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In the present work, within the framework of nonlinear cubic approximation, the analysis of the possi-

bility of controlling the parameters of a wide frequency spectrum in multiharmonic two-stream free-

electron lasers of klystron type by means of a longitudinal electric field was carried out. The quasihydro-

dynamic equation, the continuity equation and Maxwell equations were used as the calculation basis. Us-

ing the method of averaged characteristics, we obtained a system of differential equations describing the 

dynamics of wave harmonics amplitudes of a superheterodyne free-electron laser. We demonstrated that in 

the studied system, it was possible to realize plural three-wave parametric resonances between space 

charge wave harmonics. In this case, simultaneous three-wave resonant interaction between a number of 

triple harmonics of the space charge wave occurred. Such three-wave resonances were also interconnected 

through certain common harmonics. It was shown that the conditions of plural three-wave parametric res-

onances between space charge wave harmonics, which are amplified due to two-stream instability, persist-

ed in a two-stream electron beam despite the change in the velocity of the two-stream electron beam under 

the influence of the longitudinal electric field. It was found that the longitudinal accelerating electric field 

led to a significant increase in the frequency spectrum width of the multiharmonic space charge wave. The 

decelerating electric field reduced the width of the frequency spectrum of this wave, but the level of har-

monic saturation increased. We proposed to use the accelerating electric field in the transit section of the 

multiharmonic two-stream superheterodyne free-electron laser to generate powerful multiharmonic elec-

tromagnetic signals with a wide frequency spectrum, including ultrashort clusters. 
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1. INTRODUCTION 
 

Free-electron lasers (FELs) have a series of unique 

properties that attract the attention of researchers. 

Interest is primarily due to the ability to generate pow-

erful coherent electromagnetic radiation in a continu-

ous frequency range from millimeter wavelengths to X-

rays [1-3]. Lately, intense research has been conducted 

on the FEL operation regimes, when ultrashort pulses 

formation occurs [1, 4-9]. Such FELs are able to create 

ultimately powerful ultrashort pulses, including femto-

second ones. Such pulses are today an indispensable 

tool for many applications, both in fundamental and 

applied research. We should also note the interest in 

systems capable of forming powerful electromagnetic 

signals with a broad frequency spectrum in the te-

rahertz range [10, 11]. 

One of the ways to create ultrashort pulses is the 

method of wave packets compressing [1, 7]. The essence 

of this method is the formation of an ultrashort pulse 

(cluster) as a result of superposition, overlapping of 

plurality of harmonics. In [1, 7], the ability of a two-

stream superheterodyne FEL to form an ultrashort 

cluster of an electromagnetic field is demonstrated. 

One of the TSFEL features is the use of two-stream 

instability as an additional amplification mechanism. 

Such instability has exceptionally high growth rates of 

the space charge wave (SCW) [1, 12], taking part in the 

three-wave parametric resonance in TSFEL. That is 

why such TSFELs are characterized by high amplifica-

tion properties. We should also note that SCW growth 

due to the two-stream instability is characterized by a 

linear dispersion dependence [1, 7-9]. Due to this fact, 

the simultaneous realization of plurality of three-wave 

parametric resonances (plural resonances) between 

different harmonics of the growing SCW becomes pos-

sible. This leads to intense excitation of higher harmon-

ics, which receive further amplification due to the two-

stream instability. As a result, the SCW with a broad 

frequency spectrum is formed, which acts as a source of 

multiharmonic waves in multiharmonic TSFEL. 

The present paper is devoted to the study of mecha-

nisms which allow to control the frequency spectra of 

waves formed by a multiharmonic TSFEL with straight 

two-stream relativistic electron beams (REBs). We 

investigate the effect of a longitudinal electrostatic 

field on the formation of the multiharmonic SCW. The 

uniqueness of the studied situation lies in the fact that 

a change in the longitudinal velocity of a two-stream 

REB under the influence of a longitudinal electrostatic 

field does not affect the conditions of three-wave para-

metric interactions between the SCW harmonics. This 

situation is ensured by the linearity of the dispersion 

characteristic of the growing SCW and by the synchro-

nicity of changes in the dispersion properties of all 

SCW harmonics with a change in the REB velocity. 

 

2. MODEL 
 

We consider the operation principle of a multi-

harmonic two-stream superheterodyne klystron-type 

FEL. Its scheme is shown in Fig. 1. The two-stream 

electron beam 2 enters the modulation section 3 of the 

TSFEL amplifier. A transverse reversive H-ubitron 

http://jnep.sumdu.edu.ua/index.php?lang=en
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magnetic field is created in the modulation section. The 

monochromatic electromagnetic signal 1 with frequen-

cy 1  and wavenumber 1k  is also supplied to the input 

of the modulation section. The multiharmonic SCW 

with frequency 1,3  and wavenumber 1,3k  of the first 

harmonic is excited in the two-stream electron beam as 

a result of the three-wave parametric resonance be-

tween the signal wave 1 and the H-ubitron magnetic 

field. Next, the electron beam 2, containing the excited 

SCW, enters the transit section 4. Th electromagnetic 

signal wave 1 is absorbed in the transit section 4. 
 

 
 

Fig. 1 – Scheme of a multiharmonic two-stream superhetero-

dyne klystron-type FEL: 1 – monochromatic electromagnetic 

signal; 2 – electron beam; 3 – modulation section; 4 – transit 

section; 5 – terminal section; 6 – multiharmonic electromag-

netic signal 
 

Intensive excitation and amplification of higher 

harmonics due to the two-stream instability and multi-

ple three-wave parametric resonances occur in the 

transit section 4. The first SCW harmonic frequency 

1,3  is chosen to be much less than the critical frequen-

cy of the two-stream instability cr  for effective excita-

tion of the SCW higher harmonics. Dispersion depend-

ence of the SCW harmonics is linear [1, 7-9]. Thus, the 

frequency and wave number of any m-th harmonic of 

the SCW satisfy the relations: 
 

 1,3,3  mm , 1,3,3 kmk m  . (1) 

 

Therefore, 1m , 2m  and 3m  harmonics of the SCW 

must satisfy the conditions of the three-wave paramet-

ric resonance 
 

 3,32,31,3 mmm   , 3,32,31,3 mmm kkk  . (2) 

 

To do so, their numbers must be related by 
 

 321 mmm  . (3) 

 

A lot of harmonics meet this requirement. For ex-

ample, the 6-th harmonic takes part in a set of reso-

nant interactions: 6 = 4 + 2, 6 = 1 + 5 and so on. Such 

resonant interactions are referred to as plural interac-

tions [3, 8]. Due to these interactions, many higher 

harmonics are generated in a two-stream electron 

beam. 

It is known that the intensity of the parametric in-

teraction decreases with increasing the SCW frequen-

cy. However, the SCW harmonics with frequencies less 

than the critical frequency of the two-stream instability 

are enhanced due to it. Consequently, the growth rate 

of the two-stream instability increases with frequency 

up to the two-stream instability optimal frequency opt  

[3, 7]. Thus, frequency of the first SCW harmonic cr  is 

less than the optimal frequency opt . Therefore, the 

growth rate of such harmonics increases with frequen-

cy due to the two-stream instability. As a result, a SCW 

with a wide frequency spectrum is formed. This spec-

trum has an abnormal part, in which harmonics with 

higher frequencies have higher amplitudes. Therefore, 

a SCW with a wide frequency spectrum is formed at 

the output of the transit section 4. 

In addition, a longitudinal constant electric field E0 

is created in the transit section. This electric field can 

be both retarding and accelerating. In the current pa-

per, the focus is on the effect of the electric field on the 

formation of multiharmonic SCWs. It is demonstrated 

that this field has a significant effect on the width of 

the multiharmonic SCW frequency spectrum, the satu-

ration level and the length. 

After leaving section 4, the modulated beam enters 

the terminal section 5, where a multiharmonic 

H-ubitron field is present. The system parameters are 

chosen in such a way that the conditions of parametric 

resonances between the triples of the m-th harmonics 

of the multiharmonic electromagnetic signal, pumping 

and SCW are met. The powerful multiharmonic elec-

tromagnetic signal 6 is generated and subsequently 

amplified due to such parametric resonances. Basically, 

the inverse transformation of the multiharmonic SCW 

energy into the energy of the multiharmonic electro-

magnetic signal occurs in the section 6. The form of the 

SCW spectrum can be controlled in the transit section, 

e.g., by the longitudinal field. Hence, we can control the 

spectrum of the multiharmonic electromagnetic signal 6, 

including the creation of an ultrashort electromagnetic 

field cluster [1]. 

 

3. ANALYTICAL INVESTIGATION 
 

We use the quasi-hydrodynamic equation, the con-

tinuity equation, and Maxwell equations as the initial 

equations to analyze the processes in the described 

model. We apply the methods of the hierarchical theory 

of oscillations and waves to the initial equations. The 

electric field strength of the SCW is presented as 
 

   z

N

m
mmz ccipEE eeE 




1

,3,333 ..)exp( , (4) 

 

since it is formed as a multiharmonic wave in the 

transit section. Here, mE ,3  are the amplitudes of the m-

th harmonics of the corresponding fields, 
 

 )( 1,31,3,3,3,3 zktmzktp mmm   , (5) 

 

are phases, ze  is the unit vector of the Z axis, N is the 

harmonic number that we account during the problem 

solving. We also consider that electrons of a two-stream 

beam move in a constant longitudinal electric field 
 

 zE eE 00  . (6) 

 

Thus, the resulting electric field is 30 EEE  . We 

consider that the collision and velocity spread of elec-

trons can be neglected. In the current model, all quan-

tities depend only on the longitudinal coordinate z and 
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time t. Thus, we can represent the relativistic quasi-

hydrodynamic equation, the continuity equation, and 

Maxwell equations in the following form: 
 

 

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e

z
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eE

zt
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 





 2

1

z 4


 ne
z

E
, (9) 

 

where z , 2/12))/(1(  cz   are the velocity projec-

tion on the Z axis and the relativistic factor of the  -th 

electron beam, respectively, c is the light speed, ee 

and em  are the electron charge and mass, respectively, 

n  is the electron density of the  -th electron beam. 

The process of solving the system of equations (7)-

(9) consists of three formally independent stages: solv-

ing the problem of the motion of a two-stream REB in 

given electromagnetic fields; solving the continuity 

equation assuming that electron beam velocities are 

known; solving the electromagnetic field excitation 

problem, assuming that the speed and concentration 

are known functions. 

The problems of motion and continuity are solved 

using the averaged characteristics method [3], the 

electric field excitation problem is solved through the 

method of slowly varying amplitudes. In this case, we 

consider the features of plural three-wave parametric 

resonant interactions of the SCW and the signal wave. 

We make the transition from partial differential equa-

tions (7) and (8) to full differential equations (charac-

teristics) in accordance with the method of averaged 

characteristics. Next, we use the hierarchical approach 

to the theory of oscillations and waves [3]. 

To solve the motion problem, we pass to the charac-

teristic of equation (7) [3], which is a total differential 

equation. Since we are solving the boundary problem, 

we pass from the time derivative to the coordinate 

derivative using the general relation for the velocity 

zdzdt / . We supplement the equation system with 

expressions for fast phases mp , . The field amplitudes 

are considered as slowly varying with a change in the 

longitudinal coordinate z. In order to describe such 

slow variations of the amplitude, we introduce a slow 

longitudinal coordinate  /z . Here,   is the prob-

lem large parameter defined by the ratio of the phase 

change rate to the wave amplitude change rate. As a 

result, we obtain the equation system represented in 

the standard way for the method of averaged character-

istics [3]: 
 

  







 


0

1
,3,3 ..)exp()( EccipE

m

e

dz

d N

m
mm

ze

z 






 , (10) 

 


 1


dz

d
, mm

z

m
k

m

dz

dp
,,3,3

1,3,,3









 . (11) 

 

We compare the system (10)-(11) with the standard 

one [3] and write the slow variables vector x , vector-

functions X , the fast phase vector ψ  and the phase 

velocity vector Ω  in an explicit form 
 

 },{},{  zxx
z

x ,  

  









 

1
,

1
03 EE

m

e

ze

X , (12) 

  Npp ,,31,,3 ...,, ψ ,    N,,31,,3 ...,,  Ω . 

 

Next, we use the method of averaged characteristics 

[3] for the case of multiple fast phases. In accordance 

with its procedure, we pass to the averaged variables 

},{ zx : 
 

  





1

)( ,
1

n

n

nzz
z

u ψx



 , (13) 

  





1

)( ,
1

n

n

n
u ψx


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This substitution features the slow variables 

},{ zx  independent from the fast ones. They are 

defined by the relations 
 

  





1

)(1

z n

n

n

z

z
A

d

d
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d

d
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


. (14) 

 

We follow the procedure up to the third approximation 

by /1 , i.e., 3,2,1n . The algorithm for finding )(nu  

and )(nA  is known and described in e.g. [1]. As a re-

sult, we get solutions for both the oscillatory and con-

stant components of the velocity. The solution for the 

concentration is derived similarly from the continuity 

equation. 

The obtained solutions for the velocity and concen-

tration as field functions are substituted into Maxwell 

equations. Thus, we obtain a system of self-consistent 

nonlinear differential equations for the complex ampli-

tudes of the electric field strength harmonics of the 

increasing SCW in the cubic approximation 

  mm
m

m
m

m ED
dz

dE
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dz

Ed
C ,3

,3
,12
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mmm FccmpEEC
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  (15) 
 

In equation (15), 
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is the dispersion function of the SCW, 
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1
...

,3 mmp dpp
m

, mF  are func-

tions that account cubic nonlinear components and 

depend on the electric field strengths of the interacting 

waves harmonics. The coefficients of equation system 
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(15) depend on the constant components of the veloci-

ties   and concentrations n  of partial beams, which 

vary during the nonlinear interaction of the SCW har-

monics. Therefore, we supplement system (15) with 

equations for constant components 
 

 ),,...,,( ,31,30 
 


N

z EEEV
dz

d
 ,  

    ),,,...,,( ,31,30 
  nEEEN

dz

nd
N . (17) 

 

The system of equations (15), (17) allows to investi-

gate the effect of the longitudinal constant electric field 

on the dynamics of the SCW in the transit section of 

the TSFEL within the framework of the cubic-

nonlinear approximation. 

 

4. DISCUSSION 
 

In this section, we analyze the effect of the longitudi-

nal electric field on the SCW dynamics in the transit sec-

tion of the TSFEL using the system of equations (15), (17). 

We consider the system with the following parameters: 

plasma frequency of each of the partial electron beams is 
11

p 100.1  s – 1, average relativistic factor of the two-

stream beam is 0.30  , partial electron beams relativ-

istic factors difference is 15.0 . We consider 50N  

harmonics in the calculations. We discuss the case when 

only one SCW harmonic is excited at the entrance to the 

transit section ( 0z ). The first SCW harmonic frequency 

is taken 11
1,3 108.5   s – 1, which is 15 times less than 

the two-stream instability critical frequency 
12

cr 107.8   s – 1. 

Therefore, as described above, the excitation and 

amplification of higher harmonics occurs in a two-

stream electron beam due to parametric resonant in-

teractions. These processes involve harmonics whose 

frequencies are less than the two-stream instability 

critical frequency. These harmonics are also amplified 

due to the two-stream instability effect. The resulting 

amplification of harmonics is defined by the two-stream 

instability growth rates, since they are much higher 

than the three-wave parametric resonance growth 

rates. One should expect that the spectrum of harmon-

ics (or the dependence of the harmonic amplitude on 

frequency at some coordinate z) is defined by the de-

pendence of the growth rate on frequency. An approxi-

mate analytical solution for the maximum growth rate 

)( opt  and critical frequency cr  can be simply de-

rived from the dispersion equation (16) [1, 8]: 
 

 
2/3

00

p
opt

2
)(




  , (18) 

 










)/11(22 2
0

2/3
0p

cr , (19)  

 

where 0  is the average velocity of the two-stream 

electron beam. 

We analyze the effect of the longitudinal electric 

field E0 on the maximum growth rate )( opt  (18) and 

critical frequency cr  (19). First, the influence of the 

field E0 leads to a change in the average relativistic 

factor 0. In case of the accelerating field E0 the relativ-

istic factor 0 increases and in case of the retarding 

field E0 the relativistic factor 0 decreases. The average 

velocity of the two-stream electron beam is close to the 

speed of light and changes slightly with the relativistic 

factor 0 change. Other parameters included in rela-

tions (18) and (19) remain almost unchanged. It means 

that in case of the accelerating electric field E0, the 

growth rate decreases and the critical frequency in-

creases. If the electric field E0 is retarding, then, on the 

contrary, the growth rate increases, and the critical 

frequency decreases. 

We obtain the same result from the equation sys-

tem (15)-(17), which describes the amplitude dynamics 

of the SCW harmonics in the cubic nonlinear approxi-

mation. Fig. 2, Fig. 3, Fig. 4 show the SCW spectra in 

the investigated system in the saturation region for 

cases without the longitudinal electric field E0, with the 

accelerating longitudinal field E0 and with the deceler-

ating field E0, respectively. The longitudinal electric 

field strength is 5
0 100,3 E  V/m. The spectra in 

Fig. 2, Fig. 3, Fig. 4 are achieved at the coordinate z 

close to the saturation region. 
 

 
Fig. 2 – SCW harmonic amplitudes Em dependence on the 

frequency ω for two-stream REB at z1 = 110 cm, accelerating 

longitudinal electric field is absent 
 

 
Fig. 3 – SCW harmonic amplitudes Em dependence on the 

frequency ω for two-stream REB at z2 = 166 cm, accelerating 

longitudinal electric field is E0 = 3.0∙105 V/m 
 

It follows from Fig. 2, Fig. 3, Fig. 4 that the multi-

harmonic SCW with a wide frequency spectrum is 

formed in all three cases. Thus, if the field is absent 
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(Fig. 2), the SCW spectrum width is 
13

1,31min, 102.1   s – 1 (20 harmonics) and satura-

tion occurs in the vicinity of z1 = 110 cm. This spectrum 

has an abnormal part: the first 11 harmonics whose 

amplitudes increase with frequency. 
 

 
 

Fig. 4 – SCW harmonic amplitudes Em dependence on the 

frequency ω for two-stream REB at z3 = 84 cm, retarding 

longitudinal electric field is E0 = 3.0∙105 V/m 
 

Fig. 3 demonstrates a change in the SCW spectrum 

under the accelerating longitudinal electric field E0 

influence. One can see that the multiharmonic SCW 

spectrum width 13
1,32min, 1075.1   s – 1 (30 har-

monics) increases by 1.5 times compared with the case 

when the field E0 is absent (Fig. 2). At the same time, 

an increase in the saturation length by a factor of 1.5 

occurs, and saturation is reached in the vicinity of 

z2 = 166 cm. It should also be noted that the maximum 

amplitude of the multiharmonic signal decreases ap-

proximately by 2 times. Thus, the accelerating electric 

field allows to sufficiently increase the width of the 

multiharmonic SCW spectrum, although at the same 

time, the harmonic amplitudes decrease, and the satu-

ration length increases. Such kind of field should be 

used in multiharmonic FELs with the main purpose of 

electromagnetic waves with the formation of the maxi-

mum width of the frequency spectrum. 

Fig. 4 demonstrates a change in the SCW spectrum 

under the retarding longitudinal electric field E0 influ-

ence. The multiharmonic SCW spectrum width 

13
1,33min, 1087.0   s – 1 (15 harmonics) decreases 

by 1.4 times compared with the case when the field E0 

is absent (Fig. 2). At the same time, a decrease in the 

saturation length by a factor of 1.3 occurs, and satura-

tion is reached in the vicinity of z3 = 84 cm. One should 

also note that the maximum amplitude of the multi-

harmonic signal increases approximately by 2 times. 

Therefore, the retarding electric field E0 allows to in-

crease the SCW harmonics amplitude sufficiently and 

decrease the saturation length. This allows to achieve 

smaller longitudinal dimensions of the system. At that, 

the frequency spectrum width decreases. This kind of 

field should be applied in TSFELs intended to form 

electromagnetic waves with maximum amplitude. 

 

5. CONCLUSIONS 
 

We analyzed the effect of a longitudinal constant 

electric field on the SCW dynamics in the transit sec-

tion of a TSFEL in the framework of the cubic nonline-

ar approximation. We demonstrated that the retarding 

electric field increases the saturation level and de-

creases the width of the frequency spectrum of the 

multiharmonic SCW in the transit section of the 

TSFEL. Also, the saturation length decreases, which 

leads to a decrease in the longitudinal dimensions of 

the investigated device. We proposed to use the retard-

ing electric field in TSFELs operating in the maximum 

amplification mode, since this kind of field allows to 

obtain powerful electromagnetic waves with greater 

amplitudes and an improved degree of monochromatic-

ity. It was also found that the accelerating longitudinal 

electric field increases the frequency spectrum width of 

the multiharmonic SCW. In this case, the saturation 

level of the SCW decreases and the saturation length 

increases. Therefore, the accelerating longitudinal 

electric field should be applied in multiharmonic 

TSFELs, which are used to generate an electromagnet-

ic signal with a wide frequency spectrum. It should be 

assumed that effects associated with the retarding and 

accelerating longitudinal electric fields in the transit 

section of the klystron-type TSFELs can also occur in 

single-section TSFEL models. 
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супергетеродинного ЛВЕ з поздовжнім електричним полем 
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У поданій роботі в рамках нелінійного кубічного наближення проведено аналіз можливості керу-

вання параметрами широкого частотного спектра у мультигармонічних двопотокових лазерах на ві-

льних електронах клістронного типу за допомогою поздовжнього електричного поля. Як базові вико-

ристано квазігідродинамічне рівняння, рівняння неперервності та рівняння Максвела. За допомогою 

методу усереднених характеристик отримано систему диференціальних рівнянь, які описують дина-

міку амплітуд гармонік хвиль супергетеродинного лазера на вільних електронах. З'ясовано, що в дос-

ліджуваній системі можлива реалізація множинних трихвильових параметричних резонансів між га-

рмоніками хвилі просторового заряду. У цьому разі має місце одночасна трихвильова резонансна вза-

ємодія між багатьма трійками гармонік хвилі просторового заряду. Такі трихвильові резонанси до то-

го ж пов'язані між собою через певні загальні гармоніки. Продемонстровано, що умови множинних 

трихвильових параметричних резонансів між гармоніками хвилі просторового заряду, які зростають 

через двопотокову нестійкість, в двопотоковому електронному пучку зберігаються, незважаючи на 

зміну швидкості двопотокового електронного пучка під впливом поздовжнього електричного поля. 

З'ясовано, що поздовжнє прискорювальне електричне поле призводить до значного збільшення ши-

рини частотного спектра мультигармонічної хвилі просторового заряду. Уповільнююче електричне 

поле призводить до зменшення ширини спектру частоти цієї хвилі, але рівень насичення гармонік 

збільшується. Запропоновано використовувати прискорювальне електричне поле в пролітній секції 

мультигармонічного двопотокового супергетеродинного лазера на вільних електронах для формуван-

ня потужних мультигармонічних електромагнітних сигналів із широким частотним спектром, вклю-

чаючи ультракороткі кластери. 
 

Ключові слова: Супергетеродинний лазер на вільних електронах, Двопотокова нестійкість, Трихви-

льовий параметричний резонанс, Хвилі просторового заряду, Повздовжнє електричне поле. 

 

 


