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A four-layer slab waveguide structure with a lossy left-handed material (LHM) core layer is investigat-

ed as a surface sensor for detection any change in an adlayer thickness and refractive index. The sensitivi-

ties of the effective refractive index to any change in the refractive index/thickness of the adlayer are de-

rived and studied with the parameters of the LHM. It is found that a slight change in the real parts of the 

permittivity and permeability of the LHM can significantly improve the sensitivity of the proposed sensor.  
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1. INTRODUCTION 
 

Optical planar waveguide sensors are widely recog-

nized as valuable devices for investigating surface in-

teractions, biosensing, quantifying protein adsorption, 

affinity-based recognition and attachment of bacteria 

and living cells [1-15]. Optical slab waveguides have 

proven to be highly sensitive. In surface sensing mech-

anism, the waveguide configuration is similar to that of 

the conventional three-layer waveguide with additional 

layer sandwiched between core and cladding layers 

called adlayer. In biosensing applications, the adlayer 

medium contains the biological molecules, proteins, 

bacteria or living cells to be detected. Accordingly, ad-

sorption of these substances shifts the refractive index 

at the film-clad interface which can be detected by ob-

serving change in reflectivity or effective index of re-

fraction of the guided mode. 

Electromagnetic wave propagation in materials 

with simultaneous negative dielectric permittivity ε 

and magnetic permeability  has been first investigat-

ed by Veselago [16] who has shown that in such media, 

Poynting vector is anti-parallel to the direction of ener-

gy flow. Such media is referred to as left-handed mate-

rials (LHMs). Park et al. [17] introduced the frequency-

dependent complex permittivity and permeability of 

LHMs in the form 
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where p is the plasma frequency, ωo is the resonance 

frequency,  is the electron scattering rate, and F is the 

fractional area of the unit cell occupied by the split 

ring. LHMs have been widely investigated [18-31] for 

possible applications in cloaking devices, perfect lens, 

and integrated optical devices. 

In this work, a four-layer slab waveguide structure 

with a lossy LHM core film is considered for surface 

sensing applications. The dispersion relation and the 

sensitivity of the effective refractive index to variations 

in the refractive index / thickness of the adlayer are 

investigated. The effects of the LHM permittivity and 

permeability on the sensitivity of the proposed sensor 

are studied. The behavior of the sensitivity curves with 

the adlayer index is also investigated.  

 

2. THEORY 
 

We consider four-layer slab waveguide structure as 

shown in Fig. 1. It consists of a LHM guiding film with 

negative permittivity 2 , negative permeability 2 and 

thickness 1d . The relatively thick substrate and clad-

ding have parameter 1 1( , )   and 4 4( , )   respectively. 

An adlayer of permittivity 3 , permeability  3  and 

thickness 2d  is assumed to be located between the 

cladding and the guiding film. We consider s-polarized 

waves (TE) in which the electric field E is polarized 

along the y-axis.  

 

2.1 Dispersion Relation 
 

Waves are assumed to propagate along x-axis such 

that i x
yE e  , where   is the propagating constant 

along x. Time harmonic fields have the form 
 ( , , ) ( )
i x t

y yE x z t E z e
 

 , with  is the angular frequen-

cy. Due to the uniformity of the waveguide structure, the 

fields are uniform in y direction and Helmholtz equation 

for the electric field reduces to an ordinary linear second 

order differential equation as  
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The effective refractive index for the guided mode N 

is given by ok N  , where o o ok    . Helmholtz 

equation becomes 
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The waveguide structure under consideration can 

support a finite number of guided modes and an infi-

nite number of radiation modes. For guided mode solu-
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tion, most of the power carried by the wave is confined 

in the guiding film. Oscillatory solutions are assumed 

in the guiding film such that 2
2 2 N     0 and evanes-

cent tails in all other layers for which 2
1 1 N     0, 

2
3 3 N     0 and 2

4 4 N     0. 

 

zLHM film

ε2 , μ2

Cladding
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x
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Fig. 1 – Four-Layer planar waveguide structure with a left-

handed material core film 
 

The solutions of Helmholtz equation for TE modes 

in the four layers are given by 
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where 2
1 1s ok N    , 2

2 2f ok N    , 

2
3 3a ok N     and 2

4 4c ok N    . 

The constants 1 6A A represent the amplitudes of 

the waves in the four layers. Using Eqs. (5)-(8), Hx can 

be calculated in the different media using 
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. Matching Ey and Hx at z  0, d1 

and d1 + d2, we obtain the following dispersion relation 
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where m  0, 1, 2,… is the mode order. 

 

2.2 Power Flow Through Waveguide Layers 
 

In this subsection, the power carried by each layer 

is derived to fully investigate the four-layer slab wave-

guide structure under consideration. The guided wave 

power per unit length a long x-axis is given by 
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Using Eqs. (5)-(8) to evaluate the integral given by 

Eq. (10), we obtain 
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When the continuity requirement is applied to Eqs. 

(5)-(8) and their derivatives, the following relations 

between the constants A1- A6 are obtained,  
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2.3 Sensitivity of the Sensor 
 

The sensitivity (Sna) of the evanescent field sensor is 

defined as the change of the effective refractive index 

with respect to the change of the adlayer refractive 

index na, i.e., 
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where 3 3an   . 

Differentiating the dispersion relation given by Eq. 

(9) with respect to N, we get after a tedious derivation 

and mathematical manipulation 
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Where 
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The sensitivity (Sd2) of the effective index to any 

change in the adlayer thickness is calculated as the 

change of the effective index with respect to the change 

of the adlayer thickness d2, i.e., 
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3. NUMERICAL RESULTS 
 

Figure 1 shows the slab waveguide structure under 

consideration. In the numerical analysis we consider 

the operating wavelength of He-Ne laser 

(  632.8 nm). The substrate is considered to be glass 

(1  2.16 and 1  1) covered by a LHM guiding layer 

with an electric permittivity ε2 and magnetic permea-

bility 2 of the forms 2 2 2r ii     and 2 2 2r ii    , 

respectively. The cladding is assumed to be water with 

index of refraction n3  1.33. In order to optimize the 

sensitivity of the proposed sensor, it is significant to 

study the sensitivity dependence on different parame-

ters of the LHM guiding film. In Fig. 2, the sensitivity 

(Sna) of the effective refractive index to any change in 

the adlayer index is displayed versus the guiding film 

thickness for different values of the real part of 2. As 

seen from the figure, the sensitivity has its maximum 

at LHM film thickness somewhat higher than cut-off 

thickness of the guided mode considered. At cut-off 

thickness, the sensitivity is almost zero since the effec-

tive refractive index is equal that of the substrate. For 

film thicknesses beyond the optimal value at which the 

sensitivity peaks, the sensitivity decreases to zero due 

to the large film thickness and high wave confinement. 

The behavior of Sna with the film thickness is exactly 

similar to that of three-layer conventional waveguide 

sensor which consists of three dielectric layers with the 

analyte is homogeneously distributed in the cladding 

layer [3, 29]. Decreasing the absolute value of the real 

part of 2 can noticeably improve the sensitivity with-

out any observed effect on the optimal film thickness. 

For example, at 2  – 3.2 + 0.01i the sensitivity has a 

maximum value 0.2823 whereas it has a maximum 

value of 0.3482 when 2  – 2.8 + 0.01i. This means a 

sensitivity improvement of 23.34 % can be reached 

when the real part of 2 changes from – 3.2 to – 2.8.  

The effect of changing the imaginary part of the 

electric permittivity 2 on the sensitivity Sna is illus-

trated in Fig. 3. It is obvious that changing the imagi-

nary part of 2 in the range from 0.01 to 0.05 has barely 

detectable effect on the sensitivity of the effective re-

fractive index to any change in the adlayer index. 

Figure 4 shows the sensitivity of the proposed sen-

sor as a function of the LHM film thickness for differ-

ent real parts of magnetic permeability 2 of the LHM. 

The real parts of 2 and 2 have almost the same effect 

on the sensitivity. The sensitivity can be enhanced with 

decreasing the absolute value of the real part of any of 

them. The most important feature that can be seen is 

the optimal thickness at which the sensitivity peaks 

does not depend on the real parts of 2 and 2. As Fig. 4 

shows, when 2  – 5.2 + 0.01i the sensitivity has a 

maximum value of 0.2486 whereas it has a maximum 
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value of 0.3805 when 2  – 4.8 + 0.01i. A sensitivity 

enhancement of 53.06 % can be obtained when the real 

part of µ2 changes from – 5.2 to – 4.8. The effect of the 

real part of 2 on the sensitivity is much higher than 

that of the real part of 2. Changing the imaginary part 

of 2 has much less effect on the sensitivity than the 

real part as shown in Fig. 5. When the imaginary part 

of 2 changes from 0.01 to 0.05, the maximum sensitivi-

ty decreases from 0.3159 to 0.2844. Comparing Figs. 2 

and 4, and Figs. 3 and 5, it is clear that the electric 

permittivity 2 has much less effects on the sensitivity 

than the magnetic permeability 2. This may be at-

tributed to the TE modes considered in this work in 

which the dispersion relation appears in terms of .  
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Fig. 2 – Sna versus the guiding film thickness for different real 

parts of 2 for d3  20 nm, 1  2.16, 3  2.37, 4  1.77, 1  1, 

2  – 0.5 + 0.01i, 3  1, and 4  1 
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Fig. 3 – Sna versus the guiding film thickness for different 

imaginary parts of 2 for d3  20 nm, 1  2.16, 3  2.37, 

4  1.77, 1  1, 2  –0.5 + 0.01i, 3  1, and 4  1 
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Fig. 4 – Sna versus the guiding film thickness for different real 

parts of 2 for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 3  2.37, 

4  1.77, 1  1, 3  1, and 4  1 
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Fig. 5 – Sna versus the guiding film thickness for different 

imaginary parts of 2 for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 

3  2.37, 4  1.77, 1  1, 3  1, and 4  1 
 

We now turn our attention to investigating the sen-

sitivity (Sd2) of the effective refractive index of the 

guided mode to any change in the adlayer thickness. In 

Fig. 6, the effect of the real part of ε2 on the sensitivity 

of the proposed sensor to the change in the adlayer 

thickness is illustrated. In general, the proposed sensor 

exhibits a low sensitivity of order 10 – 4 to the adlayer 

thickness change. The real part of 2 plays a significant 

role in the enhancement of Sd2. The peak value of Sd2 

increases from 5.686  10 – 4 to 7.732  10 – 4 as the real 

part of 2 changes from – 3.2 to – 2.8. This indicates a 

sensitivity improvement of 35.98 %. The sensitivity 

does not exhibit a considerable dependence on the im-

aginary part of 2 as shown in Fig. 7. Figures 8 and 9 

show Sd2 versus the LHM layer thickness for different 

values of the real and imaginary parts of 2, respective-

ly. As can be seen from Fig. 8, when 2  – 5.2 + 0.01i 

the sensitivity has a maximum value of 5.360  10 – 4 

whereas it has a maximum value of 8.267  10 – 4 when 

2  – 4.8 + 0.01i. A sensitivity enhancement of 54.18 % 

can be obtained. We again notice that the effect of the 

real part of 2 on Sd2 is much higher than that of the 

real part of 2. 
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Fig. 6 – Sd2 versus the guiding film thickness for different 

values of the real part of 2 for d3  20 nm, 1  2.16, 3  2.37, 

4  1.77, 1  1, 2  – 0.5 + 0.01i, 3  1, and 4  1 
 

It is significant to study the performance of the pro-

posed sensor for different adlyers. In Figs. 10 and 11, 

we investigate the behavior of the sensitivities versus 

the LHM thickness for different proteins solved in the 

same concentration of the solvent (0.1 N KOH) which 

are Globin and Gliadin with refractive indices na  1.535  
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Fig. 7 – Sd2 versus the guiding film thickness for different 

imaginary parts of 2 for d3  20 nm, 1  2.16, 3  2.37, 

4  1.77, 1  1, 2  – 0.5 + 0.01i, 3  1, and 4  1 
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Fig. 8 – Sd2 versus the guiding film thickness for different real 

parts of 2 for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 3  2.37, 

4  1.77, 1  1, 3  1, and 4  1 
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Fig. 9 – Sd2 versus the guiding film thickness for different 

imaginary parts of 2 for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 

3  2.37, 4  1.77, 1  1, 3  1, and 4  1 
 

and na  1.556, respectively [30]. As seen from Fig. 10, 

Sna peaks at an optimal LHM thickness of 83 nm and 

reaches a maximum value of 0.315 for Globin adlyer. On 

the hand, it reaches a maximum value of 0.283 at an 

optimal thickness of 80 nm for Gliadin adlayer. Figure 

11 shows that Sd2 can reach a maximum value of 

6.721  10 – 4 at an optimal thickness of 101 nm for Glo-

bin adlyer whereas it reaches a maximum value of 

7.008  10 – 4 at an optimal thickness of 98 nm for Glia-

din adlayer. Therefore, we may conclude that each pro-

tein adlayer has its own maximum sensitivity and opti-

mal thickness. Thus each protein is characterized by its 

sensitivity curve which can be used as an ID code for it.  
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Fig. 10 – Sna versus the guiding film thickness for different na 

for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 4  1.77, 1  1,  

2  – 0.5 + 0.01i, 3  1, and 4  1 
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Fig. 11 – Sd2 versus the guiding film thickness for different na 

for d3  20 nm, 1  2.16, 2  – 3 + 0.01i, 4  1.77, 1  1,  

2  – 0.5 + 0.01i, 3  1, and 4  1 
 

4. CONCLUSION 
 

We considered a four-layer waveguide structure as 

an optical sensor for detection any change in an  

adlayer thickness and refractive index. The guiding 

film was assumed to be a lossy left-handed material. 

The sensitivities of the effective refractive index of the 

guided mode to any change in the refractive in-

dex/thickness of the adlayer were derived and investi-

gated. We found a set of significant features. First, a 

slight change in the real parts of the permittivity and 

permeability of the LHM can significantly improve the 

sensitivity of the proposed sensor. Second, the imagi-

nary parts of the permittivity and permeability of the 

LHM have barely detectable effects on the sensitivity of 

the proposed sensor. Third, the electric permittivity of 

the LHM has much less effects on the sensitivity than 

the magnetic permeability. Forth, each protein adlayer 

has its own maximum sensitivity and optimal thick-

ness. Thus each protein is characterized by its sensitiv-

ity curve which can be used as an ID code for it. 
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