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In this research paper, we consider full phase-space noncommutativity in the Schrödinger equation 

(SE), we apply Boopp’s shift method and standard perturbation theory to the modified (SE) in order to ob-

tain exactly new modified energy eigenvalues in noncommutative two dimensional real space-phase  

NC-2D: RSP for prolonged isotropic Harmonic oscillator plus inverse quadratic potential (PCIHOIQ poten-

tial) (central singular even-power potential (CSEP potential)) with novel two parts 
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, it is observed that the new energy dependent with new atomic quantum 

numbers, we have also constructed the corresponding modified anisotropic Hamiltonian operator. 
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1. INTRODUCTION 
 

It is well-known that the central potentials in 

2D   dimensional spaces have been studied with vari-

ous methods in different fields of nuclear physics, spec-

troscopy, quantum chemistry and many fields of sci-

ences by solving the Schrödinger equation (SE), which 

plays a pivotal role in modern quantum physics and 

chemistry [1-25]. In particularly the central singular 

even-power potential (CSEP) that we study in the pre-

sent work is useful to study the atomic physics and 

optical physics [26-28]. Recent years have witnessed 

the extensive exact solution for central potentials in 

noncommutative space-phase at Nano and Plank’s 

scales [29-56]. The physical structure of new structure 

obtained by make the following translations: 
 

 

ˆ ˆ, ,

ˆ ˆ, 0 ,

ˆ ˆ, 0 ,

i j ij i j ij

i j i j ij

iji j i j

x p i x p i

x x x x i

p p p p i

 











 
      

 

 
      

 

 
      

 

 (1) 

 

Where the notation:    denote to the new star 

product, the ordinary old product    f x g x  between 

two arbitrary functions  f x  and  g x  will be 

   f x g x  [32-52]: 

 

 

           

       
2 2

x x p p

f x g x f x g x f x g x

i i
f x g x f x g x


    

  

     
 (2) 

 

The parameters   and 


 are an antisymmetric 

real matrixes, the formalism of star product, Boopp's 

Shift method and the Seiberg-Witten map were played 

crucial roles in this new theory. The Boopp’s shift 

method will be apply in present paper instead of solv-

ing the (NC-2D: RSP) with star product, the Schröding-

er equation will be treated by using directly the follow-

ing commutators [32-47]: 
 

 

ˆ ˆ ˆ ˆ, ,

ˆ ˆ ˆ ˆ, ,

ˆ ˆ ˆ ˆ, ,

i j ij i j ij

i j ij i j ij

ij iji j i j

x p i x p i

x x i x x i

p p i p p i

 

 

 







 
      

 

 
      

 

 
      

 

 (3) 

 

Where the new operators ˆ
ix  and ˆ

ip  in (NC-2D: 

RSP) are depended with ordinary operator ix  and ip  

from the following projections relations  1c   [49]: 

 

 

ˆ ˆ           and    
2 2

ˆ ˆ     and   
2 2

y xx x p y y p

p p y p p x
x x y y

 

 

   

   

 (4) 

 

For two dimensional spaces-phases, it is easy to ver-

ify the following important results: 
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ˆ ˆ ˆ ˆ, , ,

ˆ ˆ ˆ ˆ,       and       ,

x y

NCNC x y

x p y p i

x y il p p l

      

      

 (5) 
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Where    
22

1212, ,NCNCl l       , 2
NCl  is the square of 

space cell scale, this research paper based essentially on 

our previously works [32-49]. The objective to this paper 

is to extend our work, nonrelativistic Atomic spectrum 

for companied Harmonic oscillator potential and its in-

verse in both NC-2D: RSP [37] to include new two terms 
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in ordinary two dimensional spaces on based 

to the paper of D. Shi-Hai [25]. This paper is structured 

as follows: in next section we briefly present the basic 

(CSEP) in ordinary two dimensional spaces. Section 3 is 

devoted to studying the 2-dimensional space-phase mod-

ified (SE) with modified (CPIHOIQ) potential; we derive 

the deformed Hamiltonian of Hydrogen atom including 

modified spin-orbital interaction and new Zeeman ef-

fect, we apply the ordinary perturbation theory to de-

duce the non relativistic modifications energy levels of 

electron corresponding new modified potential produced 

by the effect spin-orbital interaction and modified Zee-

man effect. In section 4 we summarize the global energy 

spectra for (MSEP) corresponding lowest excitations 

states and we rebating the same results on based to 

another form to the perturbation potential. Finally, we 

give our concluding remarks in section 5. 

 

2. THE (CSEP) POTENTIAL IN ORDINARY 

TWO DIMENSIONAL SPACES 
 

In polar coordinates  ,r  , the ordinary (SE) with 

singular even-power potential or prolonged isotropic 

Harmonic oscillator plus inverse quadratic potential (CPI-

HOIQ) potential   2

2 4 6csep

b c d
V r ar

r r r

   
      
   

, which 

consider the sum of isotropic Harmonic oscillator plus 

inverse quadratic potential (   2

2

b
V r ar

r
  ) and two new 

terms
4 6

c d

r r

 
 

 
, at low energy, is expressed as [25]: 

 

 
  

   

2

2 2

21 1

2 4 6
0

1

2

, ,

r r r r

b c d
r ar

m r r r

r E r



 

  

  

 
       
 

  

 (6) 

 

WhereE , ( a ,b , c and d ) are the nonrelativistic ener-

gy of the system and real numbers, respectively. The 

method of separation of variable has been applied in 

reference [25]: 
 

  
 

 mR r
r

r
    (7) 

 

The eq. (7) accepts a solution for the angular function 

   and a radial function  mR r , respectiv1ely as 

follows [25]: 
 

   

     2

0

exp

 and  

exp where 0,1,2...n
m m n

n

im

R r p r a r m

 






  

 

 (8) 

 

Where the function  mp r  is given by [25]:  

 

   2 41 1
'

2 2
mp r r r    (9) 

 

Here ,   and   are determined by [25]:  
 

 2 2 3

2
' , , and 

2

c
d a

d
          (10) 

 

The normalized eignenfunctions (    0
r ,    1

r ) 

and the energy eigenvalue of the (CSEP) potential cor-

responding ground state and first excited states 

( 0E , 1E ), respectively, are as given by [25]: 

 

 

     
 

1 2 2
2

0

0 2

0

exp

4 2 ,

ar drr a r

E a





   

  

 (11.1) 

 

And 
 

         

 

1 2 2
2

1 2
0 1 2

1

exp exp

8 2

ar drr a a r r i

E a






     

  

(11.2) 

 

3. THE MODIFIED (CPIHOIQ) POTENTIAL IN 

(NC-2D: RSP ) 
 

In this section, we shell give the deformed Hamiltonian 

operator nc sepH  for modified (CPIHOIQ) potential in 

(NC-2D: RSP), it satisfied by the following translations 

[32-49]: 
 

   
2

2

0 0

ˆ
ˆ ˆ ˆ

2 2
csep sep NC sep sep

P p
H V r H V r

m m
      (12) 

 

Where 2p̂ and  ˆ ˆ
csepV r  are the modified of the kinetic 

energy and new operator of the (PIHOIQ) potential in 

(NC-2D: RSP), which allow us to obtaining the de-

formed Schrödinger equation: 
 

      
2

0

ˆ
ˆ ˆ ˆˆ *

2
csep NC

p
V r r E r

m

 
    

 
 

 (13) 

 

Here NCE  is the noncommutative energy; the Boopp’s 

shift method is usually used to solving the deformed 

Schrödinger equation with the central potential as follows: 
 

 

     

     

2

0

2

0

ˆ
ˆ ˆ ˆˆ ˆ ˆ*

2

ˆ
ˆ ˆ ˆ

2

csep NC

csep NC

p
V r r E r

m

p
V r r E r

m

 
     

 
 

 
    

 
 

. (14) 

 

 ˆcsepV r  Is the new modified potential as a function of 

operator r̂ : 
 

   2

2 4 6
ˆ ˆ

ˆ ˆ ˆ
csep

b c d
V r ar

r r r
     (15) 
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Applying the relation (4) to find the following terms in 

NC-2D: RSP:   
 

 2 2r̂ ar a L   (16.1) 
 

After a straightforward calculation, we can prove 

that, the three important terms: 
2ˆ

b

r
, 

4ˆ

c

r
 and 

6ˆ

d

r
 can 

be takes the following expressions: 
 

 

2 2 4

4 4 6

6 6 6

2

ˆ

2

ˆ

2

ˆ

z

z

z

b b b
L

r r r

c c c
L

r r r

d d d
L

r r r







 

 

 

 (16.2) 

 

For the kinetic terms, on based to our reference [49], 

we can write: 
 

 2 2ˆ
zp p L   (16.3) 

 

Where z y xL xp yp   and we have also 0x yL L  , 

regarding the explicit values of 2r̂  and 2p̂  in NC-2D: 

RSP , we can deduce that the roles   and   are oppo-

sitely and satisfied the symmetries of space-phase, fur-

thermore the new operators ˆix  and ˆ
ip  are playing sim-

ilarly rolls in the transformations like the transfor-

mations of electric and magnetic fields in special rela-

tivity. Now, substituting the obtained results (16.2) 

into eq. (15), to get the deformed spatial potential 

 ˆcsepV r  as follows: 

 

    2
12 4 6

ˆ
csep sep per

b c d
V r ar H r

r r r
      (17.1) 

 

Where  1csep perH r  is given by: 

 

  1 4 6 8

2 2 2
csep per z

b c d
H r a L

r r r


 
     

 
 (17.2) 

 

The global new part of the modified potential 

 csep perH r  is the sum  1sep perH r  with the second 

part of eq. (16.3): 
 

  
4 6 8

0

2
2 2

csep per z z

b c d a
H r L L

mr r r




 
     

 
 (18) 

 

Then, the new NC-2D Hamiltonian will be written as 

follows for modified (CPIHOIQ) potential: 
 

  NC csep csep perH H H r   (19) 

 

Here sepH  is the usual commutative Hamiltonian in 

ordinary two dimensional spaces: 
 

 

2

2 2
0

2

2 4 6

1 1 1

2
csepH r

m r r r r

b c d
ar

r r r



    
          

   

 (20) 

 

Considering the noncommutativity as a small per-

turbation on the structure of the phase space, the real 

parameters ( and ) are taken very small and our 

calculations are taken up to the first order in and . 

The new added part  sep perH r  is proportional with 

the small non-commutative two parameters  and , 

which we consider as a perturbative term. Further-

more, we can rewrite it to the equivalent physical form 

for modified (CPIHOIQ) potential: 
 

    
0

2csep perH r f r SL
m




 
   
 

 (21) 

 

Where the radial scalar function  f r  is given by:  

 

   4 6 8

2 2 2b c d
f r a

r r r
     (22) 

 

This allows us to write the perturbative term  

 csep perH r  as: 

 

   2

4 6 8
0

2 2 2

2
csep per

b c d
H r a G

mr r r




  
         

 (23) 

 

Where
2 2 2

2G J L S   , J is the total momentum, L is 

the angular momentum and S is the spin momentum. 

The operator  
0

2 f r SL
m




 
  

 

 traduces physically the 

coupling between spin and orbital momentum. Then, 

the corresponding NC Hamiltonian  nc csepH   will be: 

 

 

 

2

2 2
0

2

0

1 1 1

2

2

nc csep csepH r V r
m r r r r

f r G
m








    
           

 
   
 

(24) 

 

After a straightforward calculation, we can show that 

the radial part  mR r  of the (MSE) for a solved quan-

tum bound state problem in (NC-2D: RSP) is given by: 
 

 

 

2

2 4 62 2

02 2
2

4 6 8
0

1
2

2 2 2

2

0

NC

m

b c d
E ar

r r rd d m
m

b c dr drdr r
a G

mr r r

R r




  
      

         
               

 

(25) 

 

It’s well known that, the operators:  , ,x y zL L L  are 

symmetry generators satisfying the Lie algebra and 

therefore, (
2

J ,
2
L , 

2

S and )zJ  is complete set of com-

muting observables in ordinary quantum mechanics. 
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Then the operator 2G  will have two eigenvalues: 

 1

2
, ,L j l l s   and   1

2
, ,L j l l s   corresponding 

1

2
j l   (spin up) and 1

2
j l   (spin down), respectively 

[32-49]: 
 

 
       

       

3 31 1

2 2 2 4

31 1 1

2 2 2 4

, , 1

, , 1

U

D

L j l l s l l l l L

L j l l s l l l l L

        

        
 (26) 

 

Then, we can form a diagonal matrix  nc csepH r  of or-

der  2 2  with elements up csepH   and dow csepH  , respec-

tively, as follows: 
 

 

2

2 2
0

2

2 4 6

4 6 8
0

1

2

1 1 1

2

2 2 2
 

2

if  : or- spin-up

up csep

U

H r
m r r r r

b c d
ar

r r r

b c d
a L

mr r r

j l f








    
          

    

  
         

 

 (27.1) 

 

And 
 

 

  2

2 2

1 1

0

2

2 4 6

4 6 8
0

1

2

1

2

2 2 2
  

2

if  : or- spin- down

dow csep r r r r

D

H r
m

b c d
ar

r r r

b c d
a L

mr r r

j l f






  
   

   

   

  
         

 

 (27.2) 

 

3.1 The Modifications to the Energies Levels 

Produced by Spin-orbital Effect for Modified 

(CPIHOIQ) Potential 
 

The main goal to this subsection is reach to the energies 

of ground and first excited states: NUE  and NDE  of an 

electron with spin up and spin down, respectively, for 

modified (CPIHOIQ) potential in NC-2D: RSP: 
 

  , 0 1 ,,NU ND U DE E E E   (28) 

 

Where  0 1,E E  is the energy for ground and first excit-

ed states in ordinary 2-dimensional space while UE  

and DE  are the modifications to the energy levels, asso-

ciated with spin up and spin down at first order of 

( and ), to obtain those corrections, we need to apply 

the perturbation theory: 
 

 
         , ,

02

p p

U D U DE L r f r r rdrd
m


 




 
     

 

(29) 

 

3.1.1 The Modifications to the Energies Levels 

Produced by Spin-orbital Effect for Ground State 

for Modified (CPIHOIQ) Potential 

The non-commutative modifications of the energy 

levels for (CPIHOIQ) potential associated with spin up 

and spin down, in the first order of ( and ) corre-

sponding to the stationary state ( 0UE  and 0DE ), are 

determined using Eqs. (11.1), (23) and (29) to obtain:  
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   





. (30) 

 

This can be simplified to: 
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 (31) 

 

Where the 5- factors 0epS
  ( 1.5  ) are given by: 
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 (32) 

 

And 
 

    2 1 15 2 2
0

0

expepS r ar dr dr



      (33) 

 

Where a  and d  , now, it’s useful to apply-

ing the following special integration [57, 58]: 
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 (34) 

 

Where pK  denote to the Bateman’s function,  

 Re 0l    and  Re 0l   . After straightforward calcula-

tions, we can obtain the explicitly the results:   
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 (35) 

 

And 
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     
2 1

8 1/45
0 2 1 2

2ep

d
S K ad

a









 
  
 

 (36) 

 

Substituting eq. (35) and (36) into eq. (30) leads to 

write 0UE  and 0DE  as:  

 

 
    
    
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, , , ,

, , , ,

U U

D D
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E L K a d a K a d a

 

 

 

 
 (37) 

 

Where the two factors  0, ,K a d a  and  0, ,K a d a are 

given by: 
 

  
4

2
0 0 0

1

, , 2 epK a d a a S 






   (38.1) 

 

And 
 

   2 5
0 0 0

0

, , D epK a d a a L S
m


  (38.2) 

 

3.1.2 The Modifications to the Energies Levels 

Produced by Spin-orbital Effect for First Excited 

States of Modified (CPIHOIQ) Potential 
 

In order to get the non-commutative first-order (in 

  and  ) modification of the energy levels 1UE  and 

1DE , for (MSEP) associated with spin up and spin 

down, respectively, corresponding to the first excited 

states, we use the Eqs.  (11.2), (23) and (29) to obtain: 
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.(39) 

 

The above relations can be simplified to the following 

forms: 
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And 
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Where  1,10iA i  , are determined from the relations: 
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Substituting eq. (41) into eq. (40.1) and (40.2) leads to: 
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We have used the Einstein notations (sum with indices 

1,7   and 8,10  ), the factors  1 1,10epS
   , are 

given by: 
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And 
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Applying, the special integral represented by eq. (34), 

we obtain the following results: 
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And 
 



 

ABDELMADJID MAIRECHE J. NANO- ELECTRON. PHYS. 8, 02027 (2016) 
 

 

02027-6 

    

    

    

2 1 2 5

8 81/48 9
1 12 1 2

1/4

2 5 2

2 3

8 1/410
1 2 3 2

2  , 

2 ,

and  2

ep ep

ep

d d
S K ad S

a a

K ad

d
S K ad

a

 









 









   
     
   



 
  
 

(46) 

 

Now, we turn to the non-commutative modification of 

the energy levels 1UE  and 1DE  for (MSEP) will be de-

termined from the relations: 
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And 
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Let us summarize the obtained results of energies 

( 0,NE 1NE ) corresponding the effect of spin-orbital per-

turbation operator associated with spin up and spin 

down  in the first order of two infinitesimal parameters 

  and   for the stationary state and the first excited 

states, in NC-2D: RSP as follows: 
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And 
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From relations (20) and (24), we can write the com-

mutative (CSEP) Hamiltonian csepH  and the generated 

new spin-orbital interaction csep soH  , in (NC-2D: RSP), 

respectively, as: 
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Then, the diagonal matrix of spin-orbit operator which 

created by the effect of the noncommutative property of 

the space and phase is given by: 
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 (50) 

 

Naturally, the operator csepH  represents the inter-

action of electron with spin (1 / 2)  with (SEP) in ordi-

nary 2D commutative space while the matrix csep soH   

is the spin-orbit interaction induced by the new struc-

ture of spaces-phase. The obtained new levels are char-

acterized, in addition to the quantum number n, by the 

new quantum numbers (j, l) and
1

2
zs   , contrary to 

the old commutative levels which are depended only on 

quantum number n. 

 

3.2 The Modifications to the Energies Levels 

Produced by Modified Zeeman Effect for  

Modified (CPIHOIQ) Potential 
 

Furthermore, it is possible to draw another physical 

interpretation for the results of the noncommutativity 

of the spaces-phases for modified (CPIHOIQ) potential 

in (NC-2D: RSP) if we choose the parameters (  and ) 

and the vector of a magnetic field (     B   

and B   ) and   B Bk , then we can write both 

zL and zL  as follows:  

 

 z ZL JB H     and z ZL JB H     (51) 

 

Where   and   are two real infinitesimal proportion-

ality-constants, the magnetic moment equal spin opera-

tor ( s   ) and ZH  is the usual Zeeman field in com-

mutative spaces. Substituting eq. (51) and (20) into eq. 

(18) leads to the second new NC-2D Hamiltoni-

an 2nc csepH  :  
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b c d
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    

 (52) 

 

Where the operator csep magH   is given by for modified 

(CPIHOIQ) potential: 
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4 6 8
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2 2

csep mag

Z

b c d a
H

mr r r

H JB



  
          

  

 (53) 

 

The above operator represents two interactions be-

tween an electron and external magnetic field; the first 

one is the ordinary Zeeman Effect and the latter is the 

new interaction coupling between the total monument 

J  and external magnetic field B , a similarly calcula-

tions lead to obtain the exact corrections to the energy 
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levels 0nc magE   and 1nc magE   produced by the effect of 

the modified Zeeman effect which represent by eq. (53) 

as follows: 
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

 (54) 

 

With l m l    . 

 

4. RESULTS AND DISCUSSIONS: 

 

We solved exactly the deformed Schrödinger equation 

for a fermionic particle under (CSEP) with novel two 

parts
4 6 8

0

2
2 2

z

b c d a
L

mr r r




  
        

. The global specter 

of energy 0nc sepE   and 1nc sepE   for ground state and first 

excited states can be deduced from Eqs. (11.1), (11.2), 

(48.1), (48.2) and (54) for modified (CPIHOIQ) potential 

as follows: 
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 (55.1) 

 

And 
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(55.2) 

 

It’s well-known, that the quantum number m  can be 

takes ( 2 1l  ) values and we have also two values 

for
1

2
j l  , thus every state in usually two dimension-

al space of modified potential  ˆsepV r  will be in  

(NC-2D: RSP):  2 2 1l  sub-states. Regarding the pre-

vious obtained results, we can conclude the global diag-

onal noncommutative Hamiltonian matrix nc sepH   of 

order  2 2 , with elements  
11nc sepH   and  

22nc sepH  :  

 

 

 

 

2

2 211
0

2

2 4 6

4 6 8
0

4 6 8
0

1

2

1 1 1

2

2 2 2
 +

2

2 2 2
  

2

if  spin up

nc sep

U

Z

H r
m r r r r

b c d
ar

r r r

b c d
L a

mr r r

b c d
a H JB

mr r r

j l










    
          

    

   
      

   

  
           

  

(56.1) 

 

And 
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(56.2) 

 

As it’s mentioned in our work [37], the two parame-

ters   and   was played an opposite rolls which allow 

us to introduce the following gauge fixing condition of 

Maireche: 
 

     (57) 
 

Here  is a positive constant, our obtained spectrum, 

will be proportioned only to the infinitesimal parameter 

  and positive constant   as follows: 
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(58.1) 

 

And 
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(58.2) 

 

And the corresponding (NC-2D: RES) Hamiltonian op-

erator nc sepH   reduced to the simplest form:  
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Then, the obtained noncommutative Hamiltonian 

nc sepH   depended only on one parameter , which al-

low us to reducing the new symmetries for noncommu-

tative two dimensional real spaces and phases (NC-2D: 

RSP) for modified (CPIHOIQ) potential to the noncom-

mutative two dimensional real spaces (NC-2D: RS) un-

der above gauge fixing condition of Maireche. Finally, it 

is worth to mention that the global modified potential 

(18) can be rewritten as:  
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Where ' 2 zc c b L  , ' 2 zd d b L  and the new sup-

plementary term  se newperH r  takes the explicitly phys-

ical form:  
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Can be considered as a new perturbative terms with 

two translations   
 

 ' 2 zc c b L  , ' 2 zd d b L   (62) 

 

In this case the energy eigenvalue of the (CSEP) 

corresponding ground state and first excited states are 

changed and replace by two new values 0sepE  and 1sepE : 
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And the new normalized eignenfunctions    0

sep r  and 

   1

sep r  are determined by new forms: 
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Where ' 'd  , a simple calculation gives: 
 

   
   

   
   

   

   

0

1

2 ' 7

4
2

0 2 ' 7 28

2 ' 7

42

0 2 ' 7 28

2 ' 3

42

1 2 ' 3 2

2 ' 5

4

0 1 2 ' 5 2

1 '
2 2 '

1 '
2 2 '

'
2 2 '

'
4 2 '

sep

sep

r

r

a K
r

a K
r

a K

a a K


















 




 




 




 























 
  

 

 
  

 

 
  

 

 
  

 

(66) 

 

The energy contributions 2 0perH  and 2 1perH  pro-

duced by the second term of perturbation operator 

 se newperH r  are given by, respectively: 
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We apply the special integral (35) to obtain 2 0perH  

and 2 1perH , respectively, as follows: 
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The obtained results (66), (69) and (70) allow us to 

getting the total energy produced by the modified (SEP) 

potential in Noncommutative Spaces and Phases Sym-

metries. It is important to notice, the appearance of the 

polarization states of a fermionic particle for modified 

(CPIHOIQ) potential indicates the validity of the re-

sults in the field of high energy where the relativistic 

Dirac equations is applied, which allowing to apply 

these results of various Nano-particles at Nanoscales 

 

5. CONCLUSIONS REMARKS 
 

This recent work has found a theoretical solution for 

the energy spectrum of modified singular even-power 

potential in noncommutative two dimensional spaces-

phases based to Dong Shi-Hai work in reference [25] by 

using Boopp’s shift method and standard perturbation 

theory instead to solving directly Schrödinger equation 

with star product. We show that the obtained new re-

sults are degenerated and different totally to original 

results in ordinary commutative space. Due the useful 

obtained results to this modified potential on the atom-

ics and optical physics, we hope to discover other physi-

cal applications for the obtained corrections to the en-

ergy and the corresponding noncommutative Hamilto-

nian for (MSEP) potential is also constructed. 
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