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In this research paper, we consider full phase-space noncommutativity in the Schrodinger equation
(SE), we apply Boopp’s shift method and standard perturbation theory to the modified (SE) in order to ob-
tain exactly new modified energy eigenvalues in noncommutative two dimensional real space-phase
NC-2D: RSP for prolonged isotropic Harmonic oscillator plus inverse quadratic potential (PCIHOIQ poten-

tial) (central singular even-power

—+
rtrt Pt 2

potential

(CSEP potential)) with novel two parts

20( b,c + 4. gj L, and QHLZ , it is observed that the new energy dependent with new atomic quantum

my

numbers, we have also constructed the corresponding modified anisotropic Hamiltonian operator.
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1. INTRODUCTION

It is well-known that the central potentials in
D >2 dimensional spaces have been studied with vari-
ous methods in different fields of nuclear physics, spec-
troscopy, quantum chemistry and many fields of sci-
ences by solving the Schrédinger equation (SE), which
plays a pivotal role in modern quantum physics and
chemistry [1-25]. In particularly the central singular
even-power potential (CSEP) that we study in the pre-
sent work is useful to study the atomic physics and
optical physics [26-28]. Recent years have witnessed
the extensive exact solution for central potentials in
noncommutative space-phase at Nano and Plank’s
scales [29-56]. The physical structure of new structure
obtained by make the following translations:

[xi,pj] =id; > {321- y:j)j} =1id;
[xi,xj}o%{aeifaej}:iaij 1)
[pp; =0 {i)i ti),} =i0;

Where the notation: (*) denote to the new star

product, the ordinary old product f (x) g(x) between

two arbitrary functions f(x) andg(x) will be

f(x)=g(x) [32-52]:

f(x)g(x) > f(x)*g(x)=1(x)g(x)

PACS numbers: 11.10.Nx, 32.30. —r, 03.65. — w

L1V

The parameters 6" and 0" are an antisymmetric

real matrixes, the formalism of star product, Boopp's
Shift method and the Seiberg-Witten map were played
crucial roles in this new theory. The Boopp’s shift
method will be apply in present paper instead of solv-
ing the (NC-2D: RSP) with star product, the Schréding-
er equation will be treated by using directly the follow-
ing commutators [32-47]:

%; jf%} =i5; >[%.5;] =19,

xx]} =i6; >[%,%;|=i0, ®)

s

b ,pj}:ieij (b, = i0s

Where the new operators %, and p, in (NC-2D:
RSP) are depended with ordinary operator x; and p;

from the following projections relations (c =h= 1) [49]:

A % . 0
X=x——=p and y=y+—p,
277 2
- 7 )
p.=p +— and p_=p ——x
by=p,+5y and P =p —

For two dimensional spaces-phases, it is easy to ver-
ify the following important results:

#.0,]=[3.0,]=1,
[%.5.]=[3.D,] (5)

-2
U v ax " 1 —uv () X,y =il and ﬁx,i), =Inc
Lo (wpete(x)- 1070 (vt (x) L3 )= e [.2,]
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Where (lzzvc,ﬁvc) = (6’ =0,,0= 512) , lye is the square of

space cell scale, this research paper based essentially on
our previously works [32-49]. The objective to this paper
is to extend our work, nonrelativistic Atomic spectrum
for companied Harmonic oscillator potential and its in-
verse in both NC-2D: RSP [37] to include new two terms
(%+%) in ordinary two dimensional spaces on based
to the paper of D. Shi-Hai [25]. This paper is structured
as follows: in next section we briefly present the basic
(CSEP) in ordinary two dimensional spaces. Section 3 is
devoted to studying the 2-dimensional space-phase mod-
ified (SE) with modified (CPIHOIQ) potential; we derive
the deformed Hamiltonian of Hydrogen atom including
modified spin-orbital interaction and new Zeeman ef-
fect, we apply the ordinary perturbation theory to de-
duce the non relativistic modifications energy levels of
electron corresponding new modified potential produced
by the effect spin-orbital interaction and modified Zee-
man effect. In section 4 we summarize the global energy
spectra for (MSEP) corresponding lowest excitations
states and we rebating the same results on based to
another form to the perturbation potential. Finally, we
give our concluding remarks in section 5.

2. THE (CSEP) POTENTIAL IN ORDINARY
TWO DIMENSIONAL SPACES

In polar coordinates(r,4), the ordinary (SE) with
singular even-power potential or prolonged isotropic

Harmonic oscillator plus inverse quadratic potential (CPI-

HOIQ) potential V,, (r)= (arz + %j + (% + %j , which
r r r

consider the sum of isotropic Harmonic oscillator plus

inverse quadratic potential (V (r) = ar? +%) and two new
T

terms [% + i
r

5 J , at low energy, is expressed as [25]:
r

1 5 Py 2 b c d
(—(ih(rar)+rlzf;z)+ar2 +r2+r4+r6]x ©
x¥(r,¢)=E¥(r,¢)

Where E, (a,b, cand d) are the nonrelativistic ener-
gy of the system and real numbers, respectively. The
method of separation of variable has been applied in
reference [25]:

¥ (r) = B () g (g) 0

The eq. (7) accepts a solution for the angular function
@(qﬁ) and a radial function R, (r), respectivlely as

follows [25]:

®(p) = exp(+img)
and ()
R, (r)=exp(p,(r)) X a,r* " where m =0,1,2...

n=0
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Where the function p,, (r) is given by [25]:

pm(r):%arz+%ﬂ'r4 )

Herea , f and § are determined by [25]:

,B'ZZd, azza, 5:%4—# and u = (10)

_c
2Jd
The normalized eignenfunctions (‘}’(0) (;),‘{’(1)(;))

and the energy eigenvalue of the (CSEP) potential cor-
responding ground state and first excited states
(E,, E,), respectively, are as given by [25]:

W(O)(;) —ay’ exp(—W) (11.1)
E,=a(4+2u),

And
) (;) = (% + aqrz)r‘)% exp(—w) exp(+ig)

E, =a(8+2p)

(11.2)

3. THE MODIFIED (CPIHOIQ) POTENTIAL IN
(NC-2D: RSP)

In this section, we shell give the deformed Hamiltonian
operator H for modified (CPTHOIQ) potential in

nc—sep
(NC-2D: RSP), it satisfied by the following translations
[32-49]:

—9 Ag

P - "
=1V, (r) > Hyeyp = % +V,,(7) (12)

csep ~ sep
2my, o

Where fyz and V.

csep

(7) are the modified of the kinetic

energy and new operator of the (PTHOIQ) potential in
(NC-2D: RSP), which allow us to obtaining the de-
formed Schrédinger equation:

22

b . A A A

[2m +nsep(r)J*w(r):ENcw(r) 19)
0

Here E,. is the noncommutative energy; the Boopp’s

shift method is usually used to solving the deformed
Schrodinger equation with the central potential as follows:

(14)

V.sp (7) Is the new modified potential as a function of

operator’ :
b ¢ d
Vo (F)=ar* + S+ —+— (15)
.p( ) ’;2 f‘4 ’A,G
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Applying the relation (4) to find the following terms in
NC-2D: RSP:

72 =ar’ —abL (16.1)

After a straightforward calculation, we can prove

that, the three important terms: %, £ and i can

r i 76
be takes the following expressions:

b b 2b0
22,2
f2 7‘2 V4 z
c ¢  2c0

d _d 2d6
—=—+—L
;‘6 r6 rG 2

For the kinetic terms, on based to our reference [49],
we can write:

p*=p*+0L, (16.3)

Where L, =xp, -yp, and we have also L =L =0,

regarding the explicit values of #* and 1%2 in NC-2D:

RSP , we can deduce that the roles & and 6 are oppo-
sitely and satisfied the symmetries of space-phase, fur-
thermore the new operators %, and p, are playing sim-
ilarly rolls in the transformations like the transfor-
mations of electric and magnetic fields in special rela-
tivity. Now, substituting the obtained results (16.2)
into eq. (15), to get the deformed spatial potential
\% (f) as follows:

csep

Ve (F) = ar® + % + % + iﬁ +H,p o (r) (17.1)
rertor
Where H,,, . (r) is given by:

2b 2c¢ 2d
’4—4+r—6+r—8]LZ (17.2)

Hcsepl—per (7‘) = 9(—(1—}-
The global new part of the modified potential
H (r) is the sum H, (r) with the second

csep—per sepl-per

part of eq. (16.3):

b ¢ d a
Hcsep—per (7‘):20(74_*64_*8_7][12_‘_2

o L, (18)
My

Then, the new NC-2D Hamiltonian will be written as
follows for modified (CPTHOIQ) potential:

Hy.=H, +H (r) (19)

csep csep—per

Here Hsep is the usual commutative Hamiltonian in

ordinary two dimensional spaces:
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g .1 (1[0,
P 2my \ ror\_ or

2 b C d
+ar +7+7+7
r r r

162}
r? o¢* 20)

Considering the noncommutativity as a small per-
turbation on the structure of the phase space, the real

parameters (0 andé) are taken very small and our

calculations are taken up to the first order in & andd .
The new added part H

sep—per (") 18 proportional with

the small non-commutative two parameters and@,
which we consider as a perturbative term. Further-

more, we can rewrite it to the equivalent physical form
for modified (CPIHOIQ) potential:

H,p oo (r)= [20f(r)+ Hj SL (21)

my

Where the radial scalar function f(r) is given by:

2b 2¢ 2d
=210 g 22
Fr)=22+ 242 2)
This allows us to write the perturbative term
H.op per (r) as:
26 2 2d 0 )~
H, r)=0| 2+ 4+ _a |+ |G (23
01 o B 52 e 2|6 oo

~, =2 —2 =2
Where G2 =J —L -8, J is the total momentum, L is
the angular momentum and S is the spin momentum.

The operator (20}‘ (r)+6J SL traduces physically the
my

coupling between spin and orbital momentum. Then,

the corresponding NC Hamiltonian H will be:

ne—csep
an—cse :_L li ri +
P 2my\ror\  or

+(0f(r)+ 25 ]GZ

my

1 07
7‘2&¢ZJ+‘/CSCP (7’)+
(24)

After a straightforward calculation, we can show that
the radial part R, (r) of the (MSE) for a solved quan-

tum bound state problem in (NC-2D: RSP) is given by:

E b ¢ d
¢ 1d m Ne T T AT T
gt 2m, 2 )|
dr* rdr r 9[—a+2—b+ﬁ ﬁ}r 9 \ae (25)
o8 8 2my,

It’s well known that, the operators: (Lx,Ly,LZ) are
symmetry generators satisfying the Lie algebra and

therefore, (32 ,Z2, §2 anddJ,) is complete set of com-

muting observables in ordinary quantum mechanics.
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Then the operator G? will have two eigenvalues:
L( —l+ , s) and L(j :l—é,l,s) corresponding
j=1+% (spin up) and j=1—-1 (spin down), respectively

[32-49]:

L(j=1+3.0s)=(I1+1)(1+2)-1(1+1)-2=1L,
(26)
L(j=1-1,Ls)=(1-1)(1+1)-1(1+1)-2=1L,
Then, we can form a diagonal matrix H, _,,(r) of or-
der(2x2) with elements H,, ., and Hy, ., respec-
tively, as follows:
1 (1a( 0,10
ey = —— | == | P — |+ = +
TSR 2mg\ror\ or) r® o4
2 b C d
art o+ +—+
r°ortor 27.1)
+(9(2f+2§+2§—aj+ ¢ ]LU
r* r’r 2m,,
if j =1+ :for- spin-up
And
1 (1 o(no)\y 1 92)
dow—cse, Tor ;r +r772 +
D sz ( 0) o¢
c d
+ar +7+74+76
r (27.2)

26 2¢ 2d 0
+ O —F+—+—-a|+ L
((r“ r5 8 j 2m0] b
if j=1-% :for- spin- down

3.1 The Modifications to the Energies Levels
Produced by Spin-orbital Effect for Modified
(CPIHOIQ) Potential

The main goal to this subsection is reach to the energies
of ground and first excited states: E,; and E,, of an

electron with spin up and spin down, respectively, for
modified (CPIHOIQ) potential in NC-2D: RSP:

Exvp = (Eo ) E1) +Eyp (28)

Where (E,,E,) is the energy for ground and first excit-
ed states in ordinary 2-dimensional space while E
and E,, are the modifications to the energy levels, asso-
ciated with spin up and spin down at first order of

(6 and 0 ), to obtain those corrections, we need to apply
the perturbation theory:

_ (®) (7 O |y (5
Eyp=Ly,¥ (r)(@f(r)+ zmoj\y (r)rdrdg (29)
3.1.1 The Modifications to the Energies Levels
Produced by Spin-orbital Effect for Ground State
for Modified (CPTHOIQ) Potential

The non-commutative modifications of the energy

J. NANO- ELECTRON. PHYS. 8, 02027 (2016)

levels for (CPIHOIQ) potential associated with spin up
and spin down, in the first order of (& and@) corre-
sponding to the stationary state (E,;, andE,,), are
determined using Eqgs. (11.1), (23) and (29) to obtain:

2
+0 <1 2 -2
Eyyop =270L; 5, g {aora2 exp[—WH f(r)yrdr

) .(30)
N 2 -2
+H—”LUD j{aor 2exp[ MH rdr
m, 0 2
This can be simplified to:
Hﬁ
By = 27rLUa06?Z Sy + = a2LyS,
’ (31)
07[
E,,= ZELDGOGZ SepO L SepO
0
Where the 5- factors S, (u = 1.5) are given by:
Sepo1 =-a | p(20+0)- exp( —Jar? —\/:r'z)dr,
0
Sep02 =2b [ p(2073)- exp( —Jar? —[dr 2)dr
: (2
S0’ =2¢ | p(2070)- exp( —Jar? —ldr z)dr,

0

SepO4 :szT)rZ& - exp( \/;7' _\Fr )dr

0

And
05 _ +ch r(2,>‘+1)—1 exp(—«/a_rz _ \/Er_2)dr (33)
0

Where g = \/a_and y= \/E , now, it’s useful to apply-
ing the following special integration [57, 58]:

v

EO x 7t exp(—ﬂxp - }/x’p)dx = i(;]b K,, (2 ﬂ}’) (34)

Where K

v/p

Rel (ﬁ)>0 and Rel (7/)0). After straightforward calcula-

tions, we can obtain the explicitly the results:

denote to the Bateman’s function,

20+1

d) 8
Sepo1 = _a(ij K(26+1)/2 (2(ad)1/4) ’

a

25-3
d) s
Sepo2 =2b [gj K(2573)/2 ( (ad)M)
(35)

26-5
d) s
Sep03 = 20(*] K(2§75)/2( (ad)l/4)

a

2617

)T K(zm)/z (2 (ad)w)

d
S,0' =2d [E

And
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20+1

5 d) s
Sepo :(*] K(za'u)/z (Z(ad)m)

a

(36)

Substituting eq. (35) and (36) into eq. (30) leads to
write E; and E,; as:

Eyy = Ly {0K (a,d,a,)+ 0K (a,d,q, )}

(37
Eyp = Ly {0K (a.d,a,)+ 0K (a,d,a)}

Where the two factors K(a,d,a,) and E(a,d,ao) are
given by:

4
K(a,d,ay)=27a; Y S,,0" (38.1)
pu=1
And
K(a,d,ay)=— a;L SepO (38.2)

0

3.1.2 The Modifications to the Energies Levels
Produced by Spin-orbital Effect for First Excited
States of Modified (CPIHOIQ) Potential

In order to get the non-commutative first-order (in
6 and 5) modification of the energy levels E;;; and
E,,, for (MSEP) associated with spin up and spin

down, respectively, corresponding to the first excited
states, we use the Egs. (11.2), (23) and (29) to obtain:

2 —
E, * 2\ o-1 ar? +Jdr 6
27[112 = j[(ao +ar )r exp[—f Hf(r)+2m0 rdr

0
.(39)

2”L tj) {(ao + a1r2)r‘5’$ eXp[, N ;\ﬁriz H [gf(r)Jri]rdr

The above relations can be simplified to the following
forms:

A + A0 4 Ar® 0 4 A, 6r2 S

Ey _ I A 9r””+A69r“ Z+A76r“’+4 %
2erU o 5 (40.1)
+2m0 {Asrza +A9r25+4 +A10r25+2}
><exp(—«/a_r2 - x/gr’z)dr
And
A or¥ + A, or¥= 4 A, or¥=6 4 A, or2o-8
L = j +A; or¥*? 4 Ag or¥2 4 A, oro+s X
2zL, o (40.2)

+

9 26 26+4 26+2
o {Ag? + Ag 4 A7
0

X exp(—\;fla_r2 - x/gr’z)dr

Where A, (i = m) , are determined from the relations:

J. NANO- ELECTRON. PHYS. 8, 02027 (2016)

A, =-aag +2bal, A, = 2ba; + 4ca,a, + 2da’
A, = 2ca§ +4da,a,, A, = Zdag

(41)
A; = -2aaq,a,, 4, = 4baa, + 260,12
A; = aal, A = ag,

Ay =2a,a, and A = alz

Substituting eq. (41) into eq. (40.1) and (40.2) leads to:

Ey=L(j= l+8,l,8){2ﬂ'¢9A”Sep1” +r—AS,," }

™o (42)

E,=L(j=1-s, s){2m9A S’ +7r 0 AVSep1 }
We have used the Einstein notations (sum with indices
H= 17 andv =8,10), the factors Sepl" (y = I,TO) , are

given by:

20+1

exp( ~Jar? —fr2)dr,
- )

I
Sep —fr%S exp(—Jar? —Jdr2\dr,
—.[ (26-5)- exp( frz_ rz)dr,
Sep = j p(2077) exp( —Jar? —dr 2)dr, (43)
Sep j (26+3)- exp( \/—r —\/_r z)dr,
0
8,8 = T r 1 exp(ar? - ),
0
(26+5)- eX —\/(;7‘2—\/37'72 dr
I p
0
And
S 1s :+j>°r(25+1)—1 exp(—\/grz—ﬁr'2)dr
I (26+5)- exp(—ﬁrz—ﬁr_z)dr (44)

0

Seplszrzms exp( _Jar? —Jar )

0

Applying, the special integral represented by eq. (34),
we obtain the following results:

And

02027-5
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25+1 2645
d) 8 d) s
S = [5) Ko (2(0)") . 5, = [EJ "
XK(2()‘+5)/2 (2 (ad)ll4 ) ) (46)
25+3
d) s /
and Sepllo = [g) K(25+3)/2 (Z(ad)l 4)

Now, we turn to the non-commutative modification of
the energy levels E,;; and E,, for MSEP) will be de-

termined from the relations:

EIU(j,l,s,H,é) =L(j=1+11s=}%)x

2204, S0’ (1 =17) (47.1)
" +ﬁ5%¢%sw;(V:§36)
And
270A,S,,," (,u = 1,77)
Eyp j,z,s,e,é) =L,, 3 _ t@12)

+7rm—OAVSep1" (v=810)

Let us summarize the obtained results of energies
(Eyq, Ey,) corresponding the effect of spin-orbital per-

turbation operator associated with spin up and spin
down in the first order of two infinitesimal parameters

6 and @ for the stationary state and the first excited
states, in NC-2D: RSP as follows:

Eyo=a(4+24)+
Ly (0K (a.d,a,)+ 0K (a,d,a,)| j=1+1/2 (48.1)

+ N
L,{0K (a.d,a,)+ 0K (a,d,a,)} j=1-1/2

And

Ey, =a(8+2u)+

2704,8,,," (1 = 17)
L, 9 ¢ J=l+1/2
+7zm—OAVSep1V (v = 8,10) (48.2)
"
270A,S,,," (,u = 1,77)
L - b oj=1-172
! +7rmi0AVSep1V (v=810)

From relations (20) and (24), we can write the com-
mutative (CSEP) Hamiltonian H,_ and the generated

csep
new spin-orbital interaction H,,, ,, in (NC-2D: RSP),

respectively, as:
1 (1o 8) 18 , b ¢ d
Hep=l"—| -\ |t g [t +5+5+—%
P 2m0 ror\ or el r r r

20 2 2d) 0 | =
Hpso = {6‘(—(1 +r—4+r—6 +r—8]+ }G

:| IZXZ
(49)

2my,

J. NANO- ELECTRON. PHYS. 8, 02027 (2016)

Then, the diagonal matrix of spin-orbit operator which
created by the effect of the noncommutative property of

the space and phase is given by:
0 0
0 Ly (50)
2m, |\ 0 Ly

b ¢ 2d a
&ww:%%#+ﬁ+ﬁ‘ﬂ+
represents the inter-

Naturally, the operator H

csep

action of electron with spin (1/2) with (SEP) in ordi-
nary 2D commutative space while the matrix H_,,
is the spin-orbit interaction induced by the new struc-
ture of spaces-phase. The obtained new levels are char-
acterized, in addition to the quantum number n, by the

. 1
new quantum numbers (j, I) ands, :ig, contrary to

the old commutative levels which are depended only on
quantum number n.

3.2 The Modifications to the Energies Levels
Produced by Modified Zeeman Effect for
Modified (CPITHOIQ) Potential

Furthermore, it is possible to draw another physical
interpretation for the results of the noncommutativity
of the spaces-phases for modified (CPTHOIQ) potential

in (NC-2D: RSP) if we choose the parameters (8 and@)
and the vector of a magnetic field (0=0cB

andézﬁB) and T?:B/;:, then we can write both
0L, and éLZ as follows:

0L, =ocJB-oH, and 6L, =QJB-QH, (51)

Where o and Q are two real infinitesimal proportion-
ality-constants, the magnetic moment equal spin opera-

tor ( ; =5 ) and H, is the usual Zeeman field in com-

mutative spaces. Substituting eq. (51) and (20) into eq.
(18) leads to the second new NC-2D Hamiltoni-

an an—csepZ :
2
B e 222 e B 5 )
my\ror\ or) r°og (52)
b ¢ d
2
+ar +r72+r74+r76+H“""”"g

Where the operator H,, ...
(CPIHOIQ) potential:

H, ,..=|20 %+%+%—g + 2 X
prmag rtrtort 2) 2m, (53)

><(—HZ +j.§)

is given by for modified

The above operator represents two interactions be-
tween an electron and external magnetic field; the first
one is the ordinary Zeeman Effect and the latter is the
new interaction coupling between the total monument

J and external magnetic field B,a similarly calcula-
tions lead to obtain the exact corrections to the energy
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levels Encfmag0 and E'nng1 produced by the effect of

the modified Zeeman effect which represent by eq. (53)
as follows:

Enc—mago =Bm {O-K(a, d, a0)+ aﬁ(a,d,ao )}

B ot —Bm{ZﬂaA”Sepl (2=17)+ (54)
L s, (v~

With—-I<m<+l.
4. RESULTS AND DISCUSSIONS:

We solved exactly the deformed Schriodinger equation
for a fermionic particle under (CSEP) with novel two

b ¢ d a
arts| 20| — +—+——
P ( ( ¢ 8 2)

of energy E, ., and E

nc—sepl
excited states can be deduced from Egs. (11.1), (11.2),
(48.1), (48.2) and (54) for modified (CPIHOIQ) potential
as follows:

jL The global specter
2m;,

for ground state and first

B gpo = Ja(4+2u)+ Bm{aK(a,d,a0)+ QK (a,d,a, )}

L, {0K (a.d,a,)+ OK (a.da,)} j=1+1/2 (55.1)
+ N
L,{0K (a,d,a,))+ 0K (a.da,)} j=1-1/2
And
B, o =a(8+24)+Bm {QITO'A#SWI# (y = 17) +
+7r§AL,SEp1V (v :ﬁ)}ﬁ- (55.2)
my

LU{%HA“S@; (;1:1,7)+7ziAvsm (V:S,TO)} j=l+1/2

+

L, {2m9A S, (y:ﬁ)+ﬂmioA‘,Sep1V(v:m)} j=1-1/2

It’s well-known, that the quantum number m can be
takes (2/+1) values and we have also two values

. 1 . . .
forj=1 ig, thus every state in usually two dimension-

al space of modified potential V,, (7#) will be in

(NC-2D: RSP): 2(2[+1) sub-states. Regarding the pre-
vious obtained results, we can conclude the global diag-

onal noncommutative Hamiltonian matrixH,,  of

order (2x2) , with elements (anfsep )11 and (anfsgp )22 :
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2
(an—sep) :_L li[ri +i2672 +
1 2my\ror\ or) r°o¢

P S A A
r2 7'4 r6
2b 2c 2d 0
+L; 10| ——+—+—-a|+ + 56.1
U{ [r4 ré ] 2m0} ( )
26 2  2d Q e
+£a(r4+rG+rS—aj+2m0](—HZ+JB)
ifj=1+5 = spinup
And
2
(Huas =gy 2 r ) 2 s |1
22 2my\ror\ or) r?og®
+ar +£+i+i+
7'2 r6
+L, 29[3 %+% 9j+ o 1, (56.2)
rtrt rt 2) 2m,

b ¢ d a Q -
+920| —+—+——— |+ -H,+JB
{U[r‘l ré 8 2) 2m0}( z )
ifj=1+5 = spinup

As it’s mentioned in our work [37], the two parame-
ters # and @ was played an opposite rolls which allow

us to introduce the following gauge fixing condition of
Maireche:

0 =—po (57)

Here pis a positive constant, our obtained spectrum,

will be proportioned only to the infinitesimal parameter
6 and positive constant p as follows:

E,. oo =a(4+24)+ Bno{K (a,d.a,)+ pK (a.d.q, )}
+9{LU{K(a,d,ao)—pK(a,d,ao)} j=l+1/2 (58.1)
L, {K(a.d.a,)- pOK (a.da,)} j=1-1/2
And
B o = o (8+24) + 7Bmo x
{2,4/ S (1= 1,7)——AVSep1 (v= %)} (58.2)

L(j=1+11s= y){u S, (y=1,77)+mLAVSEp1V(v=ﬁ)}
0

j=141/2

L(j=1-3,1s= /){ZA S (;lzﬁ)—mﬁAj,Sepr(v:%)}
0

j=1-1/2

+76

And the corresponding (NC-2D: RES) Hamiltonian op-

erator an—sep reduced to the simplest form:
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(an—cse) == ! li ri +
P 2mg\ror or

1 62
2og "

s 2.2,
O .
2b 2¢ 2d P
+L, 03 —+—+—-a- + 59.1
v {r4 r5 8 ZmO} ( )
2b 2¢ 2d P
+o 7+*6+78—a -
rr r 2my,
(—HZ+¢7E) ifj=1+3 for- spin -up
And
1 (10 0) 18
(an—csep)22:_ ey v +7272 +
2my\ror\ or) r°o¢
P LA
r2ort ot
2b 2¢ 2d P
+Ly 0 —+—+—-a- + 59.2
b {r“ ré 8 ZmO} ( )

2b 2c¢ 2d P
+o —4+—6+T—G—
r r r 2m,,
(—HZJTB) ifj=1+L for-spin -down
Then, the obtained noncommutative Hamiltonian
H depended only on one parameter d, which al-

ne—sep

low us to reducing the new symmetries for noncommu-
tative two dimensional real spaces and phases (NC-2D:
RSP) for modified (CPTHOIQ) potential to the noncom-
mutative two dimensional real spaces (NC-2D: RS) un-
der above gauge fixing condition of Maireche. Finally, it
is worth to mention that the global modified potential
(18) can be rewritten as:

' '

N b
Ve (7)= ar?+ = + :—4 + = +H, oper (r) (60)

St

Wherec'=c+2b00L,, d'=d+2b0L,and the new sup-

plementary term H, ...,

(r) takes the explicitly phys-

ical form:

2d 0
H =021 +| 2 —ad |L 61
se—newper ( ) 7'8 'z [Zmo J 'z ( )

Can be considered as a new perturbative terms with
two translations

¢'—>c+2b0L,, d'—d+2b0L, (62)

In this case the energy eigenvalue of the (CSEP)
corresponding ground state and first excited states are

changed and replace by two new values E, and E;

Osep sep :

E,,, = «E(4+ i ) - ﬁ(4+ﬁ)+2\/3b0m
(63)

J. NANO- ELECTRON. PHYS. 8, 02027 (2016)

And the new normalized eignenfunctions ‘Psep(o) (;) and

‘Ifsep(l) (;) are determined by new forms:

‘I’Sq)(o) (;) =gy’ exp(—i‘/‘;’2 *2‘/‘?’72 ) (64.1)
And
lIIsep(l) (;) = (ao + (117.2)#;Lé * (64.2)

X exXp (— Nart o' +2\ﬁ' - ) exp(+ig)

Where 5':%+y'and,u':y+i0m, know we can

Ja

. . 1
determine the expectation value of <T;> and
r°fy ©

" (7)

< 18> as follows:
e ()

sep

<l8> = (7LO2 I 2071 exp(—ﬂr2 - y'r’z)dr
a0 0

aozr(25u7)f1 (65)
+o0 .
<ls> = | +a12r(2b -9t exp(—ﬂr2 —y'r’z)dr
r e 0F) 0

+2a0alr(2b -5)-

Where y' = ﬁ , a simple calculation gives:

20'-1

1 B Y ¢ '
& >W) R

20'-7
<Z >‘P

Noao

20'-3

(1
sep

(66)

"\ 4
+27r‘a1‘2 [QJ K(25'73)/2 (2 IBY')"‘

25'-5
'

4
+47z'a0a1[7,/8] Kop 5 (24B7)

The energy contributions <H2per>0 and <H2per>1 pro-
duced by the second term of perturbation operator
H (r) are given by, respectively:

se—newper

<H2per>0 = (22 —aHJmaOZ x
0

(67)

% J- r(25'+1)-1 exp(—ﬁrz _ }/'r'z)dr

0
~ aozr(zs'ﬂ)q
0 +o0 S5
<H217€7‘>1 = [2m _ae]m I +a12r(2a 5) ! x
0 0 (26'+3)-1 (68)
+2aya,r

><exp(—ﬁr2 —7'r’2)dr
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We apply the special integral (35) to obtain <H2per>0
and <H

2per>1, respectively, as follows:

_ 26'+1

o y') 4
“Kiasya (2P
And

<H2pw>1 = ZE[;—GHJX

My

25"+

N\ 4
%2 [;J K(25'+1)/2 (2 57')
26'+5 (70)

A
X +a12[;] K(25'+5)/2(2 ,By') m

20'+3
'

1
+2a,0 [;] K a513)2 (2 ﬂj/')

The obtained results (66), (69) and (70) allow us to
getting the total energy produced by the modified (SEP)
potential in Noncommutative Spaces and Phases Sym-
metries. It is important to notice, the appearance of the
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