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Using a high order theory (HSDT), this work presents a study of thermal buckling of functionally graded 

(FG) sandwich plates subjected to various temperature rises across their thickness and resting on a two-

parameter elastic foundation. The mechanical properties of the FG sandwich plates are supposed to change 

gradually through the thickness according to a power law (P-FGM). The intermediate layer is homogeneous 

and made of a purely ceramic material. The principle of virtual works is used to obtain stability equations, 

and their solutions are obtained based on Navier’s solution technique. The obtained results are compared 

with other studies in the literature. Then, a parametric study is conducted to investigate the influence of ge-

ometric and mechanical characteristics such as the ratios of dimensions (width, length, and thickness), the 

material index (k), and the effect of the elastic foundation on the critical buckling temperature. 
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1. INTRODUCTION 
 

Functionally graded materials (FGM) are a class of 

composites, in which the properties of the material 

gradually change over one or more Cartesian directions 

[1], the combination of which results in an assembly 

with higher performance than components taken sepa-

rately. This class of composite materials has gained 

considerable attention in the engineering community, 

especially in high-temperature applications such as 

nuclear reactors, aerospace, and power generation 

industries [2]. The advantages of continuously varying 

volume fraction of the constituent phases are eliminat-

ing high-stress concentrations and separating layers 

encountered in other composites such as sandwiches 

and laminates. Over the last two decades, there has 

been a significant number of reports on thermal stress-

es, fracture, thermo-mechanical response, buckling, 

free vibration, etc. of FGM structural elements [3]. 

Zenkour [4] investigated the response and bending, 

buckling, and free vibration of the simply supported 

sandwich plate using the plate theory of sinusoidal 

shear strain. Zhao [5] studied the buckling behavior of 

FG plates under mechanical and thermal loads with 

arbitrary geometry. Bourada [6] presented a novel 

theory of refined four-variable plates for the thermal 

buckling analysis of FG sandwich plates. Kettaf [7] 

examined the thermal buckling response of FG sand-

wich plates by proposing a new model of hyperbolic 

displacement. Bouiadjra [8] proposed a refined four-

variable plate theory to analyze buckling of FG plates 

subjected to thermal loads. Maiche [9] using the refined 

hyperbolic shear strain plate theory had four variables 

for the study of buckling and vibration of FGM plates. 

This work analyzes a new displacement model for 

sandwich plates on an elastic foundation under various 

thermal loads. Analytical solutions are presented using 

a New High Order Theory (HSDT). 

2. GEOMETRY OF A FUNCTIONALLY GRADED 

PLATE 
 

A simply supported FGM sandwich plate of length a, 

width b, and thickness h is referred to the rectangular 

cartesian coordinates (x, y, z), as shown in Fig. 1. The 

face layers of the FG sandwich plate are made of an 

isotropic material with material properties varying 

smoothly in the z direction only (FGM). The core layer is 

made of an isotropic homogeneous material (ceramic). 
 

 
 

Fig. 1 – Geometry and coordinate system of the FGM sand-

wich plate resting on a two-parameter elastic foundation [10] 
 

The effective material properties of FGM sandwich 

plates are expressed by [11]: 
 

 (n) (n)( ) ( )m c mP z P P P V   . (2.1) 

 

The volume fraction of FGM is supposed to obey a 

power-law function along the thickness direction 
 

 

(1) k
0 1 0 0 1

(2)
1 2

(1) k
3 2 3 2 3

/

/

   ( )

1

(

 

  )

  

 

v z h h h h h

v h h

v z h h h h h

z

z

z

 



  

 

  

 (2.2) 

 

where V(n) (n  1, 2, 3) denotes the volume fraction 
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function of layer n; k is the volume fraction index, 

which indicates the variation profile of the materials 

through the thickness. 

 

3. DISPLACEMENT FIELD AND  

CONSTITUTIVE EQUATIONS 
 

The displacement field of the P-FGM plate accord-

ing to the high order theory is written in the following 

form: 
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where u0, v0, w0,  are four unknown displacements of 

the mid-plane of the FG plate. The form of shape func-

tion f(z) is given as follows: 
 

   3( ) (3 / 25 ) 0.135 cosh /f z z z h    . (3.2) 

 

Using the theory of elasticity, the strain compo-

nents are obtained from equations (3.3) as follows: 
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The stresses in layer n can be expressed as follows: 
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where 
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4. STABILITY EQUATIONS 
 

The governing equations are obtained using the 

principle of virtual displacement, which equates exter-

nal and internal work. The total potential energy of the 

system V (FG plate resting on the Pasternak elastic 

foundation) may be written in the form [12]: 
 

 FV U U  . (4.1) 

 

Here U is the total strain energy of the plate, which is 

calculated as 
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UF is the strain energy due to the Pasternak elastic 

foundation, which is given by [13]: 
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Substituting Eq. (3.4) and Eq. (3.5) into Eq. (4.2) 

and integrating through the thickness of the plate, 

Eq. (4.2) can be rewritten as: 
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hn and hn+1 are the bottom and top z-coordinates of the 

n-th layer. 

Substituting Eq. (3.3) and Eq. (3.5) into Eq. (4.5), 

the relationships between the stress resultants and the 

strains are expressed in the matrix form as: 
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where the stiffness components are given as follows: 
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The thermal force and thermal moment resultants, 

,T T T T
x y x yN N M N   and T T

x yP P   are defined by: 
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Substituting U and UF into the virtual work 

statement (4.1), integrating by parts and collecting the 

coefficients u0, v0, w0, and , the following govern-

ing equations are obtained: 

 

 

1 1

1 1

2 1 2 2 1 1 2 1 2 1
0 0

2 1 2 2 1 1 2
1 1 2 2

2 1 2 1
1 2

/ / 0

/ / 0

/ / / 0

( ) / ( ) / ( ) /

( ) / ( ) / 0

xx xy

xy yy

xx xy yy w w

xx xy yy

xz yz

N x N y

N x N y

M x M x y M y N K w K w

K A P x K A K B P x y K B P y

K A Q x z K B Q y z

    

    

            

          

        





  (4.11) 

 

with 
 

 0 2 1 2 0 2 1 2
00 0( / ) ( / )xx yyN N w x N w y v     

  , (4.12) 

 

where 
 

  
1

3
0 0

1

( ) ( ) / 1
n

n

h
n n n

xx yy
n h

N N E z z T dz 




     .(4.13) 

 

5. ANALYTICAL SOLUTION FOR SIMPLY  

SUPPORTED RECTANGULAR FGM  

SANDWICH PLATES 
 

Rectangular plates are generally classified accord-

ing to the type of support. For a simply supported rec-

tangular FG sandwich plate, the Navier method, based 

on double Fourier series, is used for the analytical solu-

tion of the partial differential equation 
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where   m/a,   n/y; U, V, W and X are arbitrary 

parameters to be determined. Substitution of the stress 

and moment resultants defined in Eq. (4.6) and 

Eq. (4.7) into equations (4.11) gives: 
 

   0L Q     (5.2) 

 

where 
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and [L] is the symmetric matrix given by: 
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6. THERMAL BUCKLING OF FGM PLATES 
 

In the following, a square plate subjected to thermal 

loads is considered. To examine the effect of the type of 

temperature variation, three types of thermal loading 

in the thickness of the plate are taken. 

 

6.1 Buckling of FGM Sandwich Plates under  

Uniform Temperature Rise 
 

The initial uniform temperature of the plate is as-

sumed to be Ti. The temperature is uniformly raised to 

a final value Tf in which the plate buckles. The temper-

ature change is [14]: 
 

   f iT z T T T    . (6.1) 

 

6.2 Buckling of FGM Sandwich Plates under  

Linear Temperature Rise (LTR) 
 

For FGM sandwich plates, the temperature change 

is not uniform, the temperature distribution is approx-

imated linearly through the thickness. Therefore, the 

temperature as a function of the thickness coordinate z 

can be written in the form [15] 
 

    / 1 / 2 ,M C MT z T z h T T T T       . (6.2) 

 

6.3 Buckling of FGM Sandwich Plates under  

Non-Linear Temperature Rise 
 

We assume that the temperature varies from Tt, ac-

cording to the power-law variation through the thick-

ness, to the bottom surface temperature Tb, in which 

the plate buckles. In this case, the temperature 

through the thickness is given by 
 

    / 1 / 2 ,
p

m C mT z T z h T T T T       , (6.3) 

 

where TC and TM are the temperatures of the top and 

bottom surfaces. 

 

7. RESULTS AND DISCUSSION 
 

In this section, numerical results are presented for 

the static analysis of FGM sandwich plates resting on 

elastic foundations and subjected to thermal loading. 

The FG sandwich plate is taken to be made of Titanium 

and Zirconia with the following material properties: [6]: 

Em  66.2 GPa, m  10.310 – 6 1/c°, Km  18.1 W/m.K, 

Ec  244.27 GPa, c  12.76610 – 6 1/c°, Kc  1.7 W/m.K. 

Poisson's ratio is selected constant for both Titani-

um and Zirconia and it equals to 0.3. Numerical results 

are presented in terms of non-dimensional thermal 

buckling. The various non-dimensional parameters 

used are [16]: 
 

 4 2 3 2/ , / , /12 1 .c c c ckw Kwa D kg Kga D D E h    

  (7.1) 

 

7.1 Validation of the Results 
 

In order to validate the accuracy of the present for-

mulations, a comparison has been carried out with the 

results obtained in [6], [17] and [18], based on the high-

er-order shear deformation theories (HSDT). The re-

sults are listed in Table 1, Table 2 and Table 3. 

 

Table 1 – Critical buckling temperature Tcr of square FG plate under uniform temperature rise for different values of power law 

index k and side-to-thickness ratio /h 
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Table 2 – Critical buckling temperature Tcr of FGM sandwich square plates under non-linear temperature rise for different val-

ues of power law index k and side-to-thickness ratio /h 
 

 

Table 3 – The effects of elastic foundation parameters on the critical buckling temperature difference Tcr of FGM sandwich 

square plates under thermal load (k  2, /h  50) 
 

Schema  

kg  10 
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kw kw kw 

 10 50 100 10 50 100 10 50 100 

Present 
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35.37540 

35.37104  

36.88610 
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38.77011 

35.38110 
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7.2 Parametric Studies 
 

The influence of the elastic foundation on the criti-

cal buckling temperature of FGM sandwich plates (2-1-

2) is shown in Fig. 2. As observed, for plates 

with/without elastic foundation, we can see in these 

figures that, whatever the type of thermal loading and 

the values of the constant of the elastic foundation (kw 

and kg), the critical buckling temperature of the sand-

wich plate decreases as the aspect ratio a/b increases 

for all values of the elastic foundation. The critical 

buckling temperature is almost constant when b/a  2. 

The variation of critical temperatures Tcr of FGM 

sandwich plates subjected to various thermal loading 

types (UTR, LTR, and NTR) versus the side-to-

thickness ratio a/h is shown in Fig. 3. For the four 

types of plates with a small thickness ratio, considera-

ble differences between the results for different tem-

perature variations are observed. However, for a signif-

icant value of the thickness ratio, the difference be-

tween the critical temperature values is slight. It is 

clear and regardless of the type of loading or the type of 

the sandwich plate. It is observed that the critical buck-

ling temperature decreases with an increase in the 

side-to-thickness ratio /h. 

Fig. 4 shows the effect of the inhomogeneity param-

eter k on the critical buckling temperature Tcr for def-

erent types of FGM sandwich plates under various 

thermal loadings. It can also be seen that the critical 

temperature Tcr under uniform temperature rise is 

smaller than that of the plate under linear temperature 

rise, and the latter is smaller than that of the plate 

under nonlinear temperature rise. 

It is noted that for the plate without a core or the 

core of the plate is half of the thickness of the face in 

the case of sandwiches (1-0-1) and (2-1-2), the critical 

buckling temperature Tcr decreases to reach minimum 

values and then increases gradually as the inhomoge-

neity parameter k increases. However, for the (1-1-1) 

and (1-2-1) FGM sandwich plates, the critical buckling 

temperature Tcr decreases smoothly as the power-law 

index k increases. 

In Fig. 5 and Fig. 6, we see that the elastic founda-

tion parameters have little effect on the value of critical 

buckling temperature, an increase in the shear modu-

lus parameter leads to an increase in the critical buck-

ling temperature. 
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Fig. 2 – Effect of the aspect ratio (a/b) and parameters of 

elastic foundations on the critical buckling temperature Tcr of 

a FGM sandwich plate simply supported (k  2, /h  50) 
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Fig. 3 – Variation of the critical buckling temperature versus the side-to-thickness ratio /h for different types of FGM sandwich 

plates 
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Fig. 4 – Critical buckling temperature difference Tcr due to the uniform, linear and nonlinear temperature rise across the thick-

ness versus the power-law index k (/h  10) 

 

8. CONCLUSIONS 
 

In the present study, thermal buckling analysis of 

FGM sandwich plates resting on an elastic foundation 

has been performed. The present method is based on a 

2D plate shear deformation theory that contains four 

unknowns. Critical buckling loads of FGM sandwich 

plates have been analyzed using an analytical ap-

proach. Based on the higher-order shear deformation 

theories, FGM sandwich plate buckling analyses were 

carried out considering a sandwich plate under various 

thermal loadings. The obtained results were presented 

in figures and tables and compared with references, 

demonstrating the accuracy of the current approach. 

Based on the results obtained, the following conclusions 

can be drawn. 

By increasing the thickness of the core (the ceramic 

layer) of sandwich plates, the critical buckling temper-

ature difference decreases. 

The plate's geometry also influences the critical 

temperature: the critical buckling temperature differ-

ence of FGM sandwich plates decreases when the side-

to- thickness ratio a/h increases. 

By increasing the value of the material index, the 

critical temperature initially decreases and then  
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Fig. 5 – Variation of the critical buckling temperature versus 

the para meter kw (/h  50) for different types of FGM sand-

wich plates under uniform, linear and nonlinear temperature 

rise 
 

hcore  hface, but for structures where hcore ≥ hface the 

critical temperature Tcr decreases gradually to mini-

mum values. The critical buckling temperature differ-

ence Tcr for FG plates increases with increasing the 

elastic foundation parameter. The rigidity of the foun-

dation has a significant effect on the buckling tempe- 
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Fig. 6 – Variation of the critical buckling temperature versus 

the parameter kw (/h  50) for different types of FGM sand-

wich plates under uniform, linear and nonlinear temperature 

rise 
 

rature of sandwich plates. The effect of kg on the criti-

cal buckling temperature is more pronounced than kw. 

In conclusion, it can be said that the proposed theo-

ry is accurate and simple in solving thermal buckling 

behaviors of functionally graded sandwich plates rest-

ing on an elastic foundation. 
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Нова теорія високого порядку для аналізу температури жолоблення  

функціонально градуйованих сендвіч-пластин, що спираються на пружну основу 
 

M. Chitour1, A. Bouhadra2,3, M. Benguediab3, K. Mansouri2, A. Menasria2,3, A. Tounsi1,3 
 

1 Djillali LiabesUniversity, Sidi belabbes, 22000, Algeria 
2 Abbes Laghrour University, Khenchela, 40000, Algeria 

3 Materials and Hydrology Laboratory, Djillali Liabes University, Sidi Bel Abbés, Algeria 

 
Використовуючи теорію високого порядку (HSDT), у роботі представлено дослідження термічного 

жолоблення функціонально градуйованих (FG) сендвіч-пластин, підданих різному підвищенню тем-

ператури по всій їх товщині, що спираються на двопараметричну пружну основу. Передбачається, що 

механічні властивості FG сендвіч-пластин поступово змінюються з товщиною відповідно до степенево-

го закону (P-FGM). Проміжний шар однорідний і виготовлений з чисто керамічного матеріалу. Прин-

цип віртуальних робіт використовується для отримання рівнянь стійкості, розв’язки яких отримують 

на основі методики розв’язування рівнянь Нав’є. Отримані результати порівнюються з результатами 

інших досліджень. Потім проводиться параметричне дослідження для вивчення впливу геометричних 

і механічних характеристик, таких як співвідношення розмірів (ширина, довжина і товщина), індекс 

матеріалу (k) та вплив пружної основи на критичну температуру жолоблення. 
 

Ключові слова: FG сендвіч-пластини, Термічне жолоблення, Пружна основа, Віртуальні роботи,  

Рішення Нав’є. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


