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The theory of electron-phonon interaction in a separate cascade of the broadband quantum cascade de-
tector operating in far-infrared range is developed within the models of rectangular potentials and posi-
tion-dependent effective mass, taking into account a nonparabolic shape of the conduction band, for an
electron and isotropic dielectric continuum model for optical confined phonons. In the one-phonon approx-
imation, the mass operator of the electron-phonon interaction is analytically calculated. Calculations of the
total shifts and decays of cascade electron states are performed within the framework of the temperature
Green's function method. Both at cryogenic and at room temperature, an analysis of the electron spectral
parameters renormalization due to different mechanisms of the electron-phonon interaction is carried out,
depending on the geometric design of the cascade two-well active region. It is shown that, irrespective of
the temperature, the shifts caused by the intralevel electron interaction with phonons prevail over the
shifts at interlevel interactions. At cryogenic temperature, the decay of the electron ground state is impos-
sible. At a finite temperature, the intralevel interaction of the ground state with phonons causes a greater
decay than the interlevel one. The excited states decays caused by the total interlevel interaction prevail
over decays due to the intalevel interaction. It is established that with increasing temperature, the con-
fined phonons cause broadening and weak high-energy shift of the detector absorption band, and tempera-
ture changes of the physical parameter lead to a significant low-energy shift. This hierarchy of partial con-
tributions explains the experimentally known redshift of the absorption band of quantum cascade detec-

tors with increasing temperature.
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1. INTRODUCTION

Studies of quantum cascade detectors (QCDs) and
their improvement by the methods of band engineering
have been going on for almost 20 years since the crea-
tion of the first QCD. Modern QCDs [1-6] operating in
the infrared (IR) and terahertz ranges are character-
ized by unique features (minimal dark noise, a wide
range of operating temperatures), that makes these
nanodevices attractive for spectral analysis, IR imag-
ing, space research etc.

Despite intensive experimental research, a complete
and consistent theory of physical processes in QCD
cascades is still absent. In most theoretical papers [7-
9], only electron spectral characteristics and photon-
assisted transport through isotropic and anisotropic
elements of nanodevices are investigated. The phonon
subsystem is not taken into account in these papers, in
spite of the fact that, as is known [10], it provides re-
laxation of the electron energy in QCD extractors.

The theory of electron-phonon interaction in nano-
structures has been developed in some papers, in par-
ticular in [11-14], where the Hamiltonian of electron-
phonon interaction was written in the representation of
second quantization over phonon variables and in the
coordinate representation over electron ones. This ap-
proach makes it possible to calculate the probabilities of
electron-phonon assisted quantum transitions and asso-
ciated physical quantities within the Fermi golden rule,
but does not allow one to find out the effect of phonons
on the nanostructure spectrum renormalization.
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In this paper, within the models of rectangular po-
tentials and effective masses for an electron and a die-
lectric continuum for confined phonons, the Hamiltoni-
an of electron-phonon interaction in a cascade of far-IR
QCD is obtained in the representation of second quan-
tization over all variables of the system. Based on it,
using the temperature Green's functions method in the
one-phonon approximation, the effect of various mech-
anisms of electron-phonon interaction on the shifts and
decays of the QCD absorption band at both cryogenic
and room temperatures is studied.

2. HAMILTONIAN OF THE ELECTRON-
PHONON SYSTEM. MASS OPERATOR

In the Cartesian coordinates, the multilayer semi-
conductor nanosystem (Fig. 1) is considered as a sepa-
rate cascade of QCD. Calculations of the electron ener-
gy spectrum and wave functions are carried out in the
models of rectangular potentials and position-
dependent effective masses, taking into account the
conduction band nonparabolic shape

W(E)=m,(+E/Ey),  j=135..N
m(E.z) = {mb((E)): rr:b[i o Eg)/)Egb], 1Zoza N @

Here, N is the number of cascade layers, U is the barri-

er height, mw, mp and Egw, Eg are, respectively, the

electron effective masses (without nonparabolicity) and

energy gaps for the bulk crystals of wells and barriers.
The electron wave functions are represented as
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Then, from the Schrédinger eq_uation, both the electron
total energies E. =E,+k’k’/2m, and the one-
dimensional equation are obtained, from which, taking

into account boundary and normalization conditions
[15], the functions ¥n are found in the form:
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Fig. 1 — Geometric and energy schemes of a QCD multilayer
cascade

Now, using quantized electron wave functions

W)=Y ¥, (Pa, @

and having passed from the coordinate representation
of the electron Hamiltonian to the second quantization
representation, we obtain the Hamiltonian of noninter-
acting electrons in the representation of their occupa-
tion numbers

O +
He - Z Enkankank’ (5)
nk
where a;lz, a . are the fermion creation and annihila-

tion operators.

It is known [16] that in the model of the dielectric
continuum with dielectric constants of nanolayers
gj(w) = socj(a)z —a)EJ-)/(a)2 —a)%-), j=0,...,N+1, the
potentials of confined (L) phonons satisfy the equations
£ (0)V2® (F)=0 at g(w)=0, V?d,(F)=0. From
the condition ¢gj(w) =0, it follows that the energies of
confined phonons Q; = Aw.j coincide with the energies of
longitudinally polarized phonons of bulk crystals of
nanostructure wells and barriers.

After the expansion of the L-phonon polarization
field potential in a two-dimensional Fourier series and
its quantization [16], the phonon Hamiltonian is found
in the representation of phonon occupation numbers

_ N
H, = Z Zgj(bj;q.bm +1/2), (6)

j=0 44
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where b}rm , bjkq are the boson creation and annihila-

tion operators.

Therefore, passing from the coordinate representa-
tion to the representation of the occupation numbers on
the quantized electron wave function (4), the Hamilto-
nian of electron-phonon interaction is obtained in the
representation of second quantization over all variables
of the system

Mz

Ho =X Y Y 1006 al, @b, b, ) ()

2,4 n',nk

I
o

where fn(,J,.W) are the electron-phonon binding functions.

The Hamiltonian (H = He + Hpn + Hepn) of the elec-
tron-phonon system in the representation of second
quantization, obtained for the case of weak electron-
phonon coupling, allows [16] to calculate the Fourier
images of the electron Green's functions from the Dy-

son equation G, (K, %) =[hw-E ; =M, (ho,k)] * with the
mass operator

M, (hoR) = ¥ 3 T L x @)

j=0 24

l+Vj Vj

x — " _
hw—Enr(k—G)—Qan hw—En,(k+cj)+Qj+in

The mass operator takes into account both the pro-
cesses of emission of confined phonons (the first term)

with occupation numbers v, = (e®/*" 1) and the

processes of their absorption (the second term).

Passing in (8) from the sum over two-dimensional
phonon quasimomenta to the integral and using the
Dirac relation
[[@@-+im)™*d*a=V.p.[[d?de(d) -ix[[5(6(d))d*q -
an exact analytical calculation of the mass operator is
performed, which is not presented here due to its cum-
bersomeness. According to the Green's function theory,
the real and imaginary parts of the mass operator
determine the shift A, =ReMa(E,, 0) and the decay
7 = =2ImMi(E,, 0) of the n-th electron level, caused by
the interaction with confined phonons.

3. ANALYSIS OF THE EFFECT OF CONFINED
PHONONS ON THE SPECTRAL CHARAC-
TERISTICS OF THE FAR-IR QCD CASCADE

The developed theory is applied to study the effect
of confined phonons on the spectral characteristics of
electron states and absorption band of the far-IR QCD
with an optimized geometric design [17, 18] at both
cryogenic (T = 0 K) and room (T = 300 K) temperatures.
The physical parameters of the QCD cascades with
GaAs wells (a1=6.5nm, a=1.7nm, as=2.3nm,
a:=3.0nm, as=4.2nm) and Alo3GaoesAs barriers
(b1 =5.65nm, b2 =4.2 nm, bs;=3.1 nm, bs=3.1 nm) are
as follows: eow=9.99, & =10.89, QLw=236.25meV,
Qib=40.82meV, Qtw=33.29meV, Q1b=37.12 meV,
mMw = 0.067 me, mMb = 0.095 me, EngUK =1520 meV,
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E;;OK =1885meV, E gTW:3°° K =1420 meV,

= 1788 meV, UT=0K = 276 meV, UT=300K = 256 meV.

All QCD cascades are identical multi-well nanostruc-
tures that contain two parts — an active region and an
extractor, which have different functional purposes.
Electromagnetic field detection occurs due to electron
quantum transitions from the ground state to two excit-
ed states of the two-well active region. The electron tun-
neling between the active regions of adjacent cascades is
provided by extractors, the potential wells of which cre-
ate equidistant electron levels of the "phonon ladder"
with distances between them of the order of the phonon

energy (Q 3 =36.2 meV). At the transitions between

the "phonon ladder” levels, the electron energy relaxa-
tion and phonon emission occur simultaneously.

To reveal the role of confined phonons in the renor-
malization of the QCD spectral characteristics, the
energies (En) of the electron operating states (n=1, 5,
6), transitions between which occur due to the absorp-
tion of IR electromagnetic field, as well as the energies
of the "phonon ladder” states (n=2, 3, 4), were calcu-
lated depending on the potential well width (a.) at the
fixed width of the active region common well
a=a+a=8.2nm.

Fig. 2a shows the dependences of En on a: at cryo-
genic (T=0K) and room (7'=300K) temperatures
calculated without taking into account the electron-
phonon interaction, however, taking into account the
temperature dependences of both the effective mass
and the heights of potential barriers. It can be seen
from Fig. 2a that an increase in temperature leads only
to low-energy shifts of all electron energies, without
changing the regularities of the En(a:) dependences.

Fig. 2b-e show the total shifts (An= Ann + Asnn) and
decays (y = ynn + ysnn) Of all electron states (n = 1-6) due
to intralevel (Am, yn) and interlevel (Asnn =Y nznAnn,
yson' = Yznyhr) interactions with phonons at both room
(T'=300 K, Fig. 2b, ¢) and cryogenic (7=0 K, Fig. 2d, e)
temperatures depending on a:. It can be seen from
Fig. 2b-e that the shifts An (Fig. 2c, f) and decays m
(Fig. 2b, d) of all electron states are highly nonlinear
functions of ai, the values of which for various states
are commensurate with each other. With an increase in
temperature, the absolute values of An and m only in-
crease, and their qualitative dependences on a: almost
do not change (except for the ground state decay ).

We should note that since at cryogenic temperature
(T'=0 K, v=0) the renormalization of the electron spec-
trum can occur only due to emission of virtual phonons,
so at T=0 K (Fig. 2 e) the electron-phonon interaction
leads to a decrease in the energies of all electron states
(An < 0), regardless of the cascade geometric parameters.

The decay values () at 7=0 K are determined by
the imaginary part of the mass operator (8), which,
through the Dirac identity, contains &functions 6(En—
— En(q) — Q) that regulate the fulfililment of the energy
conservation law. For the ground state (n = 1), the equal-
ity 8([En=1 —Er=1(q) — Qj] < 0) = 0 always holds, therefore,
at T=0K the decay of the ground state is impossible
(72 =0) under any conditions. Decays of excited states
(n>1) occur only at the interlevel interactions (at
En > En(q) + ©;) with the emission of virtual phonons.

T=300K —
Egp =
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Fig. 2 — Dependences on ai of the electron energies (En), as
well as the total shifts (An) and decays (y) of electron states
due to the interaction with confined phonons in the cascade of
far-IR QCD at room (7'= 300 K) and cryogenic (7'=0 K) tem-
peratures
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At a finite temperature (7'# 0K), processes with
emission, as well as with the absorption of real pho-
nons, are possible. In this case, 6(En — En(qQ) + ;) #0 in
the mass operator (8) second term, therefore, all elec-
tron states, including the ground one, are characterized
by temperature shifts and decays. The shift and decay
values are determined by the prevailing mechanisms
(interlevel or intralevel) of electron-phonon interaction.
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Fig. 3 — Dependences on a1 of the total shifts (An) and decays
(m) of electron operating states (n=1, 5, 6), as well as their
components (Ann, yan, Asnn, 75nn) caused by intralevel and in-
terlevel interactions in the cascade of far-IR QCD at room
temperature (7' = 300 K)

In Fig. 3, the dependences on a: of the total shifts
(An) and decays (y) of electron operating states (n=
1,5, 6) as well as their partial components due to in-
tralevel (Ann, ynn) and interlevel (Asnn, ysnn) interactions
at room temperature are presented for example. Fig. 3
shows that in the entire range of a: variation, except
for small areas where energy levels anticross (Fig. 2a),
shifts due to intralevel interaction dominate over shifts
due to interlevel one. As for the decays of operating
states, the hierarchy of their partial components for the
ground and excited states is different. So, for the ground
state (Fig. 3c), intralevel interaction causes a greater
decay than interlevel interaction with all excited
states. For excited states (Fig. 3a, b), on the contrary,
decays due to the interlevel interactions predominate.

Table 1 shows the electron energies (En) unrenor-
malized by the interaction with phonons, total shifts

J. NANO- ELECTRON. PHYs. 13, 02031 (2021)

(An) and decays (m) of all electron states due to elec-
tron-phonon interaction at cryogenic and room temper-
atures in QCD cascade with an optimized design of the
two-well active region (a: = 6.5 nm, a. = 1.7 nm) [18].

Table 1 — Energies (En), total shifts (An) and decays () of
electron states in the cascade of far-IR QCD at cryogenic
(T'=0 K) and room (7' = 300 K) temperatures

T=0K T =300 K
n En, meV | An, meV | %, meV | En, meV | An, meV | 3, meV
1| 57.79 -0.43 0 56.21 -0.64 0.34
2 | 9451 —-0.25 |2.3-10-8 | 90.72 -0.39 0.18
3 | 131.01 | —0.22 0.06 125.18 | -0.33 0.11
4 | 167.80 | —0.19 0.08 160.26 | —0.29 0.09
5| 198.60 | —0.15 0.08 189.95 | -0.23 0.19
6 | 209.38 | —0.16 0.11 201.87 | —0.24 0.27

The values of energies, shifts and decays, presented
in Table 1, make it possible to reveal the role of elec-
tron-phonon interaction and temperature dependences
of the nanostructure physical parameters in the
renormalization of the QCD spectral characteristics.

Calculations have shown that at 7= 0 K, the elec-
tron-phonon interaction weakly shifts QCD absorption
peaks towards high energies (Ais =As —A1=0.27 meV,
A1g = A — A1 =0.26 meV) and expands them
(ms=n+%n=0.08meV, ps=n+rp=011meV). Two
peaks of QCD absorption at 7'= 0 K correspond to the
following energies renormalized by virtual confined
phonons: Eis = Es — E1 + Ais = 141.1 meV and
Eis = Es — E1 + Ais = 151.9 meV.

At room temperature, interaction with real confined
phonons leads to a stronger blue shift of both absorp-
tion peaks (Ais=0.41 meV, Ais=0.40 meV) and their
expansion (ys = 0.53 meV, 7 = 0.60 meV).

Note that with an increase in temperature, the
band gaps of the nanolayers decrease and, as a conse-
quence, the heights of potential barriers decrease too.
This leads to a low-energy shift of the QCD absorption
band, the magnitude of which, due to the weakness of
electron-phonon interaction, exceeds the shift caused
by the interaction with phonons. Calculations have
shown that the energies of QCD absorption peaks at
T=300 K are Eis=134.2 meV and Eis = 146.1 meV.

Thus, an increase in temperature from cryogenic to
room temperature leads to a redshift of QCD absorp-
tion peaks and their broadening, which agrees with the
experimental results [17].

4. CONCLUSIONS

The theory of the interaction of electrons with con-
fined phonons in a multilayer QCD cascade has been
developed within the models of rectangular potentials,
coordinate-dependent effective masses, and dielectric
continuum. The electron spectra renormalized by the
interaction with phonons are calculated by the tempera-
ture Green's functions method. The partial contributions
of various mechanisms of electron-phonon interaction to
the shifts and decays of electron states are investigated
depending on the configuration of the two-well active
region of the far-IR QCD cascade and temperature.

It is found that, due to the weakness of the electron-
phonon interaction, the effect of confined phonons on the
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temperature renormalization of the QCD spectral char-
acteristics is less than the changes caused by the tem-
perature dependence of the nanosystem potential barrier

heights. It is shown that, in accordance with experiment,
as the temperature increases, the QCD absorption peaks
shift towards lower energies and broaden.
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Bruiue o6meskenux (bOHOHIB Ha TeMIIEpaTypHe IIEPEeHOPMYBAHHSA CIIEKTPAIIbHUX
XapaKTePUCTHUK KBAHTOBOTO KACKAIHOTO JETEKTOPA JaJIeKOoro iHppaye pBOHOrO aialia3oHy

10.0. Ceri, M.B. Trkau, €.10. Bepemrko

Yepriseubkuil HayionanvHuil yHigepcumem imeni FO. @edvrosuua, syn. Koywbuncoroeo, 2,
58012 Yepnisui, Yrpaina

¥V Moesti IpSIMOKYTHHUX MOTEHITIAIB Ta KOOPIUHATHO-3AJIEKHAX e)eKTUBHUX MacC 3 ypaxyBaHHAM HeIa-
paboJIIYHOCTI 30HH IIPOBIIHOCTI JIJIS €JIEKTPOHIB TA 130TPOITHOTO JICJIEKTPUYHOTO KOHTHHYYMY JJIST OIITHYHUX
oOMesxeHUX (POHOHIB PO3BUHEHA TEOPis eJIeKTPOH-(POHOHHOI B3aEMO/IIl y OKPEeMOMY KACKAaJIl IITUPOKOCMYTOBO-
ro KBAaHTOBOT'O KACKAHOTO JETEKTOPA JAJIEKOro iH(padyepBOHOTIO Tiarma3oHy. ¥ 0JJHO(OHOHHOMY HAOJIMKEeHHT
OTPUMAHO MAaCOBHII OIIePAaTop eJIeKTPOH-(OHOHHOI B3aemoxil. Metogom Temmeparypuux QpyHKIN ['pina Bu-
KOHAHI pO3paxyHKHM IIOBHUX 3MIIEHb Ta 3aTyXaHb yCIX eJIEKTPOHHUX CTAHIB Kackamy. JlociiaskeHo iepapxito
PI3HUX MEXAaHI3MIB eJIeKTPOH-(POHOHHOI B3aeMO/Iil y IIePEeHOPMYBAHHI CIIEKTPAJIbHUX IIAPaAMETPIB eJIeKTPOH-
HUX CTAHIB y 3aJIEKHOCTI BIJl TeOMETPUYHOTO JU3ANHY JBOSIMHOI aKTUBHOI 30HM KACKAIy SK IIPU KPiOreHHIH,
TakK 1 mpu KiMHATHIN Temiieparypi. [lokasaHo, 110 He3aJ e:KHO Bl TeMIepaTypu 3MIIeHHS e€Hepriil eJIeKT-
POHHUX CTAHIB, BUKJIMKAHI BHYTPUPIBHEBOIO B3aEMOIICI0 3 0OMeKeHuMHU (POHOHAMU, IIePeBaKa0Th Hal 3Mi-
IMIEeHHSIMH IPY CYMapHINA MisKpiBHEBIN B3aeMoIii. 3aTyXaHHsI OCHOBHOTO CTaHy IIPH KPIOTeHHIN TeMIieparypi
BimcyTHe. [Ipu ckiHYeHHIN TeMIepaTypl BHyTPUPIBHEBA B3AaeMOJisl OCHOBHOTO CTAHY 34 y4aCTI OOME:KEHHUX
(POHOHIB BUKJIMKAE OLIBIIE 3aTYXaHHSA HIK CyMapHa MixkpiBHeBa B3aeMomisd. J{sa 30ymskeHux cTaHiB, HABIA-
KM, IIepeBakaioTh 3aTyXaHHs, BUKJIUKAHI CyMapHOK MIKPIBHEBOK B3a€MOIicl0. BcTaHOBJIEHO, IO 3 MiABU-
LIEHHAM TEeMIIePATyPHU eJeKTPOH-POHOHHA B3AEMOIisl IIPUBOAUTE 0 POIMIUPEHHS Ta CJIA0KOTO BUCOKOECHEp-
PeTUYHOTO 3MIIEHHS CMYTH IIOTJIMHAHHS JIETEKTOpa, a TeEMIepaTypHa 3MiHa (PisUYHUX ITapaMeTpiB — 10 3Ha-
YHOTO HU3bKOEHePreTUIHOro aMitteHHs . 1le moscH0e YepBoHe 3MIlIeHHs CMYTH IIOTJIMHAHHS KBAHTOBOTO Ka-
CKaTHOTO JIeTEKTOPa IIPHU 3POCTAHHI TEMIIEPATYPH, SKE YaCTO CIIOCTEPIraeThCs HA €KCIePUMEHTI.

Korouosi cnosa: Hamocucrema, Enrexrpon, @ouon, KBanTopuit kackamuuit qerexkrop, Oyuririsa 'pina.
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