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The interaction of electromagnetic waves with a spherical metal nanoparticle is studied in this work. 

Within the model of a finite spherically symmetric potential well, the dimensional dependence of the Fermi 

energy of conduction electrons is calculated. It has been shown that taking into account the model of a finite 

spherical potential well leads to a decrease in the value of the Fermi energy, while the general character of 

the size dependences is preserved. In the diagonal response approximation, the expressions are obtained and 

the diagonal components of the optical conductivity tensor of a spherical metal nanoparticle with radius r0 

are calculated. The influence of the variation of the effective radius and the material of a spherical nanopar-

ticle on the frequency dependences of the real and imaginary parts of the optical conductivity has been in-

vestigated. By comparing the results of calculations of the diagonal component of the optical conductivity 

tensor of a spherical nanoparticle and a cylindrical nanowire for Cu, the influence of the dimensionality of 

the systems is established. The results of the calculations show a strong dimensional and frequency depend-

ence of the real and imaginary parts of the optical conductivity. The calculations are performed for Ag, Cu 

and Al spherical nanoparticles. The differences in the results for Ag, Cu and Al spherical nanoparticles are 

explained by different values of the relaxation time of conduction electrons. 
 

Keywords: Fermi energy, Metallic nanoparticle, Optical conductivity, Size quantization. 
 

DOI: 10.21272/jnep.14(2).02013 PACS numbers: 61.46.Bc, 73.22. – f 

 

 

1. INTRODUCTION 
 

Studies of the optical properties of small metal parti-

cles are traditionally considered relevant [1-3]. First of 

all, this is due to their use in optical and electronic de-

vices of new generation, in particular, in the creation of 

metamaterials [4], in sensor technology [5], memory 

cells [6], high-speed optoelectronics [7] and superlenses 

[8]. In addition, metal nanoparticles are directly used in 

medical diagnostics [9]. 

Nowadays, experimental methods have been deve-

loped to study the optical-spectral characteristics of in-

dividual metal nanoparticles [10, 11]. Studies of the op-

tical properties of metal nanoparticles and their ensem-

bles provide important information on the structure of 

the electronic levels of the energy spectrum and the po-

sition of the Fermi level in such nanostructures. New 

technologies make it possible to obtain ensembles of na-

noparticles with a radius of several tens to hundreds of 

nanometers in the form of flattened or elongated ellip-

soids of rotation, disc-shaped forms, etc. [12, 13]. The 

simplest case in the study are spherical nanoparticles. 

However, obtaining particles identical in their parame-

ters still remains an unsolved problem. 

Metal nanoparticles have unique optical and spectral 

properties. Varying the shape and size of small particles 

can significantly enhance the optical response of low-di-

mensional systems [14-17]. The spectroscopic properties 

directly depend on the environment in which the nano-

particles are located [18]. Due to the application of metal 

or semiconductor shells to the dielectric core, it is possi-

ble to regulate the position and peak of resonant absorp-

tion in such structures. 

The basic parameters for calculating the spectra of 

metal nanoparticles are the real and imaginary parts of 
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the optical conductivity. Theoretical works devoted to the 

study of the optical properties of metal nanoparticles are 

based on the analysis of both classical [19] and quantum-

dimensional effects [20, 21]. A comparison of different 

quantum-mechanical approaches which allow to study 

the optical response of nanoobjects is given in [22]. One of 

the theories that considers the reaction of nanoparticles 

in the form of parallelepipeds to an external electromag-

netic field is the Wood-Ashcroft theory [23]. 

In this work, in the framework of the diagonal re-

sponse to an electromagnetic wave, the diagonal compo-

nents of the optical conductivity of a spherical metal na-

noparticle are calculated taking into account the dimen-

sional dependence of the position of the Fermi level in the 

metal. For this reason, the approach [23] is used, which is 

adapted for ultra-thin films and wires in [24]. This model 

can be used to study a dielectric particle covered with a 

thin layer of metal or semiconductor shell. 

 

2. BASIC RELATIONS 
 

The current induced by an electromagnetic wave 

with a frequency  and a wave vector q is defined by the 

formula: 
 

  ,j  


    q  (1) 

 

where  is the conductivity tensor, and E are the elec-

tric field components. 

Using the results of [24], the diagonal components of 

the conductivity tensor can be represented as 
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where e is the electron charge; n  is the density of con-

duction electrons; 3
04 / 3r   is the volume of the par-

ticle; 1i   ; , ,x y z  ; em  is the mass of an electron; 

  
1

F Bexp / 1i if k T 


    
 is the fill factor of the 

state with an energy i ; , ,i n l m  and , ,j n l m    

are the vectors of the initial and final states;     ;ij i j

ˆj p i  is the matrix element of projections of the mo-

mentum operator and T is the temperature. Further, we 

assume that 0.T   

It is assumed that the conduction electrons of the na-

noparticle are located in a spherically symmetric rectan-

gular well with a depth 0 0.U   In this case, the solution 

of the Schrödinger equation has the form 
 

      , , , ,nlm nl lmr R r Y      (3) 

 

where the radial dependence of the wave function is
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0 ,nl nlk k  0 02 ,ek m U  lj  is the spherical Bes-

sel function of the l-th order, 
 1
lh  is the spherical Hankel 

function of an imaginary argument. The subscript 

1,2,n   enumerates the roots of the characteristic 

equation for a given l value, which follows from the con-

dition of continuity of the logarithmic derivative of the 

wave function at the well boundary: 
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where the prime denotes differentiation with respect to 

the entire argument. 

Spherical harmonics are described by the expression 
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where 0, 1, 2m l    , and  cosm
lP   is the associ-

ated Legendre function. 

By using formulas (3)-(6), after rather cumbersome 

transformations, the matrix elements of different projec-

tions of the momentum operator can be expressed in the 

form: 
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where  
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J JN  and   is the Kronecker 

symbol. 

It is easy to see that, for a fixed direction of polariza-

tion, the summation in (2) over all m (and m') does not 

depend on the direction. Therefore, 
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Then, the squared matrix element of the projection 

of the momentum operator (7) is also independent of the 

direction and has the form: 
 

       
22
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Given the absorption by substitution i     ( 

is the relaxation time) in expression (2), we obtain the 

formula for the diagonal component of the optical con-

ductivity 
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where 
 

 

2 2
2 2 2

2
2

0 2
2 4 2,

2 2 2

2 2

2i

2
ˆ, ,

4

i ij ij

i je

ij

f

S r j p i
Nm




  





 

 

 
   

 
 

   
 



 
2 2

1 i
0
1

DR


 

 





 is the Drude formula and 

  20 ee n m   is the static conductivity. 

The real and imaginary parts of the optical conduc-

tivity can be finally written as: 
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where 2 2 ,ek m   2 2 ,ek m   and the fill factor is 

approximated by the step function  Fnlm nlmf     . 

The diagonal component of the conductivity tensor is 

calculated by formulas (10) and (11) using expression (8) 

for the squared matrix element of the projection of the 

momentum operator. 

We obtain the transcendental equation for determi-

ning the Fermi energy F  [25]: 
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It is assumed that the density of conduction electrons 

in a nanoparticle is the same as in an infinite metal. 

Summation is performed over all n and l for which 
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3. RESULTS OF THE CALCULATIONS AND DIS-

CUSSION 
 

The calculations were performed for electron concen-

trations  
1

34 3sn r


 , where  03,02 ;sr a  02,67a  and 

02,07a  ( 0a  is the Bohr radius) for the Ag, Cu and Al 

metals, respectively. 

Fig. 1 shows the size dependences of the Fermi ene-

rgy of Ag and Al nanoparticles. These dependences ex-

hibit an “oscillatory” behavior. Taking into account the 

model of the finite potential well leads to a decrease in 

the value of the Fermi energy level. Increasing the ra-

dius of the particle leads to a decrease in the period and 

amplitude of oscillations, the values of which approach 

the value of the Fermi energy in a 3D metal 

 
0 0

2 2
F F 2 .ek m   

The specific features of the size dependences of the 

Fermi energy for Ag and Al nanoparticles are determined 

only by different values of electron concentration n  of 

these metals. Compared to the Ag particle, the scale of the 

oscillation period for the Al particle is smaller, because 

the root distribution density knl is higher. 

Fig. 2 shows the frequency dependences of Ag nano-

particles with a radius 0 1r   and 2 nm (curves 1, 2 and 

3, 4, respectively). At such radii, the peaks correspond to 

transitions between the size quantization levels. Taking 

into account the model of the finite potential well 

(dashed curves in Fig. 2), all peaks are shifted to lower 

frequencies. The reason is the decrease in energy levels, 

as a result of which the distance between them de-

creases and the optical transitions begin at lower fre-

quencies. 

Increasing the radius also shifts to lower frequen-

cies, and the frequency range occupied by the peaks de-

creases. The peaks begin to merge with each other, and 

their number decreases. The position of the peaks is pre-

dictable, even though the spectrum of knl is rather com-

plex. 

For example, we determine for Ag nanoparticle the 

position of the peak with the highest height in the de-

pendence of the quantity Re  . 

 

 
 

Fig. 1 – Size dependences of the Fermi energy for Ag and Al na-

noparticles (solid lines are the model of the infinite potential well; 

dashed lines are the model of the finite potential well) 
 

The height of the peaks is proportional to the square 

of the matrix element of the operator p̂ , and the ma-

trix element has a maximum value at n n   since the 

corresponding integral in (8) under this condition is 
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maximum. Thus, the maximum value of Re   is at-

tained at 0l   and F.n n n    Assuming that 

 
0

1 3
2

F F 3k k n  , we find that 
0F F 0 3n k r    for 

0 1r   nm. As a result, 
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2 2e e
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An error of about 10 % is due to the assumption of a 

uniform distribution of levels. 
 

 
 

Fig. 2 – Frequency dependences of the real and imaginary 

parts of the optical conductivity of the Ag nanoparticle: solid 

lines are the model of the infinite potential well; dashed lines 

are the model of the finite potential well. The radii of nanopar-

ticles are (1, 2) r0  1 nm and (3, 4) r0  2 nm 
 

Let us compare the conductivity tensor components 

in order of magnitude for the Ag nanoparticle. We take 

into account that ,ij    2 2 2 2  and that the 

following relationships from (9) are valid: 
 

  0Re Im , ,DR S r    (14) 
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At 1,14 eV   and the frequency of absorption 

0,016 eV   we obtain that the static conductivity 

  17 10 5,91 10 s    and   16 10 0,85 10 s .DR       

Hereinafter 2 16 1
02 2,1 10 se a    will be used as a con-

ductivity unit. Then, we have 0,41DR  . 

Substituting 
144 10 s    (for the Ag nanoparticle) 

and 0 1r   nm into (15), we obtain  0Im , 8,1S r   and 

Re 3,2  . This value is in good agreement with the 

calculated data presented in Fig. 2 (the first maximum 

in curve 1). In the macroscopic limit 0r    we have 

Re 0,   Im Im .DR   

Fig. 2 demonstrates the important fact that Re   

is nonnegative in the entire investigated frequency 

range, while Im   is an alternating function of fre-

quency. 

Fig. 3 shows the results of Re   for metal nanopar-

ticles with similar results for a thin metal wire [24]. For 

a wire of radius 0 , for ,x y  , the squared matrix el-

ement of the projection of the momentum operator has 

the form 
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where  2 2
0 ,mn mnk k  mI  is the Bessel function and 

mK  is the Macdonald function. The number 1,2n   

enumerates the roots of the characteristic equation for a 

given m value: 
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The differences in the position and size of the peaks 

are explained by the different energy spectra of the 0D 

and 1D systems. After the recalculation in the 0D sys-

tem, there remains the summation over the quantum 

numbers n and l, and, in the case of the 1D system, n 

and m. 

Assuming that 
0

2
2 2
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ˆ 4mn p mn k
    and 

0F
1 2
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For Cu at 0 0 1r    nm and 
0

10
F 1,36 10k    m – 1 (

F F4; 0 1n l n   ) we have 

 

 sphere wireRe Re 1,9.      

 

 
 

Fig. 3 – Frequency dependences of the optical conductivity real 

part of the Cu nanoparticle (solid line) and the Cu nanowire 

(dashed line) with radii r0  0  1 nm 
 

 
 

Fig. 4 – Frequency dependence of the optical conductivity real 

part for nanoparticles of various metals: 1 – Ag, 2 – Cu,3 – Al 
 

The frequency dependences of the real part of the op-

tical conductivity for different metals at a fixed particle 

radius (r0  1,5 nm) are shown in Fig. 4. The results ob-

tained are qualitatively and quantitatively different for 

Ag, Cu, and Al particles. In particular, in the case of Ag 

and Cu nanoparticles, in contrast to Al ones, there are 

strong oscillations in almost the entire frequency range 

under consideration. This is explained by the short re-

laxation time of electrons 
142,07 10 s    in Al, so that 

the width of the peaks is 0,082   eV. In this regard, 

Ag  0,016 eV   has the least value. In calculations, 

we used the electron relaxation times  taken from [26] 

for 3D metals. 

Despite the absence of peaks in the frequency de-

pendence of the conductivity for the Al nanoparticle, the 

maximum of this dependence can be determined taking 

into account that F 8n  . Then, for 0 1,5r   nm, we have 

 

 
 2 2 2

8,1 8,0

max 2
0

1,3 eV.
2 em r

 



    

 

The obtained result agrees well with the calculation 

results, taking into account width of peak. 

 

4. CONCLUSIONS 
 

The size dependence of the Fermi energy of spherical 

metal nanoparticles is calculated. It has been shown 

that taking into account the model of the finite potential 

well leads to a decrease in the value of the Fermi energy 

level. Increasing the radius of the particle leads to a de-

crease in the period and amplitude of oscillations, the 

values of which approach the value of the Fermi energy 

in a 3D metal. 

The conductivity tensor for spherical metal nanopar-

ticles is introduced and its diagonal components are cal-

culated within the model of the potential well of finite 

depth. The evolution of the frequency dependences of the 

real and imaginary parts of the optical conductivity un-

der variation of the radius has been analyzed. 

It has been shown that the imaginary parts of the 

optical conductivity are alternating functions of fre-

quency, while the real parts are nonnegative in the en-

tire investigated frequency range. It has been estab-

lished that, with an increase in the radius of a nanopar-

ticle, the maxima of the real and imaginary parts of the 

optical conductivity components shift to the region of 

lower frequencies and the maxima merge with each 

other, which is due to an increase in the number of size 

quantization levels, and, consequently, the number of 

possible transitions between them. 

The components of the optical conductivity were cal-

culated for Ag, Cu and Al particles. The differences in 

the character of the frequency dependences of nanopar-

ticles of various metals are caused by the differences in 

the relaxation times of conduction electrons. 
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Оптична провідність сферичної металевої  наночастинки з урахуванням  

розмірної залежності енергії Фермі 
 

А.О. Коваль1,2 
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2 Науково-виробничий комплекс "Іскра", вул. Магістральна, 84, 69071 Запоріжжя, Україна 

 
У роботі досліджено взаємодію електромагнітних хвиль зі сферичною металевою наночастинкою. В 

рамках моделі сферично-симетричної потенційної ями кінцевої глибини розраховано розмірну залеж-

ність енергії Фермі електронів провідності. Показано, що врахування моделі сферичної потенційної 

ями кінцевої глибини призводить до зменшення значення енергії Фермі при зберіганні загального ха-

рактеру розмірних залежностей. У наближенні діагонального відгуку отримано вирази та розраховано 

діагональні компоненти тензора оптичної провідності сферичної металевої наночастинки радіусом r0. 

Досліджено вплив варіації величини ефективного радіусу і матеріалу сферичної наночастинки на час-

тотні залежності дійсної та уявної частин оптичної провідності. Шляхом порівняння результатів розра-

хунків діагональної компоненти тензора оптичної провідності сферичної наночастинки та циліндрич-

ного нанодроту для Cu встановлено вплив розмірності систем. Результати розрахунків демонструють 

сильну розмірну і частотну залежність дійсної та уявної частин оптичної провідності. Обчислення про-

ведені для сферичних наночастинок Ag, Cu і Al. Відмінності в результатах для сферичних наночасти-

нок Ag, Cu і Al пояснюються різними значеннями часу релаксації електронів провідності. 
 

Ключові слова: Енергія Фермі, Металева наночастинка, Оптична провідність, Розмірне квантування. 
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