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The behavior of the density of surface states (DOS) in 3D topological insulators of Rashba-type in the
presence of static magnetic field is described in the paper. The influence of the hexagonal warping effect
which is inherent to second generation of the topological insulator made on the basis of BizSes and BisTes is
taken into account. In our work, a method is proposed for numerically determining the DOS, taking into
account the influence of an external magnetic field. We have shown that the behavior of the DOS in these
topological insulators has the qualitative differences from the behavior of 2D electron gas with spin-orbit
interaction of Rashba-type without hexagonal warping effect. The results of our work have shown that in
case of sufficiently weak fields, instead of the expected increase in the DOS with increasing applied mag-
netic field, there is observed its decrease. Estimated threshold values of the field are of the order of 1-10 G.
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1. INTRODUCTION

Recently, focused attention of researchers has been
attracted to materials with gapless surface states,
while the gap is present in the volume. They are called
“topological insulators”, since gapless surface states are
topologically protected [1, 2]. The most important fea-
ture of topological insulators is a strong spin-orbit in-
teraction in the volume of the material [3]. A two-
dimensional electron gas with spin-orbit interaction
was first considered as early as the first half of the
1980s [4], but almost immediately after the discovery of
BisTes-based topological insulators, both theoretical
arguments and experimental evidence of warping of the
Fermi surface form appeared [5].

The ARPES spectroscopy data convincingly show
that the circular symmetry of isoenergetic curve peculi-
ar to the Rashba Hamiltonian is replaced by a sixth-
order rotation symmetry, due to the presence of a rhom-
bohedral crystal lattice with the space group R3m in the
material structure. On the sample surface, the sym-
metry of the crystal is reduced to the Cs, group, consist-
ing of three-fold Cs rotations around the spatial axis z
and the mirror reflection operation M, thus it ultimately
leads to the specified type of symmetry of surface states.
As a result, the Fermi surface for 2D electrons instead
of a circle acquires a shape resembling a snowflake [6].
This warping effect has a significant influence on both
the energy spectrum and the density of electronic states
(density of states, DOS) [7, 8].

Of considerable interest is the study of the depend-
ence of the surface density of electronic states on an
applied external magnetic field. Knowledge of this de-
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We confine ourselves to weak magnetic fields, when it
is permissible to neglect the terms above the first order in
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pendence is necessary to calculate a number of the
most important observable characteristics of topological
insulators, depending on the magnetic field, in particu-
lar, magnetic susceptibility. Nevertheless, despite the
significant amount of both theoretical and experi-
mental works in this field that have appeared in recent
years [9-13], this aspect remains unexplored.

2. MODEL AND METHODS
2.1 Spectrum

In this article, topological insulators based on BizSes
and Biz2Tes are considered, for which a theory of tunnel-
ing density of surface states (TDOSS) has been devel-
oped taking into account hexagonal warping in the ab-
sence of a magnetic field [8]. The surface states are
described by the Hamiltonian, with the spin-orbit inter-
action of Rashba and the hexagonal warping peculiar to
these materials:

H

= %% + hwg(keo, — kyoy) + %hg(ki + k3)a,, 1)
where m* is the effective mass, ky =k, +ik,, ky =
kcos®, k, = ksin6, o, is the unit matrix, and o, oy,
0, are Pauli spin matrices. The field is introduced in the
standard way: p - p — %Z, the vector-potential is select-
ed in the Landau calibration: (0, Bx, 0). Bismuth sele-
nide is characterized by a positive, and telluride — by a
negative effective mass m* [14].

After substituting the vector-potential in (1), the
Hamiltonian is written in the form:
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the field. The diagonalization of the Hamiltonian (2)
when taking into account the assumption made gives:
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2m*

E(ky ky,B) =

The upper sign corresponds to the conduction band,
the lower — to the valence band. In the following, we
limit ourselves to a single-band approximation and we
will make calculations only for the conduction band.

Following this research work [8], we will introduce

energy parameters A = 2|m*|vZ and E, = \/v3/2, as well

(kz - ;—ink sin 9) + \/hzvf (k2 - Z—ink sin 9) + A2p6 (k6 cos2 36 + 6%Bxk5 cos 36 sin 29). (3)

=p/Qlm*|vg) = pvp/A, 1% = avf/A*, E = eA, where p
and ¢ are non-dimensional parameters corresponding to
momentum and energy. In addition, we introduce an-
other dimensionless parameter corresponding to the
magnetic field: B = eBx/(Im*|cvg). After substituting the
specified parameters in the expression for E(ky,k,,B)

as a dimensionless parameter a = (A/E;)*. Then we obtain (for negative effective mass):
E(M,6,8) =A (—pz + Bpsin 6 +/p? + ap® cos? 30 — B(p sin & — 3ap® sin 26 cos 39)). @
. . _ o kdk (21
The graphs of isoenergetic curves (4) for ¢=0.4 g(E,B) = fo e fo dgg(E — E,(k, 9)). (5)

(bismuth selenide) and for a=22 (bismuth telluride)
for different values of the parameter g are shown in
Fig. 1 and Fig. 2. It can be seen from the above figures
that the influence of an external magnetic field breaks
the 6th order rotational symmetry.

2.2 Density of States
The TDOSS is written as:

To calculate the DOS in order to be able to use the re-
sults of [8], we will use the parameterization:
AZ
2k ="
Vr
Then the dimensionless spectrum for negative effec-
tive mass will take the following form:

1 1 5
E(m,6,8) =4 <—n + Bnzsin@ + Jn + an®cos?36 — B (175 sin6 — 3anz sin 26 cos 39)).

We take advantage of the smallness of the parame-
ter #and decompose (4.1) in a row, limiting ourselves to

(4.1)

the linear additive components:
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Substituting this expression into (5), we get:

gle,a,p) =

Using the properties of the §-function, the expres-
sion for the DOS can be given the form:

9(E,B) ="1F (s, 0, ), ©)
where

1 jo dn
41 |6f(£,a,ﬁ,n,9)
0 20 8,

F(e,a,p) =

f(&a:ﬁﬂl,e) =
_ 3 > _ 3an>/2 sin 26 cos 36 _
e+n—+n+an’cos* 360 (—2 rrant coi 30

1
nZsin 6 L
2y/n+an3cos? 36 + 12 sin 9>B’
6, are the roots of the equation f(¢, a,3,1,6) = 0.
The equation f(¢, a, 8, n, ) =0 was solved numeri-
cally by the iteration method with the given parame-

1
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ters ¢ a and B. Having in mind the smallness of the
field parameter B, and the fact that the dependence of
the solution on it should be a continuous function, we
can expect that the roots of this equation will be near
(e+m)?-n
an?
corresponding to the spectrum without a magnetic field

the “unperturbed” solutions 930) =§arccos

[8]. Therefore, it is natural to take the point 960) as a
zero approximation when iterating. Solutions of the
“perturbed” equation 6y(n) are substituted into the

expression for the derivative e@bnb) nd for given
parameters ¢, a,f the dependence ¢(n) = W

is approximated.

Then the latter is substituted into the integral and
(numerically) integrated within the limits determined
by the solutions of the system of inequalities:

2 _
OS(e+n)3 M
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Fig. 1 — The isoenergetic curves with ¢=2.0 and a=0.4 for
B=0 (blue line) and f=0.1 (orange line) (a), with £=2.0 and
a =25 for =0 (blue line) and S= 0.1 (orange line) for a posi-
tive effective mass (b)

expressing the conditions for the existence of real solu-

tions 930).
The criterion of "weakness" of the field, which is
necessary for numerical estimates, is obtained from the
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Fig. 2 — The isoenergetic curves with ¢=2.0 and a=0.4 for
S=0 (blue line) and f=0.1 (orange line) (a), with £=2.0 and
a =25 for f=0 (blue line) and S= 0.1 (orange line) for a nega-
tive effective mass (b)

From here you can also get an estimate for £

8 eBx
©m*levge
|m*|vgB « 2hk sin
2hk sin 6
< .
B Im*|vp

Using the d?ta given in [5] and [lil] (lm*|/m =
0.3; vp = 2.1eVA for BizSes and 3.8 eV-A for BizTes,
k ~0.1) A-1 and considering sinf ~ 1, we have 8 «< 1.

3. DISCUSSION
The graphs of the function of energy F(s a, B) for
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a=0.4 (bismuth selenide) and for =22 (bismuth tellu-
ride) for different values of the field are shown, respec-
tively, in Fig. 3 and Fig. 4. The results in the absence of
the field correspond to those obtained in [8]. In the case
of Bi2Ses, there are two van Hove singularities at
£=0.175 and 0.25. The magnitude of the magnetic field
does not affect their location, and also has little effect on
the behavior of the DOS up to the nearest neighborhood
of the first singularity. For Bi2Tes, on the contrary, there
is a single van Hove singularity with &= 0.25. The effect
of the field on the DOS is much more pronounced — it is
significant over the entire energy range, and also signifi-
cantly shifts the position of the van Hove singularity. In
addition, in this case, the DOS in the investigated ener-
gy range is characterized by a very non-trivial behavior:
to the left of the van Hove singularity, for &< 0.25, the
DOS decreases with increasing magnetic field, and to the
right, for ¢ > 0.25, it increases (Fig. 4).

Fle.a.B)

Fig. 3 — Density of states depending on the energy ¢ at a=0.4
for =0 (black line), #=0.001 (green line), B=0.005 (blue line),
S=0.01 (orange line) and S=0.02 (red line)

i

Fig. 4 — Density of states as a function of energy ¢ at a= 22 for
S=0 (blue line), f#=0.001 (orange line), f=0.005 (green line),
B=0.01 (red line) and S = 0.02 (purple line)

The dependence of the function F(g o, ) on the
magnitude of the applied magnetic field is shown in
Fig. 5-Fig. 8. Some general features of the behavior of
the DOS for both materials can be noted. When the
parameter ¢> 0.25, a decrease in the DOS is observed
with increasing parameter e. Also common is the be-
havior of DOS as a function of the magnitude of the
magnetic field f: a characteristic sharp increase at the
beginning and a relatively slow decrease with a further
increase in the “afield parameter”. Using the data from
the previous section, it is easy to estimate the magni-
tude of the magnetic field and energy for which this
effect can be expected. If we take x=10-2cm, we get
for B ~ 3 G.

J. NANO- ELECTRON. PHYS. 11, 05014 (2019)
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Fig. 5 — The dependence of the density of states on the magni-
tude of the magnetic field at = 0.30 for a= 0.4 (blue line) and
a =22 (orange line)
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Fig. 6 — The dependence of the density of states on the magni-
tude of the magnetic field at £=0.40 for = 0.4 (blue line) and
a =22 (orange line)
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Fig. 7—The dependence of the density of states on the magni-
tude of the magnetic field at £=0.42 for ¢=0.4 (blue line) and
a= (orange line)

To explain this behavior of the DOS, it is convenient
to first consider the case of the absence of hexagonal
distortions. To do this, in the spectrum (4) it is enough
to set = 0. As a result, we will have:

E(p,8) = A(p2 — Bpsinf £ /p% — Bpsin 6). (7)

The isoenergetic curves corresponding to such a spec-
trum are circles with a center that is offset from the
origin. The DOS in this case is:

05014-4
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Fig. 8 — The dependence of the density of states on the magni-
tude of the magnetic field at £=0.50 for o= 0.4 (blue line) and
a =22 (orange line)

_ 2im*|a

[e] 2 . —
g(E) = 2n J, pdp fondt‘)d (A(e —p2+Bpsinf F

Vo= Fpsind)).

After the transformations, which are generally simi-
lar to those carried out upon getting the expression (6),
we obtain for the conduction band:

[m’|
9(E,B) = 1 Fy(e, B), ®)
where
Fo(e, ) =
1 pdp
=5 »
Isinf|<1 1+ 1 [ﬁzpz(sz—Zg—1)2—(p"—(2€+1)pz+€2)2
ZJ s (2p% —2e—1)?
2p?—2e—1

The region of the integration extends to all values of
the momenta corresponding to the real # determined by
the roots of the equation ¢— &(p, 8) = 0:

p4—(Ze+1)pZ+ez| <1
Bp(2p% —2e—1) |~

Fo(€.8)

0.26

0.24

€
00 01 02 03 04 05

Fig. 9 — The dependence of the density of states on the energy
in the case of the absence of hexagonal distortions with = 0.05

Graphs of the function of energy Fy(s ) and the
magnitude of the magnetic field are shown in Fig. 9
and Fig. 10.
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Fig. 10 — The dependence of the density of states on the mag-
netic field in the absence of hexagonal distortion with &= 0.42

As L. Fu [5] points out, in the two-dimensional case
for Fermi surfaces close in their shape to circles, there
are only two stationary points at which the momenta are
directed oppositely. Since in the topological insulators
the spins and momenta of the electrons are intercon-
nected, at the stationary points the spins will also be
opposite. This circumstance makes scattering impossible
and the electron states at stationary points turn out to
be protected by symmetry with respect to time reversal.
Therefore, in the absence of hexagonal distortions, an
increase in the DOS due to the splitting of Landau levels
is possible with increasing magnetic field (assuming that
the field remains weak).

However, with a decrease in symmetry to the 6th or-
der, several pairs of stationary points appear on the
Fermi surface, in which, due to the complex shape of the
Fermi surface, the momenta are no longer directed oppo-
sitely and therefore scattering is allowed between them,
breaking symmetry with respect to time reversal. The
applied external magnetic field also breaks symmetry
with respect to time reversal and, in combination with
the hexagonal distortion factor, the field growth leads
first to a slowdown in the DOS, and later to its decrease
(Fig. 5-Fig. 8). Thus, it can be assumed that the cause of
a decrease in the DOS with an increase in the magnetic
field is the breaking of the symmetry of the system
caused by it with respect to time reversal, which results
in a decrease in the symmetry of the spectrum of elec-
tronic states, which is clearly seen in Fig. 1 and Fig. 2.
The results of a number of works [15-17] confirm this
assumption. In particular, the authors of [15] note that
with an increase in the external magnetic field, the form
of the dependence of the nonlocal material resistance on
the distance between the reading terminals from the
power law to the exponential varies qualitatively. Exper-
imental works [16, 17] describe a decrease in nonlocal
resistance with the increase of external magnetic field,
and also recorded the transition from the state of a topo-
logical insulator to the state of a trivial zone insulator
when the field reaches a certain critical value, which
corresponds to the disappearance of nonlocal resistance.
The appearance of a gap in the energy spectrum of sur-
face electrons due to the growth of the magnetic field
applied to the topological insulator is a weighty argu-
ment in favor of our considerations.
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4. CONCLUSIONS

Thus, we investigated the behavior of the DOS of
BisSes and Bi2Tes in an external constant magnetic field
taking into account the hexagonal warping effect. The
DOS in these materials is characterized by a very com-
plex behavior under the influence of magnetic fields. We
have obtained the dependences of the DOS on the energy
for different values of the magnetic field strength. We
also obtained the dependences of the DOS on the magni-
tude of the magnetic field. We have found that the behav-
ior of DOS with an increase in the applied magnetic field
in a structure with hexagonal warping effect is qualita-
tively different from its behavior in the usual 2D Rashba
electron gas. The method we used to calculate the density
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IMinsuicTs moBepxHeBux cradie B 3D Tomosioriuamx i3osisiTopax y mpuCcyTHOCTiI MarHiTHOro
HOJI 3 ypaxXyBaHHAM e KCATOHAJIbHUX CIIOTBOPEHDb PeIIiTKHU

I.M. ®enyos

FOzopcvruii deporcasruli yrisepcumem, eyn. Yexosa, 16, 628011 Xanmu-Manciiicok, Pocia

OmnmcaHo moBeAiHKY IiabHOCTI moBepxHeBux cTaHiB (DOS) B 3D Tomosoriunamx i3onaropax Rashba-tumy
y IPUCYTHOCTI CTATUYHOIO MATHITHOTO IOJIs. BpaxoBY€eThCSI BILIMB IeKCATOHAJIBHOTO epeKTy BUKPUBJICHHS,
BJIACTHUBOTO APYTOMY MOKOJIHHIO TOIIOJIOTTYHOIO 130JI1ATOPAa, BUKOHAHOTO Ha ocHOBI BiaSes 1 BisTes. ¥ poGori
3aIIPOIIOHOBAHO METOJ, YMCEJIbHOro dHaxomkeHdsa DOS, 1m0 BpaxoBye BIIMB 30BHIIIHBOTO MATHITHOTO IIOJIS.
Mu moxasastu, 1o moseginka DOS B 1[b0MY TOITOJIOTIHOMY 130JIATOPI Mae SIKICHI BIIMIHHOCTI BiJ[ TIOBEIIHKH
2D esrekTpoHHOrO rady 31 cmiH-opbiTanspHOo0 B3aemoxielo Rashba-tumy 6e3 rekcaronaspHOro edexrry BUKpH-
BieHHA. Pesynbratyu Haiol poGoTH IIOKA3asIH, 10 BiKE Y BUIIAJKY JOCUTH CJIAOKHUX IIOJIIB 3aMiCTh OUiKyBa-
moro 3pocraHus DOS 31 30LIBIIEHHAM MTPUKJIAIEHOT0 MATHITHOTO ITOJISI CIOCTEPIraeThes il 3MEeHIIeHH.
OLiHKY TOPOroBol BEJIMUWHMU MHOJIsST Jaf0Th mopsmok 1-10 [e.

Knrouori ciosa: llinbHicts moBepxueBux craHiB, Tomosorivnwmit i3ossitop, Crin-opbiTasibHa B3aeMOid,
2D enexrponuwmii ras, Bsaemomia Rashba, Maraitae mose, I'ekcaronaibumnit epeKT BUKPUBJICHHA.
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