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Functionally graded materials (FGM) are a class of composites, in which the properties of the material
gradually change over one or more Cartesian directions, the combination of which results in an assembly
with higher performance than components taken separately. This class of composite materials has gained
considerable attention in the engineering community, especially in high-temperature applications such as
nuclear reactors, aerospace, and power generation industries. The aim of the current work is to study the
influence of homogenization (idealization) models and thermal loads on static deflection behavior of sand-
wich functionally graded plate. Several micromechanical models have been employed to obtain the effective
material properties of the two-phase FGM plate. The FGM plate is subjected to linear and no linear ther-
mal loads. The integral theory used contains only four variable functions as against five in the case of oth-
er HSDTs. The governing equation are derived and resolved via virtual work principle and Navier’s model.
The accuracy of the proposed analytical model is confirmed by comparing the results with those given by

others model existing in the literature.
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1. INTRODUCTION

Materials are continuously developed from iron, pure
metals to composite materials which are in use today.
Pure metals have very limited use, since actual applica-
tion may require contrary property requirement which
cannot provide by using single metal. As compared to
pure metals, alloys can be stronger and more versatile.
Bronze which is alloy of copper and tin was the first al-
loy that was developed in 4000 BC (Bronze age). Since
then, different mixtures of metals and non-metals were
tried to combine strengths of multiple materials as per
functional requirement[1]. Functionally graded materi-
als (FGM) are a class of composites in which the proper-
ties of the material gradually change over one or more
cartesian directions [2]. FGMs have a wide range of
applications in various sectors due to their flexibility in
making a particular composite material according to
the requirement. FGMs are used in aerospace struc-
tures, military applications, medical applications, pho-
toelectronic devices, automotive parts, and sporting
equipment. FGMs are advantageous over conventional
structural materials and layered composites due to
their continuous change in characteristic properties,
thermal stability, good damping properties, and high
toughness. Additionally, they are used as coating mate-
rials which reduce heat loss from engine exhaust sys-
tem components and can be used in high and low tem-
perature zones. FGMs are also used in forming tools
and cutting tools, making them a useful material for
many applications.

There has been a considerable research report on
thermal stresses, fracture, thermo mechanical response,
buckling, free vibration, etc., of FGM structural elements
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during the last two decades [3]. Due to the importance
and wide technical applications of FGMs structures, they
have been addressed by many researchers [4].

The aim of the using the micromechanical models is
to accurately predict the effective multiphysics proper-
ties. and to quantify the effect of microstructure on the
multiphysics behavior of materials by the application of
continuum mechanics to a small-scale. Several micro-
mechanical models of FGMs have been reviewed in [5-9].
To assess the effect of the micromechanical models on
the structural responses of FG plates.

In this paper at first time the influence of the ther-
mal load with linearity and nonlinearity variations is
presented. Then, the effect of the micromechanical mod-
els (Voigt, Reuss, LRVE and Tamura) are employed to
determine the effects on the Center deflection w of the
sandwich functionally graded plate.

2. PROBLEM DEFINITION AND GOVERNING
EQUATIONS

2.1 Materials Properties

The geometry of the domain problem is assumed to
a rectangular plate with thickness “A”, length “a”, and
width “b”. The plate has three layers (two faces sheet
and a core) (Fig. 1).

The FG-face sheets are made by two materials Tita-
nium (as metal) and Zirconia (as ceramic). The Table 1
resumed the values of The Young modulus, thermal
expansion coefficients a and poison ratiov of Ceramic
and metal phases.

The volume fraction of the FG-faces sheet are as-
sumed varies as following functions.
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Fig. 1 — Geometry of the FGM sandwich plate

Table 1 — Material properties used in the FG sandwich plate

Properties Metal: Ti/6A1/4V Ceramic: ZrO2
(Titanium) (Zirconia)
E(2)(GPa) 66.2 117
vV 1/3 1/3
a (10-¢/K) 10.3 7.11
k
—-h,
v — [ZOJ ze[hghy ]
hy_h,
V® =1,z e[h,h,] , (2.1)

k
Ve =[2_Z3] 2 €[hyhy ]

2-"73

where k is the material index.

A number of micromechanics models have been pro-
posed for the determination of effective properties of
FGMs.

Voigt model: The Voigt model is relatively simple;
this model is frequently used in most FGM analyses
estimates properties of FGMs.

Reuss model: Reuss assumed the stress uniformity
through the material and obtained the effective proper-
ties.

Tamura model: The method of Tamura assumes a
linear rule of mixture for effective Poisson's ratio of a
two-phase composite whereas incorporates an empirical
fitting parameter in the effective Young's modulus for-
mulation.

Volume element (LRVE) model: The LRVE is de-
veloped based on the assumption that the microstruc-
ture of the heterogeneous material is known. The input
for the LRVE for the deterministic micromechanical
framework is usually volume average or ensemble av-
erage of the descriptors of the microstructures.

2.2 Displacement Base Field

Based on the same assumptions of the conventional
HSDT (with fives variables or more). The displacement
field of the proposed HSDT is only with four unknowns
variables and can be written in a simpler form as:

u(x,y,2) = uy(x,y) — z +k1f(z)j0(x y)dx

U(x,y,z)=vo(x,y)—zaa—y°+k2 f(@)[0(x,y)dy , (2.2)

w(x,y,z) = wy(x,y)
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where uo(x,y), vo(x,y), wo(x,y) and Bo(x,y) are the four-
unknown displacement functions of middle surface of
the FG-sandwich plate. f(z) is the warping function and
(k1 and k2) are a constants.

In the current research work the proposed combined
(exponential/hyperbolic) warping function ensures the
nullity condition of the free surfaces of the FG-sandwich
plate (zero transverse shear stresses at top and the Bot-
tom of the FG-sandwich plate). The present exponen-
tial/hyperbolic warping function f(z)is expressed as:

f(z)= [ln(ﬂ exp(1/20))—(0. 1407)5/4 cosh (ﬂ'Z)}Z (2.3)

The stresses/strains linear relation of the PFG-
sandwich plate can be expressed as:

" e, ¢, o o ol"[e-ar)"
9y ¢, C,, 0 0 O e, —aT
Tyt =0 0 Cg 0 O Yay 2.9
7, o 0o o0 ¢C, O Ve
.., 0 0 0 0 Cg ’o
Where

C, M = Cp,™ = E™ (2)/(1_(,,(”))2)
C,™ =y )C ()
o = 0™ = 0 = B (2)/2(1+v")

The variation of the temperature field across the
thickness is assumed to be:

T(x,y,2) =T (x,y)+— T(x y)+ ¥z )T(x,y),(2.5)

where T1, T2 and T3 are thermal loads, with:

W(z) = (h/z)sin(zz/h)

2.3 Governing Equations

The principle of virtual works of the considered
PFG-sandwich plates is expressed as:

SU+6V=0, (2.6)

where 6U is the variation of strain energy; 6V is the
variation of the virtual work done by external load ap-
plied to the plate. The governing equations can be ob-
tained as follows:

ON.
5u0:—aNx +—2=0
ox oy
oN_ ON
Svy:—2+—2=0
ox oy
a*Mb M, *MP (2.7
é‘wU: 2x+2 Xy 4 23':0
ox ox0y oy
*M; a8?
66:-k M-k, M} —(RA+k,B)—= +kh A'—= 4
1 x 2 y (kl 2 ) axay kl ax
oS?
+k,B'—==0
oy
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3. CLOSED-FORM SOLUTION FOR SIMPLY
SUPPORTED PLATE

Based on the Navier method, the following expan-
sions of displacements are:

i, U cos(a x)sin(f y)
Vo | | Vsin(a x)cos(B ) 3.1)
W, | W sin(a x) sin( 5 y) , '

P 6, sin(a x)sin(f y)

where (U, V, W and X) are unknown functions to be

determined and a=z/aand = n/a.
In the present work, the transverse temperature
loads T, T%, and T3 in double sinus series form as:

T [T
T, t =< T, ¢sin(a x)sin(B ). (3.2)
) T

The closed-form solution can be written as following
matrix form:

; (3.3)

UJ:OJ n
CIJDJCIJ »n O
<= < q
Ay Ba AN v B

where

Sy =—(4,&" + 4, 57)

S =-af (A, + 4Ay)

Sy =a(B,a’ +B,B" + 2B, ")

S = (kB + kB — (kA k,B) Bl )

= —(Age’ + 4, 8°)

s = B(Bnf +Bua® +2Ba’)

o = BBy + kB, — (K A+ kyBY) By )
i =—(Dya* +2D, +2D )’ B + Do, )
=~k (Dj\e® + D, B )+ 2k A'+ k,B') Dy’ ff°

Lr b 0n tn U

~k, (D3, + Dha )

Sy =~k (Hk + HYk, ) = (k A+ k,B"Y Hol' B
—k, (Hyk + Hok, ) - (kA'Y A —(k,B") 4L,8°
and

P =a(A"T +B"T, + “B'T,)

P, =p(A'T +B'T, + “B'T))

B =-h(a’+ B )B'T+D'T, +“D'T,)

P, =-h(a’+ )BT+ "D'T, + 'F'Ty)

(AT, BT, D7), (aBT, aD7), (BT, sDT, sFT) and (L7, <L7, RT)
are coefficients calculated by integral summation for-
mulations. In which:
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F=z/hf(z)= f(z)/hand 7(z) = w(z)/ h

4. NUMERICAL RESULTS AND DISCUSSION

Comparisons are performed to verify the accuracy of
the present analytical solution of the thermoelastic
bending of the FG-sandwich plate with the others exist-
ing models in the literature [10]. The transverse dis-
placement is presented in the dimensionless form as:

o= (h/ (aOT2a2))w(a/2,b/2) 4.1
With Eo =1 GPa and ao =108 K.

In the following, five kinds of PFG-sandwich plates
(symmetric and non-symmetric) are examined:

e The (1-0-1) PFG-sandwich plate: the symmetric
plate is composed of two thickness layers with (h1=-0,
h2 =0).

e The (1-1-1) PFG-sandwich plate: the symmetric
plate is composed of three equal thickness layers with
(h1=— h/6, hz = h/6).

e The (1-2-1) PFG-sandwich plate: the symmetric
plate with the core thickness equal to the sum of skin
thickness with (h1 = — h/4, hs = h/4).

e The (2-1-2) PFG-sandwich plate: the symmetric
plate with core thickness equal half of the skin thick-
ness with (h1 = h/10, h2 = h/10).

e The (2-2-1) PFG-sandwich plate: the non-
symmetric plate with the core thickness equal the
thickness of the thick layer with (h1=-Ah/10,
h2 = 3h/10).

4.1 Results Comparaison

Table 2 predicts the dimensionless deflection “i ” of
the symmetric and non-symmetric square FG-sandwich
plate under linear distribution of the thermal load
«T3 = O» versus power law index “k” and layer thickness
ratio. From the table, we can see that the present re-
sults obtained via combined exponential/hyperbolic
shear deformation theory is in good agreement with
different models Voigt, Reuss, LRVE and Tamura for
all values of the material index “k” and all configura-
tions of the FG-sandwich plate (1-0-1,1-1-1, 1-2-1, 2-1-2
and 2-2-1).

—=—T2=100

—&—T2=100T1=100
—a—T2=100T1=100 T3=100

w —— T2=100T1=100 T3=-100

. R

%“ﬁ s/ Ty .\l\
guﬂ /{ﬁmk
LA “h
o o e A S

Fig. 2 — Effect of the thermal load 71, T> and T3 on the Center
deflection w of the (2-2-1) FG-sandwich plate (k = 2) for Voigt
model
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Table 2 — Center deflection of the FGM sandwich square plates (75 = 0)

k Theory w
1-0-1 1-1-1 1-2-1 2-1-2 2-2-1
Zenkour et al [10] | Voigt 0.4802 0.4802 0.4802 0.4802 0.4802
o | Present Reuss 0.4802 0.4802 0.4802 0.4802 0.4802
LRVE 0.4802 0.4802 0.4802 0.4802 0.4802
Tamura 0.4802 0.4802 0.4802 0.4802 0.4802
Zenkour et al [10] | Voigt 0.6368 0.6062 0.5822 0.6210 0.5925
1 | Present Reuss 0.6246 0.5935 0.5704 0.6083 0.5807
LRVE 0.6316 0.6008 0.5772 0.6156 0.5875
Tamura 0.6246 0.5935 0.5704 0.6083 0.5807
Zenkour et al [10] | Voigt 0.6835 0.6535 0.6223 0.6702 0.6340
g | Present Reuss 0.6803 0.6485 0.6166 0.6658 0.6141
LRVE 0.6819 0.6512 0.6197 0.6681 0.6318
Tamura 0.6803 0.6485 0.6166 0.6658 0.6141
Zenkour et al [10] | Voigt 0.6914 0.6658 0.6338 0.6813 0.6450
5 | Present Reuss 0.6901 0.6630 0.6304 0.6791 0.6421
LRVE 0.6907 0.6645 0.6322 0.6802 0.6436
Tamura 0.6901 0.6630 0.6304 0.6791 0.6421
4.2 Effect of the Thermal Loads on the Center . | |
Deflection Pl i

In the present section three types of the tempera-
ture distribution across the thickness are considered.
The first one, the temperature is linearly distributed
through the thickness 7'=2zT%, in the second type the
temperatures vary nonlinearly across h; T'= P(z)T3 and
the third type is reserved for a combination of linear
and nonlinear distributions 7'= zT% + P(2)Ts.

From Fig. 2, it can be observed that the Center de-
flection @ 1is clearly influenced by the values of the
thermal loads 71, T2 and 73. It can be also concluded
that the larger values of the Center deflection w are
obtained for thermal load 73 = 100.

4.3 Effect of the Homogenization Models on
Center Deflection w

This section presents a comparison of the center de-
flection w obtained with the different micromechanical
models of Reuss, LRVE and Tamura based on four vari-
able combined exponential/hyperbolic shear defor-
mation theory .The geometry ratio is taken a/h =10,
aspect ratio a/b =1, T1 = 0 and 7% = 100.

06 !
4 I’" N —=— Voigt
05 l‘} \ —=— Reuss
/ \ —a— LRVE
Soa /_ \ —w— Tamura
$0s ? g
o/ \
S0z
Cul L/ \
o1
L1
2 L 10

Fig. 3 — Effect of different micromechanical models on the
Center deflection w of the (1-2-1) FG-sandwich plate (& = 1)

z 35
N,

—&— LRVE
—»— Tamura
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Fig. 4 — Effect of different micromechanical models on the
Center deflection w of the (2-2-1) FG-sandwich plate (k = 1)

Fig. 3 and Fig. 4, show the effect of different micro-
mechanical models on the center deflection of the
(1-2-1) and (2-2-1) FG-sandwich plate (k = 1).

It can be observed that the Center deflection w is
not influenced by the variation of different microme-
chanical models excluded some values in range of 1/103.

5. CONCLUSION

A comparative study has been presented in this pa-
per. The used theory is proposed for the thermo-elastic
flexural behavior of the simply supported FG-sandwich
plate. is confirmed by the comparisons performed with
the other theory used in literature. It can be noted that
the present model is simple to predict the thermoelastic
deflection behaviors of the simply supported of sand-
wich functionally graded plate. The plate is strongly
influenced by the thermal load however the microme-
chanical models have approximately the same effect on
deflection behaviors of FGM plate.
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Bruiue mopgesiei imeasiizanii Ha IPOruH MIACTUHU 3 (PYHKI[IOHAJIIBHO rPaayioBaHUM
marepiamgom (OIT'M)
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OyurIionasbHo rpaayiosani Marepianu (DI'M) — 11e Ki1ac KOMIIO3UTIB, Y AKAX BJIACTABOCTI MaTepiary
HOCTYIIOBO 3MIHIOITBECS B OJHOMY a00 KIJIBKOX JEKAPTOBUX HAIPSIMKAX, MOEJHAHHS SIKUX IPU3BOIAUTH 10
011bII e(DEKTUBHUX XAPAKTEPUCTUK, HiK KOMIIOHEHTH, B3sTi okpemo. lleil Kiaac KOMIIO3UTHUX MaTepiasiB
IPUBEPHYB 3HAYHY yBArY B IHIKEHEPHUX TaJly3sX, TAKUX SK SIePHA eHepreTUKa, aepPOKOCMIYHA IIPOMUCIIO-
BICTH Ta BUPOOHUIITBO esleKTpoeHeprii. Mera maHoi poboTH moJisiraia y JOCIIKeHH] BIINBY MOJeJIeH ToMO-
renisamii (ieasmisainii) Ta TEPMIYHAX HABAHTAKEHb HA CTATHYHY IIOBEIIHKY IIPOTHHY CE€HJIBIYOBOI (PYHKITIO-
HAJIBHO IpajiyitoBaHol mintu. Kinbka MikpoMexaHIYHUX MoesIei 6yI0 BUKOPHUCTAHO JIJIsI OTPUMAHHS eek-
THBHUX BiiacTuBocTedl MaTepiany nodassoi mriskua OI'M. [Imisra OI'M migmaerses JTiHINHEM 1 HeJIHIN-
HUM TeIUIOBUM HaBaHTa:KeHHsM. Buroprcrana iHTerpayibHa Teopis MICTHUTD JIMIE YOTHPHU (PYHKIHI 3MIH-
HUX Ha BIAMIHY BIJ[ IIATH y BUIIAJKY IHIIAX Mojesieil. Ba3oBe pIBHAHHSI OTPHMAHO Ta PO3B’SI3aHO 34 JOII0-
MOTOI0 IIPHUHIAIY BipTyasabHOI pobotu Ta momesi Has’e. TounicTs 3amporoHoBaHOI aHATITUYHOI MOJIEJII -
TBEP/IPKY€ETHCSA MOPIBHAHHIM Pe3yJIbTATIB 3 JITePaTyPHUMA JAHUMU.

Kmiouosi ciosa: TN'omorenisaris, Cemasiu-maiska, DyHKIIoHAIBHO TpamyioBanuii marepian, [Iporwmm,

Pisusuua Hav'e.
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