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In the present work, within the framework of nonlinear cubic approximation, the analysis of the possi-
bility of controlling the parameters of a wide frequency spectrum in multiharmonic two-stream free-
electron lasers of klystron type by means of a longitudinal electric field was carried out. The quasihydro-
dynamic equation, the continuity equation and Maxwell equations were used as the calculation basis. Us-
ing the method of averaged characteristics, we obtained a system of differential equations describing the
dynamics of wave harmonics amplitudes of a superheterodyne free-electron laser. We demonstrated that in
the studied system, it was possible to realize plural three-wave parametric resonances between space
charge wave harmonics. In this case, simultaneous three-wave resonant interaction between a number of
triple harmonics of the space charge wave occurred. Such three-wave resonances were also interconnected
through certain common harmonics. It was shown that the conditions of plural three-wave parametric res-
onances between space charge wave harmonics, which are amplified due to two-stream instability, persist-
ed in a two-stream electron beam despite the change in the velocity of the two-stream electron beam under
the influence of the longitudinal electric field. It was found that the longitudinal accelerating electric field
led to a significant increase in the frequency spectrum width of the multiharmonic space charge wave. The
decelerating electric field reduced the width of the frequency spectrum of this wave, but the level of har-
monic saturation increased. We proposed to use the accelerating electric field in the transit section of the
multiharmonic two-stream superheterodyne free-electron laser to generate powerful multiharmonic elec-
tromagnetic signals with a wide frequency spectrum, including ultrashort clusters.
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1. INTRODUCTION

Free-electron lasers (FELs) have a series of unique
properties that attract the attention of researchers.
Interest is primarily due to the ability to generate pow-
erful coherent electromagnetic radiation in a continu-
ous frequency range from millimeter wavelengths to X-
rays [1-3]. Lately, intense research has been conducted
on the FEL operation regimes, when ultrashort pulses
formation occurs [1, 4-9]. Such FELs are able to create
ultimately powerful ultrashort pulses, including femto-
second ones. Such pulses are today an indispensable
tool for many applications, both in fundamental and
applied research. We should also note the interest in
systems capable of forming powerful electromagnetic
signals with a broad frequency spectrum in the te-
rahertz range [10, 11].

One of the ways to create ultrashort pulses is the
method of wave packets compressing [1, 7]. The essence
of this method is the formation of an ultrashort pulse
(cluster) as a result of superposition, overlapping of
plurality of harmonics. In [1, 7], the ability of a two-
stream superheterodyne FEL to form an ultrashort
cluster of an electromagnetic field is demonstrated.

One of the TSFEL features is the use of two-stream
instability as an additional amplification mechanism.
Such instability has exceptionally high growth rates of
the space charge wave (SCW) [1, 12], taking part in the
three-wave parametric resonance in TSFEL. That is
why such TSFELs are characterized by high amplifica-
tion properties. We should also note that SCW growth
due to the two-stream instability is characterized by a
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linear dispersion dependence [1, 7-9]. Due to this fact,
the simultaneous realization of plurality of three-wave
parametric resonances (plural resonances) between
different harmonics of the growing SCW becomes pos-
sible. This leads to intense excitation of higher harmon-
ics, which receive further amplification due to the two-
stream instability. As a result, the SCW with a broad
frequency spectrum is formed, which acts as a source of
multiharmonic waves in multiharmonic TSFEL.

The present paper is devoted to the study of mecha-
nisms which allow to control the frequency spectra of
waves formed by a multiharmonic TSFEL with straight
two-stream relativistic electron beams (REBs). We
investigate the effect of a longitudinal electrostatic
field on the formation of the multiharmonic SCW. The
uniqueness of the studied situation lies in the fact that
a change in the longitudinal velocity of a two-stream
REB under the influence of a longitudinal electrostatic
field does not affect the conditions of three-wave para-
metric interactions between the SCW harmonics. This
situation is ensured by the linearity of the dispersion
characteristic of the growing SCW and by the synchro-
nicity of changes in the dispersion properties of all
SCW harmonics with a change in the REB velocity.

2. MODEL

We consider the operation principle of a multi-
harmonic two-stream superheterodyne klystron-type
FEL. Its scheme is shown in Fig. 1. The two-stream
electron beam 2 enters the modulation section 3 of the
TSFEL amplifier. A transverse reversive H-ubitron
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magnetic field is created in the modulation section. The
monochromatic electromagnetic signal 1 with frequen-
cy o, and wavenumber £, is also supplied to the input

of the modulation section. The multiharmonic SCW
with frequency w,; and wavenumber k;, of the first

harmonic is excited in the two-stream electron beam as
a result of the three-wave parametric resonance be-
tween the signal wave 1 and the H-ubitron magnetic
field. Next, the electron beam 2, containing the excited
SCW, enters the transit section 4. Th electromagnetic
signal wave 1 is absorbed in the transit section 4.
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Fig. 1 - Scheme of a multiharmonic two-stream superhetero-
dyne klystron-type FEL: 1 — monochromatic electromagnetic
signal; 2 — electron beam; 3 — modulation section; 4 — transit
section; 5 — terminal section; 6 — multiharmonic electromag-
netic signal

Intensive excitation and amplification of higher
harmonics due to the two-stream instability and multi-
ple three-wave parametric resonances occur in the
transit section 4. The first SCW harmonic frequency
@5, is chosen to be much less than the critical frequen-

cy of the two-stream instability «,, for effective excita-

tion of the SCW higher harmonics. Dispersion depend-
ence of the SCW harmonics is linear [1, 7-9]. Thus, the
frequency and wave number of any m-th harmonic of
the SCW satisfy the relations:

W3y =MWy, ka‘,m:m'ks,l- (1)

Therefore, m;, m, and m; harmonics of the SCW

must satisfy the conditions of the three-wave paramet-
ric resonance

Oy ) = O3 1o + O3 3> Ry g = Ry o +Rg s 2
To do so, their numbers must be related by
m; =my +mg. 3)

A lot of harmonics meet this requirement. For ex-
ample, the 6-th harmonic takes part in a set of reso-
nant interactions: 6 =4+ 2, 6 =1+ 5 and so on. Such
resonant interactions are referred to as plural interac-
tions [3, 8]. Due to these interactions, many higher
harmonics are generated in a two-stream electron
beam.

It is known that the intensity of the parametric in-
teraction decreases with increasing the SCW frequen-
cy. However, the SCW harmonics with frequencies less
than the critical frequency of the two-stream instability
are enhanced due to it. Consequently, the growth rate
of the two-stream instability increases with frequency
up to the two-stream instability optimal frequency @,

[3, 7]. Thus, frequency of the first SCW harmonic o, is
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less than the optimal frequency a,, . Therefore, the

growth rate of such harmonics increases with frequen-
cy due to the two-stream instability. As a result, a SCW
with a wide frequency spectrum is formed. This spec-
trum has an abnormal part, in which harmonics with
higher frequencies have higher amplitudes. Therefore,
a SCW with a wide frequency spectrum is formed at
the output of the transit section 4.

In addition, a longitudinal constant electric field Eo
is created in the transit section. This electric field can
be both retarding and accelerating. In the current pa-
per, the focus is on the effect of the electric field on the
formation of multiharmonic SCWs. It is demonstrated
that this field has a significant effect on the width of
the multiharmonic SCW frequency spectrum, the satu-
ration level and the length.

After leaving section 4, the modulated beam enters
the terminal section 5, where a multiharmonic
H-ubitron field is present. The system parameters are
chosen in such a way that the conditions of parametric
resonances between the triples of the m-th harmonics
of the multiharmonic electromagnetic signal, pumping
and SCW are met. The powerful multiharmonic elec-
tromagnetic signal 6 is generated and subsequently
amplified due to such parametric resonances. Basically,
the inverse transformation of the multiharmonic SCW
energy into the energy of the multiharmonic electro-
magnetic signal occurs in the section 6. The form of the
SCW spectrum can be controlled in the transit section,
e.g., by the longitudinal field. Hence, we can control the
spectrum of the multiharmonic electromagnetic signal 6,
including the creation of an ultrashort electromagnetic
field cluster [1].

3. ANALYTICAL INVESTIGATION

We use the quasi-hydrodynamic equation, the con-
tinuity equation, and Maxwell equations as the initial
equations to analyze the processes in the described
model. We apply the methods of the hierarchical theory
of oscillations and waves to the initial equations. The
electric field strength of the SCW is presented as

N
E,=E;e, =3 [Egm exp(ips,,) + c.c.]ez , (4)
m=1

since i1t 1s formed as a multiharmonic wave in the
transit section. Here, E,, are the amplitudes of the m-

th harmonics of the corresponding fields,
p3,m :a)S,m 't_kS,m 'sz(a)&l 't_k&l 2) ) (5)

are phases, e, is the unit vector of the Z axis, N is the

harmonic number that we account during the problem
solving. We also consider that electrons of a two-stream
beam move in a constant longitudinal electric field

EO = EOeZ . (6)

Thus, the resulting electric field is E=E, +E;. We

consider that the collision and velocity spread of elec-
trons can be neglected. In the current model, all quan-
tities depend only on the longitudinal coordinate z and
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time ¢. Thus, we can represent the relativistic quasi-
hydrodynamic equation, the continuity equation, and
Mazxwell equations in the following form:

E+v0(2i L, = °E, , (M
ot 0z m,y,
2+uwzi naz—na%, )
ot 0z 0z
2
oF, =4rYen,, 9
oz a=1

where v, , 7, =(1-(v,./¢)*)™'* are the velocity projec-
tion on the Z axis and the relativistic factor of the « -th
electron beam, respectively, c is the light speed, e = —|e|
and m, are the electron charge and mass, respectively,

n, is the electron density of the « -th electron beam.

The process of solving the system of equations (7)-
(9) consists of three formally independent stages: solv-
ing the problem of the motion of a two-stream REB in
given electromagnetic fields; solving the continuity
equation assuming that electron beam velocities are
known; solving the electromagnetic field excitation
problem, assuming that the speed and concentration
are known functions.

The problems of motion and continuity are solved
using the averaged characteristics method [3], the
electric field excitation problem is solved through the
method of slowly varying amplitudes. In this case, we
consider the features of plural three-wave parametric
resonant interactions of the SCW and the signal wave.
We make the transition from partial differential equa-
tions (7) and (8) to full differential equations (charac-
teristics) in accordance with the method of averaged
characteristics. Next, we use the hierarchical approach
to the theory of oscillations and waves [3].

To solve the motion problem, we pass to the charac-
teristic of equation (7) [3], which is a total differential
equation. Since we are solving the boundary problem,
we pass from the time derivative to the coordinate
derivative using the general relation for the velocity
dt =dz/v,. We supplement the equation system with

expressions for fast phases p,, . The field amplitudes

are considered as slowly varying with a change in the
longitudinal coordinate z. In order to describe such
slow variations of the amplitude, we introduce a slow
longitudinal coordinate y =z/&. Here, & is the prob-

lem large parameter defined by the ratio of the phase
change rate to the wave amplitude change rate. As a
result, we obtain the equation system represented in
the standard way for the method of averaged character-
istics [3]:

d N .
Ve ___ € ( 3 B, () explip, ) +c.c.]+ on ,(10)
dz  m,y,U, \m=1

d,
d_lzl, oam M1 _p _q . (11)
dz ¢ dz L, ' o

az

We compare the system (10)-(11) with the standard
one [3] and write the slow variables vector x, vector-
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functions X, the fast phase vector Wy and the phase
velocity vector € in an explicit form

xX={x, %, = {002}
Ix-l— (B,+E)> (12)
2

W= {Dsp1rDsan) s Q=01 Qson) -

Next, we use the method of averaged characteristics
[3] for the case of multiple fast phases. In accordance
with its procedure, we pass to the averaged variables

X = Wes X}

Vo =V + iiulﬂ”)(i,qj) s (13)
n:lgn “
_ =21 _
=7+ Z—nu;")(x,lp).
n:1§

This substitution features the slow variables
X ={v,,,x} independent from the fast ones. They are

defined by the relations

dv, » 1 \ dy =1 _
az _ _A(n) _Z _ _A(n) .
dz Elén Vg (X) s dz Eléjn 7 (X) (]_4)

We follow the procedure up to the third approximation
by 1/&, i.e., n=1,2,3. The algorithm for finding #

and A™ is known and described in e.g. [1]. As a re-
sult, we get solutions for both the oscillatory and con-
stant components of the velocity. The solution for the
concentration is derived similarly from the continuity
equation.

The obtained solutions for the velocity and concen-
tration as field functions are substituted into Maxwell
equations. Thus, we obtain a system of self-consistent
nonlinear differential equations for the complex ampli-
tudes of the electric field strength harmonics of the
increasing SCW in the cubic approximation

d’E dE.
C im oy C im D E, =
2,m d22 1,m dZ m*™~3.m
N . .
= C3’m<E3 -y [E3’mr exp(1p3’m,)/(1m')+ c.c.]> +F,.
m'=1 P
(15)
In equation (15),
D, =ik [1-% Oy (16)
= -1 — .
" o a:l(w&m _k3,m6az)2]72
is the dispersion function of the SCW,

Cy,, =D, | (=ik,,)* 12, C,,, =2D,,18(-iks,,), Cy,, =

2
_ i 3ew, Ry, ( @y, o
a=1 im(w?),l - k3,15a2)30a2}7:me L(w&l - kS,lljaz)}?azt
1 or .
<>, = py g (...-exp(-ips,,))dps ., » F, —are func-
O ) \

tions that account cubic nonlinear components and
depend on the electric field strengths of the interacting
waves harmonics. The coefficients of equation system
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(15) depend on the constant components of the veloci-
ties v, and concentrations N, of partial beams, which
vary during the nonlinear interaction of the SCW har-
monics. Therefore, we supplement system (15) with
equations for constant components

do,
“ :Va(EO7E3,1""’E3,N,Ua)7
dn,, _
s =N, (Ey,E;;,....E; y,0,,10,) . anm

The system of equations (15), (17) allows to investi-
gate the effect of the longitudinal constant electric field
on the dynamics of the SCW in the transit section of
the TSFEL within the framework of the cubic-
nonlinear approximation.

4. DISCUSSION

In this section, we analyze the effect of the longitudi-
nal electric field on the SCW dynamics in the transit sec-
tion of the TSFEL using the system of equations (15), (17).
We consider the system with the following parameters:
plasma frequency of each of the partial electron beams is

o, =1.0-10" s-1, average relativistic factor of the two-

stream beam is y, =3.0, partial electron beams relativ-

istic factors difference is Ay =0.15. We consider N =50

harmonics in the calculations. We discuss the case when
only one SCW harmonic is excited at the entrance to the
transit section (z = 0). The first SCW harmonic frequency

is taken @y, =5.8-10"" s-1, which is 15 times less than

the two-stream critical
®, =8.7-10"* s-1.

Therefore, as described above, the excitation and
amplification of higher harmonics occurs in a two-
stream electron beam due to parametric resonant in-
teractions. These processes involve harmonics whose
frequencies are less than the two-stream instability
critical frequency. These harmonics are also amplified
due to the two-stream instability effect. The resulting
amplification of harmonics is defined by the two-stream
instability growth rates, since they are much higher
than the three-wave parametric resonance growth
rates. One should expect that the spectrum of harmon-
ics (or the dependence of the harmonic amplitude on
frequency at some coordinate z) is defined by the de-
pendence of the growth rate on frequency. An approxi-
mate analytical solution for the maximum growth rate

I(@,,) and critical frequency a,,

instability frequency

can be simply de-

rived from the dispersion equation (16) [1, 8]:

D(@y) = —2577 > (18)
2007,
W2 w21 -1/
0, = 2o 0U), (19)
Ay

where v, is the average velocity of the two-stream

electron beam.
We analyze the effect of the longitudinal electric
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field Eo on the maximum growth rate I'(w,,) (18) and

(19). First, the influence of the

field Eo leads to a change in the average relativistic
factor y. In case of the accelerating field Eo the relativ-
istic factor » increases and in case of the retarding

critical frequency a,,

field Eo the relativistic factor y decreases. The average
velocity of the two-stream electron beam is close to the
speed of light and changes slightly with the relativistic
factor y change. Other parameters included in rela-
tions (18) and (19) remain almost unchanged. It means
that in case of the accelerating electric field Eo, the
growth rate decreases and the critical frequency in-
creases. If the electric field Eo is retarding, then, on the
contrary, the growth rate increases, and the critical
frequency decreases.

We obtain the same result from the equation sys-
tem (15)-(17), which describes the amplitude dynamics
of the SCW harmonics in the cubic nonlinear approxi-
mation. Fig. 2, Fig. 3, Fig. 4 show the SCW spectra in
the investigated system in the saturation region for
cases without the longitudinal electric field Fo, with the
accelerating longitudinal field Eo and with the deceler-
ating field Eo, respectively. The longitudinal electric
field strength is FE,=3,0-10° V/m. The spectra in

Fig. 2, Fig. 3, Fig. 4 are achieved at the coordinate z
close to the saturation region.
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Fig. 2 - SCW harmonic amplitudes E. dependence on the
frequency @ for two-stream REB at z1 = 110 cm, accelerating
longitudinal electric field is absent
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Fig. 3 - SCW harmonic amplitudes E, dependence on the
frequency o for two-stream REB at z: = 166 cm, accelerating
longitudinal electric field is Eo = 3.0:10°> V/m

It follows from Fig. 2, Fig. 3, Fig. 4 that the multi-
harmonic SCW with a wide frequency spectrum is
formed in all three cases. Thus, if the field is absent
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(Fig. 2), the SCW spectrum width is
Oping — By; = 1.2-10"® s-! (20 harmonics) and satura-

tion occurs in the vicinity of z1 = 110 cm. This spectrum
has an abnormal part: the first 11 harmonics whose
amplitudes increase with frequency.

Enm . MVY/m

0.80+

0.60 -

0.40

0 2 4 6 8w 10"

Fig. 4 - SCW harmonic amplitudes E. dependence on the
frequency @ for two-stream REB at z3=84cm, retarding
longitudinal electric field is Eo = 3.0-105 V/m

Fig. 3 demonstrates a change in the SCW spectrum
under the accelerating longitudinal electric field Eo
influence. One can see that the multiharmonic SCW

spectrum width @, — @5, =1.75-10" s-1 (30 har-

monics) increases by 1.5 times compared with the case
when the field Fo is absent (Fig. 2). At the same time,
an increase in the saturation length by a factor of 1.5
occurs, and saturation is reached in the vicinity of
z2 = 166 cm. It should also be noted that the maximum
amplitude of the multiharmonic signal decreases ap-
proximately by 2 times. Thus, the accelerating electric
field allows to sufficiently increase the width of the
multiharmonic SCW spectrum, although at the same
time, the harmonic amplitudes decrease, and the satu-
ration length increases. Such kind of field should be
used in multiharmonic FELs with the main purpose of
electromagnetic waves with the formation of the maxi-
mum width of the frequency spectrum.

Fig. 4 demonstrates a change in the SCW spectrum
under the retarding longitudinal electric field Eo influ-
ence. The multiharmonic SCW spectrum width
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MHOKHUHHI TPUXBUJILOBI PE30HAHCHI B3aeMO/Iil B IPOJIITHIN ceKIil JBOIOTOKOBOrO
cyneprerepoauuHoro JIBE 3 mo3noB:kHiIM eJIeKTPUIHUM TOJIEM

0.B. JTucenxo, 10.10. Boiux, I''A. Onexcienxo, M.O. Koposaii, A.T. [lleBuenxo

Cymcoruli Oeporcasruil ynisepcumem, 8ya. Pumcorozo-Kopcakxosa, 2, 40007 Cymu, Yrpaina

¥ momamiit poboTi B paMKax HEJIHINHOTO KyOIYHOTO HAOJIMIKEHHS IPOBEJIEHO aHAI3 MOKIIMBOCTI Kepy-
BaHHS IIapaMeTpPaMy IIUPOKOT0 YaCTOTHOTO CIEKTPa Y MYJIbTUTAPMOHIYHMX JBOIIOTOKOBUX Jia3depax Ha Bi-
JIBHUX eJIEKTPOHAX KJIICTPOHHOI'O THUILY 3a JIOIIOMOIOI0 IIO3I0BKHBOTO eJIeKTPUYHOro mojs. Ik 6a30Bl BUKO-
PHCTAHO KBA3iriApoAuHaMIuHe PIBHAHHS, PIBHAHHS HEIIePePBHOCTI Ta piBHAHHA Makcsesa. 3a J0IIOMOromn
MEeTOJly yCepeqHEeHNX XapaKTePUCTUK OTPUMAHO CHUCTeMY JudepeHIaIbHUX PIBHAHD, K1 OIMHCYIOTH JUHA-
MIKy aMILIITy/l TAPMOHIK XBUJIb CyIIEPreTePOIMHHOIO JIa3epa Ha BIIBHUX €JIEKTPOHAX. 3'SICOBAHO, 110 B J0C-
JIKYBAHIN CHCTEMI MOYKJIMBA peaslidallid MHOMKUHHIX TPUXBUJIBOBHX IMAPaMETPUYHUX PE30HAHCIB MK I'a-
PMOHIKaMU XBUJII IIPOCTOPOBOIO 3apsify. Y I[bOMY pa3l Mae MICIle 0JJHOYACHA TPUXBUJILOBA PE30HAHCHA B3a-
eMOIisT MK 6araTbMa TPiMKaMU TaPMOHIK XBUJII IIPOCTOPOBOTO 3apsay. Taki TPUXBUIBLOBI PE30HAHCH J0 TO-
TO %K TOB'sI3aHI MK cO00I0 Yepe3 IMEeBHI 3arasibHi rapMoHIkH. [IpogeMOoHCTpOBAHO, 10 YMOBU MHOMKAHHUX
TPUXBIJIFOBUX HMAPAMETPUIHUX PE30HAHCIB MK TaPMOHIKAMH XBUJIl IIPOCTOPOBOTO 3aps/y, AKl 3pOCTAIOTh
4Jepe3 JBOIIOTOKOBY HECTIMKICTb, B JBOIIOTOKOBOMY €JIEKTPOHHOMY IIyYKy 30epiraroThbCsi, He3BasKalodud Ha
3MIHY IIBHIKOCTI JBOIIOTOKOBOTO EJIEKTPOHHOIO IIy4YKa IIiJ] BIUIMBOM II03[0B/KHBOIO €JIEeKTPUYHOTO ITOJIS.
3's1coBaHO, 10 I03/I0BMKHE IIPUCKOPIOBAJIBHE EJIEKTPUYHE II0JI€ ITPU3BOIUTH 10 3HAYHOTO 30L/IBIIeHHS K-
PHMHM YaCTOTHOTO CIEKTPA MyJBTUTapPMOHIYHOI XBUJII IIPOCTOPOBOTO 3apsiy. YIOBLIBHIOKYE eJIeKTPUYHE
ToJIe TIPU3BOIUTDH 10 3MEHIIEeHHS IIUPUHU CIEKTPY YACTOTH ITiel XBUJI, ajie piBeHb HACHUYEHHS TapMOHIK
30LIBIIyeThCsA. 3aNIPOIIOHOBAHO BUKOPHUCTOBYBATH IIPUCKOPIOBAJIBHE €JEKTPUYHE I10JIe B IPOJIITHIN CEeKIfl
MyJIBTUTaPMOHIYHOTO JBOIIOTOKOBOIO CYIIEPreTePOIMHHOIO Jia3epa Ha BUIBHUX eJIEKTPOHAX JJIst (POpMyBaH-
HS HOTYKHUX MYJIBTUTaPMOHIYHUX €JIEKTPOMATHITHUX CUTHAJIB 13 IIUPOKUM YACTOTHUM CIIEKTPOM, BKJIIO-
YaI0YU YIIBTPAKOPOTKI KJIACTEPH.

Kmiouosi cioBa: CymeprerepouHHNM Jla3ep HA BIIBHUX eJIeKTPoHaX, JIBomoTokoBa HecTidKicTh, Tpuxsu-
JIBOBUH TIapaMeTPUYHUN Pe30HAHC, XBUJII IIPOCTOPOBOTO 3apsaiy, I10B30BKHE eJIeKTPUYHE II0JIe.
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