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Fractional calculation methods and their applications in various scientific fields have aroused great in-

terest in recent years. They have been used in the modeling of many physical problems, chemical processes 

and engineering. Recently, Caputo-Fabrizio proposed a new fractional order derivative without singular 

kernel, this new operator is suitable for the Laplace transformation and capable of describing physical be-

havior at different scales. In order to further investigate the possible application of this new operator, we 

used it to study the effect of fractional order time derivative on the out-diffusion profiles during degassing 

a thin plate in vacuum. In this work we modulate the impurity transport in the material during degassing 

by the time fractional diffusion equation, taking into account the Caputo-Fabrizio derivative, and we treat-

ed it by using the separation of variables method. An exact solution was obtained, depends on the time 

fractional-order derivative alpha. We observed that alpha plays an important role in the numerical simula-

tions and it has an effect on the out-diffusion profiles, where the degassing is faster as alpha approaches 1, 

and the degassing is slow as alpha approaches zero. 
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1. INTRODUCTION 
 

In recent years, there has been a great deal of inter-

est in fractional calculus techniques and their applica-

tions in a wide range of scientific domains to modeling 

numerous physical problem, chemical processes, and 

engineering challenges, see for example [1-4]. The idea 

of fractional order derivatives is based on various 

methods of non-integer order derivation, especially, 

Riemann-Liouville [5, 6], Caputo [7, 8] and others 

[9, 11]. Caputo and Fabrizio  recently proposed a new 

fractional order derivative without a singular kernel 

[12, 13]. The modern fractional derivative approach 

established by Caputo and Fabrizio is suitable for the 

Laplace transformation, and has several interesting 

properties stimulated some authors to use it to solve 

various equations and modeling many phenomena in 

various branches of science, for instance analysis of 

logistic equation [11], Korteweg-de Vries-Burgers 

Equation [11], nonlinear Fisher's reaction diffusion 

equation [11], the modeling of the electrical flow in a 

series RLC circuit [11], heat transfer in magnetohydro-

dynamic [11] and other works see [19-21]. For a func-

tion C(t) belongs to the Sobolev space, Caputo and Fab-

rizio [11] proposed the following fractional derivative. 
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where ( )M   is a normalization constant depending on 
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Nieto and Losada [13] suggested a particular meth-

od enables to find the normalized function. This method 

depends on that the fractional integral in equation )1.1) 

is the average of the function and its anti-derivative for 

0 1  . Therefore the normalized function by using 

this way, takes the following form: 
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So what the fractional Caputo-Fabrizio derivative of 

a function ( )c t can redefined as: 
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The main aim of this work is to investigate the possi-

bility of applying this new derivative with fractional or-

der to solve the time fractional diffusion equation, and 

study the effect of fractional order time derivative on the 

out-diffusion profiles for degassing a thin plate in a vac-

uum. 
 

2. THEORETICAL IMPLEMENTATION AND 

CALCULATIONS 
 

Vacuum degassing is a process that enables to ob-

tain a high-strength component by reducing the impu-

rities, like hydrogen, content in the material by being 

removed in gas form. During this process the impurity 

captured by traps  escapes out of specimen [22, 23]. The 

impurity transport in the material during degassing 

can be modeled by the time fractional diffusion equa-

tion, this equation is referred to as 
 

2( , ) ( , )t xD C x t D C x t  ,                      )2.1)    

 

where the positive constant  is the diffusion coefficient 
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of impurity through the material and 0 1  . 

Consider the case of degassing a thin plate of thick-

ness L in a vacuum, whose surfaces, 0x  , x L , are 

maintained at Zero concentration of impurity. The ini-

tial concentration 0C of impurity is constant at all 

points of the plate. Therefore, the initial and boundary 

conditions can be written as: 
 

  ,  0 <   0( ,0)C x C x L  , )2.2) 

 

  (0, ) ( , ) 0C t C L t  , )2.3) 
 

As   is time-independent, we use the separation of 

variables 
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then 
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The left hand side of equation (2.6) is a function of t 

only, the right hand side is a function of x  only. The 

only way that this can be correct is if both sides equal a 

constant. In order to simplify the solution, we choose the 

constant to be equal to 2k  
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we have the following two equations to solve 
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Applying the Laplace transform to )2.8), we obtain: 
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or equivalently, 
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Using the properties of inverse Laplace transform, 

we deduce that 
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the first derivative of the last equation gives 
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The solution of the equation )2.9) is 
 

 2( ) cos( ) sin( )C x a kx b kx  , )2.16) 

 

therefore, the solution can be written as 
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Using the boundary condition we observe that 
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we can therefore generalize the solution to the form 
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Using the initial conditions we have 
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We multiply The both sides of equation (2.21) by 

sin
m

x
L

 
 
 

, where m is another integer, and integrate 

both sides of the resulting equation from a zero to L  we 

get the following result. 
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We then recognize that the integrals in the summa-

tion all vanish except for the one where n  m, because 

the eigenfunctions,

 
sin

n
x

L

 
 
 

 are orthogonal. 

Therefore we have 
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Solving for and evaluating the last integral in equa-

tion )2.23) gives the following result 
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Since [1 – cos(n)] is zero when n is even and 2 when 
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n is odd. Then our general solution for C(x, t) becomes 
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Implication of this solution is that provide estima-

tion of the concentration of impurity in the sample after 

degassing. Equation )2.26) shows that the C(x, t) de-

pends on the fractional order derivative. In the case of 

  1 the concentration is given by the following rela-

tionship 
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This equation represents the solution of standard 

diffusion equation for degassing a thin plate in a vacu-

um, see [41]. 

 

3. RESULTS AND DISCUSSIONS 
 

The out-diffusion profiles during degassing with dif-

ferent orders   {0.6, 0.8, 1}, C0  1 are shown in Fig. 1. 

From the Fig. 1, one can see that the out-diffusion 

profiles depends heavily on the order of the derivative 

alpha. We observe that degassing is faster as alpha ap-

proaches 1, and we have slow degassing as alpha ap-

proaches zero. It is clear from the figure.1 that the frac-

tional-order derivative plays an important role in the 

numerical simulations and it has an effect on the out-

diffusion profiles during degassing a thin plate in vac-

uum. 
 

 
 

Fig. 1 – The out-diffusion profiles C(x, t) with the parameters 

  {0.6, 0.8, 1}, C0  1, L  10 – 5, t  105, and   10 – 16 

 

4. CONCLUSION 
 

In this work the time fractional diffusion equation 

was treated for degassing a thin plate in a vacuum by 

using the new fractional order derivative approach 

without singular kernel has been established by Ca-

puto and Fabrizio. An exact solution was obtained and 

we observed that the fractional-order derivative plays 

an important role in the numerical simulations and it 

has an effect on the out-diffusion profiles during degas-

sing, where the degassing is faster as alpha approaches 

1, and the degassing is slow as alpha approaches zero. 
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Вплив дробової похідної за часом на профілі зовнішньої дифузії під час дегазації тонкої 

пластини у вакуумі 
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Методи дробових обчислень та їх застосування в різних наукових галузях викликають великий ін-

терес в останні роки. Вони використовуються в моделюванні багатьох фізичних задач, хімічних про-

цесів та інженерії. Нещодавно Капуто-Фабріціо запропонував нову похідну дробового порядку без си-

нгулярного ядра. Цей новий оператор підходить для перетворення Лапласа і здатний описувати фі-

зичну поведінку на різних масштабах. З метою подальшого дослідження можливого застосування 

цього нового оператора ми використали його для вивчення впливу похідної дробового порядку за ча-

сом на профілі вихідної дифузії під час дегазації тонкої пластини у вакуумі. У цій роботі змодельова-

ний транспорт домішок у матеріалі під час дегазації з допомогою рівняння дифузії дробового порядку 

за часом, врахувавши похідну Капуто-Фабріціо, і опрацьований за допомогою методу розділення 

змінних. Отримано точний розв'язок, який залежить від похідної альфа дробового порядку за часом. 

Змінна альфа відіграє важливу роль у чисельному моделюванні і має вплив на профілі дифузії. Дега-

зація відбувається швидше, коли альфа наближається до 1, і дегазація сповільнюється, коли альфа 

наближається до нуля. 
 

Ключові слова: Дробова похідна, Капуто-Фабріціо, Рівняння дифузії, Дегазація тонкої пластини. 


