dynamic systems theories, a laser
can be represented as an open nonlinear dynamic sys-
tem, that is influenced by as external so internal factors,
which is the cause of fluctuations in the radiation pa-
rameters and affects the nature of processes dynamics.

Thus, lasers can demonstrate both stable regular dy-
namics and stochastic ones. In this case, the second is
considered as undesirable. However, under certain con-
ditions, the dynamics becomes not conditionally deter-
mined or random, but chaotic, difficult to manage and
predict. The complexity of working with chaotic systems
is due to the fundamental property of dynamic chaos
that can be described as its strong dependence on fluctu-
ations in the initial conditions and external factors.

The principles of the occurrence of chaotic laser
generation were described by H. Haken in the work [1].
Today, a large number of papers have been published
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about generation and control of chaotic regimes in la-
sers. For example, the authors of the work [2-5] pro-
posed a chaotic regime control scheme by changing the
linear dimensions of the generating system. The task of
controlling chaotic generation remains relevant. In the
work [6], a method for observing optical chaos in real
time is presented. The issues of chaotic laser dynamics
parameters measuring are the subject of Yu.P. Mache-
khin and his colleagues research [7-9].

Traditionally, for information and measuring tasks
that require a high degree of stabilization of radiation
parameters, both stochastic and chaotic modes have had
a negative connotation. However, the unique properties
of chaos have found application in secure optical com-
munication systems based on the work of L.M. Pecora
and T.L. Carroll, who demonstrated the possibility of
spontaneous synchronization of the transmitter and re-
ceiver of information operating in a chaotic mode [10-14].

For chaotic telecommunication systems, a controlled
chaotic process is a necessary condition. The creation of
lasers with given and reproducible parameters of chaotic
radiation remains an urgent task. It can be implemented
by developing technologies for generation a chaotic laser
radiation using methods and tools of Nonlinear meas-
urement theory [7, 15]. In the articles [8, 9], we propose
the models for measuring the parameters of chaotic laser
radiation and the model for precision synchronization of
chaotic dynamical systems, respectively.

The task of this work is to develop the principles of
precision generation of chaotic laser radiation. To
achieve the goal, the following tasks are solved in the
work: analysis of a scenario for chaotic laser generation
occurrence using semiclassical laser equations; re-
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search and evaluation of factors that influence on cha-
otic generation; fundamental substantiation for the
concept of precision laser generation and development
of principles and tools for its provision.

2. LASER CHAOTIC GENERATION

To describe chaotic laser generation, we use the equa-
tions of the lasers semiclassical theory for single-mode
laser in the form:

db . .
2 (Cio—x)b— , 1
7 (—lo—x) Lg%:au )
d
Zﬂ = (-iw—y)a, +igbd,, 2
dd, 1 . *w
o= (do=d,) + 2iglab’ ~ab), 3

here: b— dimensionless complex electric field ampli-
tude, w— cavity mode circular frequency, x— resonator

damping constant, g— coupling constant, o, —com-
plex dipole moment of atom g, y— atomic (natural)
line-width, d,— unsaturated inversion of a single at-
om, d,— inversion of atom y, 7 — longitudinal relaxation

time [1].
Equation (1) is a field equation whose dynamics can
be described by a time function b(t) . According to this

equation, the reasons for the temporal change in the

field amplitude (b) are the oscillations and damping of

the field in the resonator ((—iw—x)b), if there is no

interaction between the field and active atoms, and

also the action of dipole moments (ig¥ a, ), as a force
u

that forces the field to oscillate. Material equations (2)
and (3) describe the dynamics of dipole moments and
atomic inversion.

Deterministic equations (1) - (3) under certain con-
ditions give chaotic solutions for the field b(t) parame-

ters. An analysis of the equations demonstrates that
the nature of the laser dynamics is mainly influenced
by the design and dynamics of the resonator, as well as
the magnitude and dynamics of the pumping. Indeed,
practice shows that chaotic laser generation can be
provided in several ways, namely: time modulation of
resonator losses «(f), time modulation of inversion

dy(t), high pump power, injection of modulated coher-
ent electromagnetic radiation £, (¢), change a size

L(t) and geometry of resonator in time [1], [2]. De-
pending on the mechanism of chaotization, chaotic dy-
namics can be demonstrated by the intensity, phase,
frequency, polarization, and periodicity of laser pulses.
Of the above methods for obtaining chaotic radiation,
the most interesting for us is the method of modulated
pumping, which does not require intervention in the
laser design. This is especially important for the imple-
mentation of chaotic communication systems using sem-
iconductor lasers [9]. To study this method, we introduce
a control parameter into laser equations (1) - (3), which
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causes chaotic dynamics (modulated pumping xE, ) and

changes caused by summation over atoms:

b=E = E(t)exp(—iat), 4)
a,= P =P@t)exp(—iat) , 5)
>d, =D, ¥d, = D,. (6)

Equations (1) - (3) take the form:

dE .
a Z—K(E—Ep)—LgP, (7
dpP
— =—yP+igED, 8
PP ®
dD . * *
o 7Dy — D) +2ig(PE - P E), 9)

here: y,— longitudinal relaxation constant.

If we remove the component of the external field
from equation (7), we obtain a stationary solution for
the field intensity Eg. In the presence of modulated
pumping and the fulfillment of the condition
K<y <7, system (7) - (9) gives the following equa-
tion for the field strength normalized to a stationary
value Eg:

= 2
9E _ inoB+| 5P 1 |EvE @), (0
dr }/(1 + EQ)

here: Aw— frequency mismatch, Aw= (0, -0)/ x;

o, - external field frequency, r— dimensionless time,

r=tx [1].

Let us analyze equation (10) from the point of view
of the laser radiation stability.

First, consider the case of a constant external field
E,. Taking equal to zero the value of the time deriva-

tive of the field, we obtain:
gD,
14 (1 + B2 )

In the case when the first term in brackets is more
less than one, the equation has a stationary solution

IAWE + 1|E+E, =0. 11

E = const. If this term is large, then an unstable gen-
eration mode takes place. The reason for the instability
lies in the large value of the unsaturated inversion D,

due to the high value of the external field £ - Howev-

er, there is no chaotic mode. According to (11), the laser
dynamics is different depending on whether the laser
operates above or below the generation threshold
D, >xyl g*.

When the external field is modulated with a fre-
quency a,, :
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E,Q)=E,+E, cos(w,7),E,>E, 20, 12)

and E, has a sufficiently large value, according to the

solution of equation (10), a chaotic generation mode
arises. This regime has such properties as: a broadband
radiation spectrum, a strong dependence on the initial
conditions, weak external influences and fluctuations
in the system parameters, the phase portrait is a
strange attractor, topological mixing and a dense ar-
rangement of periodic trajectories are observed. In ad-
dition to the above qualitative signs of chaos, there are
also quantitative ones, such as non-zero Lyapunov ex-
ponents, the Hurst coefficient tends to 0.5, and the
fractal dimension tends to 1.5 [7].

Note that equation (10) is a model one and does not
take into account the influence of external factors on
the dynamics of lasers, while one of the striking char-
acteristics of chaos is a strong dependence on the initial
conditions and the influence of even weak factors on
the dynamics [16-18]. Let us consider the factors that
should be taken into account to ensure the generation
of precision chaotic laser generation.

For the described scenario of chaos, the control pa-
rameter is the external field (12). Let us represent the
fluctuations of the components Ep, E  and also the

frequency o, in the form JE,, JE,, éw,. Now the
external field can be represented as:
E (A7) =E, (1) +AE,(7), (13)

here: AE (r)— deviation of the external field from the
given £ (8):

dFE P ®

P P

2 2 2
AE ()= [dE,,(r)SE] +(d52(1)6EmJ {d?@s@p]

m

For the case of external field modulation, according to
(12), we obtain:

AE,(r) = \/5E; +[cos(®,,1)SE,, |’ +[E,,rsin(w,7)d0,]. (14)

According to (10), the laser dynamics also depends
on the frequency mismatch Aw, which depends on the

frequency of the external field o, and cavity mode
circular frequency . Fluctuations 6w, have already

been taken into account in (14). Consider the fluctua-
tions of natural frequency dw.

There are long-term (time interval more than 1 s)
and short-term (time interval less than 1 s) frequency
fluctuations. The long-term fluctuations are associated
with changes in the length of the resonator and the
refractive index of the active medium due to heating or
pressure changes in the surrounding atmosphere. The
short-term fluctuations are associated with oscillations
of the resonator mirrors, which leads to a change in the
length of the resonator or to modulation of the refrac-
tive index of air and the active medium. In solid-state
lasers with modulated optical pumping (12), power
fluctuation leads to temperature fluctuations and, as a
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consequence, to fluctuations in the resonator size and
refractive index, which are related to frequency. In la-
sers with frequency stabilization such fluctuations are
minimized by stabilization systems. However, the
strong dependence of the chaotic regime on weak fluc-
tuations makes it necessary to take into account small
changes in frequency.

Let us consider the case of frequency fluctuation
due to a change in the resonator length (AL ) or laser
heating (AT), which is a natural scenario. Its value
can be given by the expression:

| e = a)‘%‘ — AT, (15)

here o — thermal expansion coefficient for the material.
The expression for the frequency mismatch takes
the form:

o —o—|ow|
Q=2 (16)
K

In addition to the fluctuations of the parameters de-
scribed in (14) - (15), other parameters entering into
the laser equation (10) fluctuate also. However, the
stabilization of the frequency and external field leads
to their stabilization as well. The considered parameter
fluctuations can be measured and controlled without
interfering in laser construction.

Using the results (13) - (16), we obtain the laser
equation (10) in an augmented form suitable for provid-
ing precision chaotic laser radiation:

7 2
& _ ior+| 8D _lgiE A7), (17
dr ¥ (1 +E 2) P

The modified laser equation (17) can be used to model
and study the laser dynamics for different values of the
control parameter and laser characteristics, directly or
indirectly present in the equation, and it is the basis for
developing the principles of precision chaotic laser gener-
ation.

3. PRECISION CHAOTIC GENERATION

Implementation of lasers with chaotic dynamics for
information tasks requires the development of the the-
ory and practice of precision chaotic generation, identi-
fication and measurement of the dynamic characteris-
tics. The precise chaotic laser generation is generation
of laser radiation, the dynamics of which is classified as
chaotic, characterized by parameters with a given ac-
curacy, and is reproducible within the boundaries of a
phase portrait (in the case of chaotic dynamics, phase
portrait is a strange attractor).

The choice of a phase portrait as a tool for ensuring
precision is due to the fact that the solutions of the dy-
namic equation of the form (7) - (9), (17) in the case of
chaos are unstable according to Lyapunov due to the
exponential divergence of phase trajectories, but stable
according to Lagrange, which requires that all solu-
tions do not go beyond the boundaries of a certain area
- an attractor. From a physical point of view, an attrac-
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tor is a state of a dynamic system, to which it tends in
the process of its movement (development). In the case
of the problem of chaotic generation, chaos with given
parameters is a desired state of the system and it is
characterized by a strange attractor.

A phase portrait can be characterized with the vol-
ume of an attractor (Va). For conservative systems, this
value is constant, but for dissipative systems, it varies
depending on many factors. Calculating the value of Va
can be approximated by the problem of calculating the
volume of an n-dimensional parallelepiped. It should be
noted that strange attractors have a fractal structure,
which shows itself in the fractional dimension of the
figures. Therefore, in the future, it is necessary to de-
velop principles and methods for calculating the fractal
figures volumes.

To ensure precision chaotic laser generation, it is nec-
essary to obtain a reference phase portrait of a system

that generates chaotic laser radiation E°(r) (where the

superscript e means the reference value) with specified
parameters. To do this, we fix the values of the controlled

pump parameters E;(Ae,r) (14), and the laser parame-

ters 6w°,AL°,AT® (15), form the reference phase portrait
and calculate its volume V. During next generations,

the attractor volume is also calculated and is compared
with the reference value:

AV=V:-V,. 18)

If AV =0 the reference dynamics maintains. If AV >0
the chaotization decreases. If AV <0 the chaotization
grows. The value AV is a measure of precision and
serves as information for correcting laser parameters
that affect generation.

When constructing a chaotic attractor, we have a
problem with the number of measurements of the laser
parameters that let us information about all states of the
system that is necessary for building of full attractor.
The number of points M (the number of joint measure-
ments of variables that form the phase portrait) must
be sufficiently large, but finite. According to the formu-
la proposed in [19] we have:

M>M,; =10*Ps (19)

here Da — dimension of the attractor.

To construct a phase portrait, it is necessary to simul-
taneously measure the quantities of radiation parame-
ters. In [9], a scheme was presented for the synchronous
measurement of laser radiation parameters with a sub-
sequent assessment of the measurement uncertainty.
The scheme can be used to measure at the same time
intensity, phase, polarization, pulse duration and rate.

As the numerical characteristics of the entire system
dynamics we use the group of Lyapunov exponents:

A= limlln‘ui
t—oo f

; (20)

here: u; — divergence of two close phase trajectories
values.
Their number corresponds to dimension of system.
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The totality of all Lyapunov exponents forms the Lya-
punov spectrum. The presence of at least one positive
and limited exponent in the spectrum indicates chaotic
dynamics.

These parameters can be used also to forecast of dy-
namics. The maximum Lyapunov exponent A,  is relat-

X

ed to the forecast time wa for the dynamics of system:

1 1
log — . 21
n 0g|u| (21)

max

T, (A) ~

According to (21) for a deterministic process A =0, the fore-
cast time T, — oo ; for a chaotic process A = 0, the forecast

for
time has a limited value 7, ~1/A4

for max '

for a random process

A — o, the forecast time tends to zero 7}, — 0.

To assess the dynamics of a separate dynamic varia-
ble, in our case E(z), we propose to use the Hurst coeffi-
cient H for the time series:

_In(R/S)
“In(M/2)’ (22)

here R - range of cumulative time series E’(r), S — series

standard deviation [20].
If H takes values from the interval 0.5 < H < 1, the

dynamics of studied parameter E(r) is chaotic, corre-
sponding to chaotic laser generation. We can choose the

reference value of the coefficient H® when the refer-
ence chaotic mode of laser operation is. This is a persis-
tent process, with memory and Tfor #0.1If H=0.5 the

dynamics is completely stochastic and 7}, =0, the

generation is stochastic. If H =1, the process is deter-
ministic with a long prediction time, corresponding to
stable laser generation.

After the numerical description of the reference
chaotic generation, the permissible values of parame-
ters deviations which are acceptable for precision con-

dition must be introduced in the form: SE;(Ae,r) , dV¢,

S\, 8H*®.

If the parameters of laser radiation deviate from the
reference ones, the possibility of correction should be
provided. The condition for precision laser generation is
the control of the laser parameters directly or indirectly
included in the main equation (17). The principles of
controlling a chaotic regime can be built on the para-
digm that the absorption of energy generates a chaotic
regime, and its dissipation decreases chaos. An analy-
sis of equation (17) shows that the radiation regime can
be managed both by controlling the pumping system
(13) and the laser parameters (15). As about a control
mechanism, we can talk about control for the resonator
quality factor (Q-factor):

W
Q=27LE (23)
WOSSGS
here W}u” — full energy in the resonator, W, — ener-

gy loss in one period.
The quality factor (22) is related to the parameters
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included in the laser equation (17) by the expressions:

Q:E:a)rcza)g, (24)
Sw cy

here 7,— photon lifetime in a resonator 7, =2x, ¢ —

speed of light [21].

In addition, we recall the connection between the
radiation parameters, the length of the resonator and
its dynamics, as well as with temperature (15).

Thus, the precision of chaotic laser generation is
ensured by the pumping components precision and the
stabilization of its characteristics, such as radiation
frequency, temperature, and others. The dynamics and
parameters of the chaotic regime can be corrected both
by changing the control parameter (pumping system)
and by changing the @-factor and resonator dynamics.

4. CONCLUSSIONS

The paper proposes the foundations for ensuring pre-
cision chaotic laser generation.
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IIpenusiiina xaoTuvHa JiadepHa resepamnisa

10.C. Kypcopruii, O.C. 'natenko

Xapriecvrull HayloHabHUL YHI8epcumem paodioesiekmporiku, np. Hayrku, 14, 61166 Xaprkis, Yipaina

BaBIaHHAM POBOTH € PO3POOKA IPUHIIAINE IIPELUaIiHOI Ta3epHoi Xa0THUHOI reHepari. [i pearmaaris crpusie
POSBUTKY 1H(QOPMAITINHAX CUCTEM, 110 0A3YIOThCA HA TIPUHITUIN CUHXPOHI3AIT] Xa0TUYHUX reHepaTopis. Kiodosa
polJieMa TIPAKTHYHOTO BUKOPHUCTAHHS XAOTHMYHHUX PEsKUMIB 00yMOBJIeHA (DYHIAMEHTAJILHOI BJIACTUBICTIO JTH-
HAMIYHOTO Xa0Cy — CHJIBHOIO 3AJICKHICTIO Bif (DJIyKTyaIliil IIOYaTKOBHX YMOB. ¥ POOOTI BUKOHAHO AHAJI3 HAIIIBK-
JIACUYHYIX JIA3€PHUX PIBHSHB I0/I0 BUHUKHEHHS HECTIMKIX 1 XA0TWYHUX PeKuMIB reHeparti. OTpumaHo piBHSH-
HsI XQ0TUYHOTO BUIIPOMIHIOBAHHS, JIOTIOBHEHE KOMIIOHEHTaMH (PIIyKTyalliil mapamerpa, 10 yIpasJisge, XapaKTe-
PHCTHEK JIa3depa 1 30BHINIHIX akTopiB. PIBHAHHS € 0CHOBOIO IJIS JOCIIIMKeHHS JIa3ePHOl TUHAMIKK 32 PI3HUX II0-
YATKOBHUX YMOB Ta 3a0€3IeUeHHS IIPEeI3IiMHOI Xa0TUYHOI TeHepalrii. 3ampolIoHOBAHO BU3HAYEHHS IIPEIIU3iiHOI
XQOTHUYHOI JIA3ePHOI TeHepariii Kk reHepartii JIa3epHOro BUITPOMIHIOBAHHS, TUHAMIKA SKOTO 13 3a/IaH0I0 TOYHICTIO
KJIACHIKYETHCS SIK XAO0TUYHA 1 € BIITBOPEHOIO B Meskax ¢rasoBoro moprpera. Bubip dasoBoro moprpera sk 00’ €KT
JIOC/IpKEHH Ha MPEeIN3IMHICTE 00yMOBJIEHNN CTIMKICTIO XAO0THYHMX pirteHb mono Jlarpamxky. IIpenusitinicts
MiTBEP/PKYETHCS TTOPIBHIHHEAM (PA30BOr0 MOPTPETa 3 €TAJIOHHUM IIOPTPETOM CUCTEMH, OTPUMAHNM IIPU KOHTPO-
JIBOBAHUX ITapaMeTpax XaoTHYHOI0 BUIpOMiHIOBaHHS. KUIBKICHIMI OIIHKAME XA0THYHOI IIPEIM31HOCTI 00paHo:
o0car arpakTopa, MoKa3HuKH JIsmyHoBa, Koedirmient XepeTa 3 JOIMyCTUMUME BiIXMJICHHSAMHA. [IpelrmsifiHIiCTh Bu-
TIPOMIHIOBAHHSA 3a0€3I1eUyeThCA IPELM3IAHICTIO HAKAYYBAHHA 1 cTablisalien XapakTepruCTUK JIa3epa, TAKUX SIK
YacToTa BHIIPOMIHIOBAHHS, TeMIleparypa Ta iHmmn. [uHamika Ta mapaMeTpyd XaoTHIHOIO PEsKHMY KOPUTYIOTHCS
IUIIXOM 3MIiHH Kepyouoro rmapamerpa (CrcreMa HaKadyBaHHs), MeXaHI3MaMy 3MIHK JOOPOTHOCTI Ta JUHAMIKA

pesoHaTOpa.

Kmiouosi cnosa: HamiBriracuuwi JiazepHi piBHAHHS, Xa0TUYHHWEN JiasepHuil pesxum, O0’eMm aTpakropa,

Tlorasuuku Jlsamoyuosa, Koeditient Xepcra.
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