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Heavy hole exciton binding energies as functions of dot radius and the Mg alloy content in a 

ZnO/MgxZn1 – xO quantum dot are investigated. The effects of strain, including the hydrostatic and the bi-

axial strain, and the internal electric field, due to spontaneous and piezoelectric polarization are taken into 

account. Numerical calculations are performed using variational procedure within the single band effective 

mass approximation. The nonlinear optical rectification is investigated for different dot radius and the 

values of Mg alloy content in a ZnO/MgxZn1 – xO quantum dot taking into account the strain-induced piezoe-

lectric effects. The results show that the resonant peak of the nonlinear optical rectification is blue shifted 

with the confinement effect and the Mg alloy content. 
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1. INTRODUCTION 
 

Blue and ultraviolet light emitters and detectors 

made from the wide band gap semiconductors are quite 

interesting. GaN ultraviolet diodes have been reported 

earlier [1, 2]. The best material to replace GaN is the 

ZnO based alloy semiconductor. ZnO based quantum 

nanostructures have several advantages over GaN sem-

iconducting materials [3]. Lattice mismatch between 

the inner and outer material of ZnO is less compared to 

GaN material [4]. Doping ZnO with Cadmium or Mag-

nesium will permit tailoring the band gap for some po-

tential applications for hybrid optoelectronic devices.  

Among II-VI wide band gap semiconductors, ZnO is 

interesting material for its potential applications in opto-

electronic devices. Moreover, a  large built-in internal 

fields due to spontaneous and piezoelectric polarizations 

exist in Wurtzite Mg based ZnO quantum wells [5]. 

Hence, it is a promising semiconductor with the direct 

band gap around 3.3 eV with some applications in short 

wavelength optical devices and long life time operating 

devices [6]. To understand the fundamental optical prop-

erties in opto-electronic devices, it is required to know 

the excitonic properties.  ZnO has a larger exciton bind-

ing energy, around 60 meV [7]. The excitonic transition 

energy in ZnO/ZnMgO quantum wells has been reported 

for various well width earlier by theoretically [8] and 

experimentally [9]. The excitonic transition energy in 

ZnO/ZnMgO quantum wells has been studied with the 

inclusion of internal fields [10-12]. 

The ground-state donor binding energy of a hydro-

genic impurity in wurtzite ZnO/MgZnO strained cou-

pled quantum dots  has been  calculated using a varia-

tional method, considering the strong built-in electric 

field due to spontaneous and piezoelectric polarizations 

[13]. The nonlinear optical properties in low dimen-

sional semiconductors are more pronounced than in 

bulk materials due to the quantum confinement effect 

[14, 15]. The nonlinear optical rectification in the 

asymmetric quantum well was studied earlier [16]. 

 

In the present paper, exciton binding energies of a 

heavy hole in a ZnO/MgxZn1 – xO quantum dot are in-

vestigated with the geometrical confinement and the 

Mg alloy content. The effects of strain, including the 

hydrostatic and the biaxial strain, and the internal 

electric field, including the spontaneous and piezoelec-

tric polarization are considered in all the calculations. 

Numerical calculations are performed using variational 

procedure within the single band effective mass ap-

proximation. The nonlinear optical rectification as 

functions of dot radius and the values of Mg alloy con-

tent is investigated in the strained ZnO/MgxZn1 – xO 

quantum dot. In Section 2, we briefly describe the 

method and the model used in our calculations of ob-

tained eigen functions and eigen energies of exciton 

states, interband emission energy and the linear and 

non-linear optical rectification coefficients. The results 

and discussion are presented in Section 3. A brief 

summary and results are presented in the last Section. 

 

2. MODEL AND CALCULATIONS 
 

Let us consider a Hamiltonian of a confined exciton, 

within the framework of single band effective mass ap-

proximation, in a cylindrical wurtzite ZnO/Zn1 – xMgxO 

quantum dot which is characterized with its radius R 

and length L. The exciton consisting  a single electron 

part (He), the single hole part (Hh) and Coulomb inter-

action term between electron-hole pair is given by, 
 

 
2

ˆ ( ) ( )exe e e h

e h

e
H H r H r

r r
 (1) 

 

where, e is the absolute value of electron charge, 

e hr r  denotes the relative distance between the elec-

tron and the hole and  = 8.4 is the dielectric constant 

of ZnO material.  

The Hamiltonian of the exciton in the strained 

ZnO/Zn1 – xMgxO quantum dot can be written as,  
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where j = e and h refer to the electron and hole, respec-

tively,  is the dielectric constant for the material inside 

the quantum dot, V( , zj) is the confinement potential 

due to the contribution from the Mg dependent strain 

effect (Vc(v)strain) and the barrier offset. The sign + for 

the electron and – for hole with F is the built-in inter-

nal field due to the spontaneous and piezoelectric polar-

izations in the wurtzite ZnO / ZnMgO quantum struc-

ture. The reduced mass in the x-y plane is given by 
 

 .
e h

e h

mm

m m
 (3) 

 

Assuming the mass of the electron as isotropic and 

hence * * *
e e em m m . The hole masses are determined 

from the Luttinger parameters 1 and 2 which are ex-

pressed as [17] 
 

 1 2

0

1 1
( 2 )

hm m
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0

1 1
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hm m
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where, m0 is the free electron mass. 

The energy shifts of the strained conduction band 

and valence band are calculated below. The strain-

induced potential for the conduction band in the influ-

ence of Mg- incorporation is given by [18]  
 

 ( ) [ ( ) ( ) ( )]Cstrian c xx yy zzV x a x x x  (6) 

 

where, ac is the deformation potential constant of con-

duction band, 0( ) ( ) 1 ( ) ( )xx yyx x a x a x  where 

a0(x) and a(x) are the Mg-dependent lattice parameters 

of bulk ZnO (0.567 nm) and MgO (0.591 nm) respective-

ly. The change in length is occurred as the ZnO has a 

smaller bond length than MgO. And 

12 11( ) 2 ( ) ( ) ( )zz xxx C x x C x , the values of parameters 

C11(x)  and C12(x) are shown in Table 1. 

The strain-induced potential for the valence band 

with the incorporation of Mg in ZnO which can be writ-

ten as [19]  
 

 ( ) [( ( ) ( ) ( ))Vstrain v xx yy zzV x a x x x   

 ( ( ) ( ) 2 ( )]
2

xx yy zz

b
x x x  (7) 

 

where av and b are the deformation potential constants 

of valence band. 

The electron (hole) confinement potential, V( , zj), 

due to the band offset in the ZnO/ Zn1 – xMgxO quantum 

dot structure is given by 
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where, L is the height of the cylindrical quantum 

dot, R is the dot radius and V0 is expressed as 
 

 0 c gV Q E  (10) 

 

where, Qc is the conduction band offset parameter 

which is taken as 60 : 40 between conduction band and 

valence band [20] and the gE  is the band gap of ZnO. 

Thus, the total strain induced band gap is given by  
 

 ( ) ( )g g HHE x E E x  (11) 

 

with 
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The polarization in a self-formed wurzite quantum dot 

has both a spontaneous and a piezoelectric component. 

The piezoelectric tensor will have three independent 

nonvanishing components (e31, e33, e15) [21]. Thus the 

total polarization, totP  is sum of the spontaneous polar-

ization SPP  and the piezoelectric polarization PEP  

without the external electric field. 

The direction of the built-in electric field F depends 

on the orientation of the piezoelectricity and spontane-

ous polarization In this case, the direction of the piezoe-

lectricity and spontaneous polarization is along the z 

direction [22]. 
 

 
1

2( ) (0.057 0.66 ) /
x x

SP
Zn Mg OP x x C m  (13) 

 

The stress induced piezo electric field (PPZ) related 

to mismatch between the dot and the barrier material 

along the z-direction is given by  
 

 31 33( ) ( )( ( ) ( )) ( ) ( )PZ
xx yy zzP x e x x x e x x  (14) 

 

where ( ), ( )xx yyx x  and ( )zz x  are the strain elements 

in Zn1 – xMgxO layers as defined earlier. Thus the piezo-

electric polarization is given by 
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where eij is the piezoelectric constants. Thus the total 

electric fields within the quantum dot  and the barrier 

are given by [23] 
 

 
(ZnO) (ZnO) (ZnMgO) (ZnMgO)

0 (MgZnO) (ZnO) (ZnO) ( nMgO)

( )

(2 )

SP PE SP

dot

e e Z

P P P L
F

L L
 (16) 



 

NONLINEAR OPTICAL RECTIFICATION OF CONFINED EXCITON… J. NANO- ELECTRON. PHYS. 4, 04004 (2012) 

 

 

04004-3 

 
(ZnO) (ZnO) (ZnMgO) (ZnO)

0 (ZnMgO) (ZnO) (ZnO) (ZnMgO)

( )
2

(2 )

SP PE SP

barrier

e e

P P P L
F

L L
 (17) 

 

where, 0 is the dielectric constant of the respective 

material. Here, e is the electronic dielectric constant of 

material, PSPZnO, PPEZnO, and PSPZnMgO are the sponta-

neous polarizations and piezoelectric polarizations of 

ZnO and the spontaneous polarization of ZnMgO re-

spectively. The above values can be generally calculat-

ed by the polarity of the crystal and the strains of the 

quantum nanostructure. Since the wurtzite crystal lat-

tice of ZnO and MgO lack inversion symmetry, the het-

erostructure will have spontaneous polarization (PSP) 

and the piezo electric polarization (PPZ) due to strain 

caused by the lattice mismatch between ZnO and MgO 

material. 

We have chosen the trial wave function for the exci-

ton ground state, within the variational scheme. We 

take the problem of an exciton in a ZnO/Zn1 – xMgxO 

quantum dot within the single band effective mass ap-

proximation, it is necessary to use a variational ap-

proach to calculate the eigen function and eigen value 

of the Hamiltonian and to calculate the bound exciton 

ground state energy. Considering the correlation of the 

electron-hole relative motion, the trial wave function 

can be chosen as, 
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( , ) ( ) ( ) z
e h e e h hr r f z f z e e  (18) 

 

where, fe and fh are ground state solution of the Schrö-

dinger equation  for the electrons and holes in the ab-

sence of the Coulomb interaction, given by  
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The Eq. (18) describes the correlation of the elec-

tron-hole relative motion.  and  are variational pa-

rameters responsible for the in-plane correlation and 

the correlation of the relative motion in the z-direction 

respectively [24]. By matching the wave functions and 

the effective mass and their derivatives at boundaries 

of the quantum dot and along with the normalization, 

we fix all the constants (Ae, Ah, e, h, ke and kh) except 

the variational parameters. These constants are ob-

tained by the interface conditions between the dot and 

the barrier. So the wave function Eq. (18) completely 

describes the correlation of the electron-hole relative 

motion. 

The Schrödinger equation is solved variationally by 

finding H min and the binding energy of the exciton in 

the quantum dot  is given by the difference between the 

energy with and without Coulomb term. First, we con-

centrate on the calculation of the electronic structure of 

the ZnO / ZnMgO quantum dot system for various Mg 

alloy content by calculating its subband energy (E) and 

subsequently the exciton binding energy. To calculate 

the ground-state energies of the heavy excitons, we 

minimize the expectation values of the Hamiltonian 

(Eq. (1)) calculated using a trial function with two vari-

ational parameters (Eq. (18)). Then, by using the densi-

ty matrix approach, within a two-level system ap-

proach, the explicit expression for the nonlinear optical 

properties such as the nonlinear optical rectification is 

computed in saturation limit. The dependence of the 

nonlinear optical processes on the dot sizes is investi-

gated with the different photon energy. 
 

The binding energy of the excitonic system is de-

fined as 
 

 
min

( )exc e h excE x E E H  (21) 

 

where, Ee,h is the sum of the free electron and the free 

hole self-energies in the same quantum dot. The second 

order nonlinear optical rectification coefficient is given 

by [25, 26] 
 

3 2 2
2 01 01
0 2 2 2 2

0 0 0

2

( ) ( ) ( ) ( )

sq E

E E
(22) 

 

where s is the electron density in the quantum dot, 

0 is the vacuum permittivity, Г = 1 /  is the relaxation 

rate for states 1 and 2 and is the photon energy. 

The Matrix element, 01 0 1| |z  is defined as the 

electric dipole moment of the transition from the 

ground state ( 0) to the first excited state 1 with 

01 1 1 0 0| | | |z z . E is the absorption en-

ergy from 0to 1. We have taken the relaxation rate as 

1 ps and the electron density is taken as 1 × 1024 m – 3. 

 

3. RESULTS AND DISCUSSION 
 

The exciton binding energy is computed numerically 

and thereby nonlinear optical property is discussed in 

the cylindrical ZnO / Zn1 – xMgxO strained quantum dot, 

for various Mg alloy content, with the heavy hole mass 

as the heavy excitons are more common in experi-

mental results. The nonlinear optical properties such 

as nonlinear optical rectification as a function of photon 

energy for different Mg concentration (x < 0.3) in 

ZnO / Zn1 – xMgxO quantum dot are investigated. Since 

MgxZn1 – xO remains in a hexagonal phase wurtzite 

crystal with the ZnO, up to Mg alloy content (0.33) [27] 

we have limited our case upto 0.3 and hence Mg based 

ZnO material can be realized a perfect lattice matched 

material with an appropriate combination of magnesi-

um concentration in ZnO material. And also, we bring 

out the effects of built-in electric field, due to piezoelec-

tric polarization and the spontaneous polarization for 

different Mg content. The material parameters used in 

this study are tabulated in Table 1.  

We present the variation of exciton binding energy 

as a function of dot radius of a ZnO / Zn1 – xMgxO single 

quantum dot for various Mg alloy content (solid line) 

and without (dashed curve) the internal field due to 

polarization effect in Fig. 1. In all the cases, it is ob-

served that the exciton binding energy increases with a 

decrease of dot radius, reaching a maximum value and 
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Table 1 – Material parameters for ZnO, MgO and other val-

ues of Zn1 – xMgxO (linearly interpolated from the data of 

ZnO and MgO) used in the calculations 
 

Parameter ZnO MgO  

Eg (eV)  3.25 5.29 

A (nm) 0.567 0.591 

e31 (c/m2) – 0.57 – 0.38 

e33 (c/m2) 1.34 2.26 

C11 (GPa) 209.7 222 

C12 (GPa) 121.1 90 

C13 10.51 5.8 

C33 21.09 10.9 

av (eV) – 0.6 2.0 

ac (eV) – 2.3 – 4.3 

Piezo electric constants  8.1 9.8 

Piezo electric constants   

(C/m2) 

– 5.0 – 6.32 

 

Parameters are taken from the Ref.[30, 31]. 
 

then decreases when the dot radius still decreases. It is 

because an increase in the dot radius results in a spread-

ing of the wave function which causes the lowering in 

the binding energy. Variation in Mg composition causes 

the change in the barrier height of the quantum dot. As 

the dot radius approaches zero the confinement becomes 

negligibly small, and in the finite barrier problem the 

tunnelling becomes huge eventually the penetration of 

the exciton wave function in the barriers dominates. 

This results in the decrease in the binding energy as the 

dot radius becomes small. Our results are in good 

agreement with the previous investigator [28]. The large 

exciton binding energy implies that the excitons play an 

important role in the linear and the non-linear optical 

response of Mg based ZnO quantum nanostructures. The 

exciton confinement increases with the Mg composition. 

The enhancement of exciton energy with the reduction of 

dot radius is due to the spatial confinement. The inclu-

sion of internal field due to the strain-induced piezoelec-

tric effects reduces the exciton binding energy. Thus, the 

results indicate that any quantum device depends on the 

composition of the barrier material and the spatial con-

finement of dot size. 

Fig. 2 shows the variation of second order nonlinear 

coefficient as a function of incident energy for a con-

fined exciton for various Mg alloy content in a 70 Å 

ZnO / Zn1 – xMgxO quantum dot.It is found that the res-

onant peak is blue shifted as the Mg alloy content in-

creases in the barrier. It is known that the exciton 

binding energy increases with the Mg concentration in 

the barrier. It is because the barrier height increases 

with the Mg alloy content. The magnitude of the reso-

nant peak of nonlinear optical rectification is found to 

be around 10 – 4 m/V. This strength of nonlinear optical 

rectification matches with the other wide band gap 

semiconductors [29]. This strong value is due to the 

existence of larger dipole matrix elements in the wide 

band gap semiconductors. 

Here, we observe that the variation of magnitude of 

rectification coefficient decreases with decreasing dot 

radius. The spacing between the energy levels increas-

es due to decrease in dot radius. It is because the exci-

ton binding energy decreases when the dot radius is 

increased. Thus, the resonant frequencies are im-

portant and it should be taken into account in studying 

the optical properties of exciton in the quantum 

nanostructures.  
 

 
 

Fig. 1 – Variation of exciton binding energy as a function of 

dot radius of a ZnO/ Zn1 – xMgxO quantum dot for different 

concentration of Mg with (line) and without (dashed curve) the 

internal field due to polarization effect 
 

Fig. 3 shows the variation of second order nonlinear 

coefficient as a function of incident energy for a con-

fined exciton for various dot radius of a ZnO/ 

Zn0.8Mg0.2O quantum dot It is observed that the reso-

nant peak is blue shifted as the dot radius decreases. It 

is because as E increases as the dot radius decreases 

according to Eq. (22). The reason for the blue-shift is 

due to the higher transition energy when the dot radius 

is decreased. Further, we notice that the resonant recti-

fication peak value is found to be linearly decreasing 

with the decrease in dot radius and the energy levels 

are separated largely with the reduction of overlap in-

tegral due to the increase in dipole matrix. It is because 

there occurs a competition between the energy interval 

and the dipole matrix element which determines these 

features. 
 

 
 

Fig. 2 – Variation of second order nonlinear coefficient as a 

function of incident energy for a confined exciton for various 

Mg alloy content in a 70 Å ZnO / Zn1 – xMgxO quantum dot 
 

Thus by decreasing the dot radius a remarkable 

blue-shift of the absorption resonant peak is induced, 

leading to a higher energy interval. 
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Fig. 3 – Variation of second order nonlinear coefficient as a 

function of incident energy for a confined exciton for various 

dot radius of a ZnO/ Zn0.8Mg0.2O  quantum dot 

 

4. CONCLUSION 
 

In the present paper, exciton binding energies of a 

heavy hole in a ZnO/MgxZn1 – xO quantum dot have 

been investigated with the geometrical confinement 

and the Mg alloy content. The effects of strain, includ-

ing the hydrostatic and the biaxial strain, and the in-

ternal electric field, including the spontaneous and pie-

zoelectric polarization have been considered in all the 

calculations. Numerical calculations have been per-

formed using variational procedure within the single 

band effective mass approximation. The nonlinear opti-

cal rectification as functions of dot radius and the val-

ues of Mg alloy content has been investigated in the 

strained ZnO/MgxZn1 – xO quantum dot. A large value of 

nonlinear optical rectification has been obtained. Our 

results show that the nonlinear optical rectification is 

strongly dependent on the geometrical confinement and 

Mg alloy content. We believe that the results on the 

excitonic properties of Mg based II-VI semiconductor 

and the nonlinear optical properties would pave the 

way to find some optoelectronic phenomena experimen-

tally. 
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